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Particle motion in a magnetic mirror containing high-frequency short-wavelength
longitudinal electric fields is followed numerically for many mirror bounce periods. It
is found that while the magnetic moment undergoes large rapid changes, these fluctua-
tions seldom imply rapid particle loss from the mirror. This behavior is shown to be
completely consistent with nonlinear superadiabatic theory, wherein containment proper-
ties of the trap are affected only when particles cross isolated singular surfaces in phase
space.

Microinstabilities for warm plasma contained
by magnetic mirrors are typically characterized
by longitudinal electric fields having frequencies
near multiples of the ion cyclotron frequency,
and wavelengths, in units of the ion gyroradius,
long along and short across the external 8 field.
The all-important question of particle contain-
ment in such fields is a difficult one and must be
attacked by both numerical and analytic methods.
In this Letter we report the results of a study
where, for a small set of initial conditions, we
numerically follow particle motions for many
mirror cycles under various field conditions.
These results are shown to be consistent with an
approximate averaged analytic theory. Also, the
details of the numerical results have enabled us
to determine the relative importance of various
aspects of the theory.

The basis of the approximate analytic theory is
that, while the magnetic moment is no longer an
adiabatic invariant in such fluctuations, an invari-
ant still exists almost everywhere along the par-
ticle's trajectory. ' According to this "superadia-

batic" theory, it is only when a particle is forced
to cross an isolated singular surface (separatrix)
in phase space that this invariant is broken and
a nonperiodic change induced in the particle's
mirror motion. Containment of a particle, once
contained in this fie1d configuration, is then de-
termined by the accumulative sum of these non-
adiabatic transitions along the entire path histo-
ry of the particle.

The field configuration used in the simulation
has been chosen to be a divergence- and curl-
free weak magnetic mirror field with compo-
nents Bs(X, Z) and B~(X, Z), where Bs»B„,and
an electric potential (o(Z, X, t) with frequency
chosen to be near the minimum of the second har-
monic of the cyclotron frequency. In these func-
tionally fixed fields, the exact equations of mo-
tion are numerically solved using a standard sim-
ulation numerical algorithm with a corrector
that renders the orbit exact if all fields were in-
dependent of X, Z, t.' With these techniques, par-
ticle trajectories with differing initial phases
have been calculated for times up to 10'j2v cy-
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clotron periods, which for D, in a 10-ko field
corresponds to 2 msec. For the same set of ini-
tial particIe phases the electric field configura-
tion is then changed by independently varying the
frequency, amplitude, and wavelengths both per-
pendicular and paral1el to B. Typical phase-
space projections for a number of different con-
ditions are presented in Figs. 1 through 4. The
time units are basic cyclotron times Got in all
plots, extending from 0 to 10', In all examples
the magnetic field has a mirror ratio of 1.1 and
a mirror maximum at Z= + L„(L~= 140 gyrora-
dii), and the unperturbed particle is mirroring
at Z=+L„/2with a full Z bounce period Q, t=2
x ]0~.

In order that the important features of these
trajectories become apparent it is first neces-
sary to review the predictions of the superadia-
batic theory. ' First of all, in the absence of any
Z variation of y and 8, the theory predicts that
the electric field causes periodic variation of
the magnetic moment p. at a frequency ~, which
for the qualitative purposes of this paper can be
characterized by the functional form

+ = [(~ —&Q)2 —(ey&2/2mQ)2Q (Z)]

where ~, k, and y are the frequency, wave vec-
tor perpendicular to 8, and amplitude of the elec-
tric potential; l is the harmonic number which
has been assumed close to &u/Q, and G, ,(P) is
a complicated function of the time-averaged per-
pendicular Hamiltonian, IJ, having for /=2 an
upper bound equal to unity. The essence of the
superadiabatic theory is that if the rate of spa-
tial variation induced by mirror fields B(Z, X)
or nonf lute behavior (ay/8Zw 0) of the potential
is slow compared to the frequency ~, then the
quasiperiodic motion implies the existence of an
adiabatic invariant t which replaces the usual
magnetic moment, and neglecting slow drift mo-
tion, implies cyclic motion in Z(t). However,
in general, because of the Z dependence of co

-lQ, and p, as a particle traverses the mirror,
it may be forced to cross a separatrix mhere co

=0, and here a typically small nonperiodic tran-
sition takes place in J. This change in turn im-
plies a difference in the Z motion, with possible
particle loss out the end of the mirror, The prob-
lem then is uriderstanding the various mays this
nonadiabatic transition can take place, and its
implication on conf inement.

Two classifications are immediately apparent
from (1); one is where &u —lQW 0 anywhere in the
mirror (nonresonant) and the resonant case where

4, 0

T. p

1.0

0. 0

0

FIG. 1. Magnetic moment, and particle motion along
mirror field vrhen electric field is nonresonant, Gute,
with supercritical amplitude ey(mvo /2) =0.1.

co = lO somewhere along the mirroring orbit.
In the first, nonresonant case, we see in order

that ~=0, y must exceed a critical value y, giv-
en (for l=2) by

ey, 2((u —tQ)
mQ'/O' Q

(2)

For potential fluctuations above this level, parti-
cles still may not cross a separatrix, so that all
that can be said in general is that for y &y„par-
ticles once contained should be contained for
long times, and for y)y, the motion may begin
to scatter.

For such nonresonant cases Fig. 1 illustrates
typical computer results when y &y„where y
has been chosen flutelike (independent of Z).
The particular case illustrated corresponds to
5v/Q ~ =0.05, and a potential amplitude ey
= 2ey, = 10~a of the initial kinetic energy, indeed
a huge fraction of the kinetic energy. The JLt,

-
versus-time plot shows a large change in the
average value p, as well as a large-amplitude
fluctuation at a frequency &u —lQ(Z). Approxi-
mately one half of the total number of particles
obtain a decreased p, and for sufficiently large
cp are lost in one mirror transit time, which is
entirely consistent with the theory. All parti-
cles surviving loss on the first mirror transit
behave similar to the example shown with an
extremely regular Z bounce motion and ar. e con-
tained for times Qt) 10' (shown in Fig. 1 only up
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FIG. 2. Ma,gnetic moment, and particle motion along
mirror field @&hen electric field is nonresonant, Don-
flute, with just critical amplitude, ep(~vo /2) =0.2.

TI+
FIG, 3, Magnetic moment, and particle motion along

mirror field when electric field is resonant, flute, and
extremely large amplitude, ey/(mvo'/2) = 0.5.

to times 9/=10'). When p)p, for any choice of
initial phase there is observed at most only weak
scatter in the mirroring (none is observed when

y (p, ). This is evidence that for the moderate-
+ nonresonRnt flute CRse most particles Rre not
forced into orbits that cross separatrices.

For the nonresonant strongly nonf lute case
when y=y, exp(-Z'/L~'), L„/L„=0.125, Fig. 2

is representative, showing strong scatterings in
the mirroring position. For Fig. 2, p is ex-
tremely small in the mirror where the particle
is turning around, in which case the adiabatic
invariant 4 becomes approximately p,. There-
fore, the nonadiabatic changes in 8 are, in fact,
approximately illustrated in Fig. 2(a) by the dif-
fering values of p, where Z is a maximum or min-
imum. Also, when the Z variation of y was de-
creased to L~/L„=0.25, one half that of Fig. 2,
then variations in 4 appeared to be almost negli-
gible. This is evidence that the changes in J
have an exponential dependence on L~/L~, and
this is consistent with the expected changes in
behavior due to the variation of the small param-
eter of adiabatic theory, as long as the particle
does not cross a separatrix. 3

%hen y was increased to much larger values
end heM flutelike the computer results show con-
tainment of all particles up to times Qo t = 10'.
This behavior occurs in both the nonresonant and
resonant cases and results look typically as those
in Fig. 3 which itself is a resonant case where

e —lQ=O near the mirror midpoint. Again the
plot is shown only up to times Dot=10'. In this
strong-fieM limit it appears that the linear fre-
quency u —3'0 is almost irrelevant; and in this
limit the adiabatic invariant becomes only a
function of Z through the q (Z) amplitude varia-
tion. ' As q was always held constant in these
large-y limits, J becomes an exact constant of
the motion; and particles are perfectly contained.
However, in the vicinity of singular points in
phase space the coefficients of y in the equations
of motion identically vanish, end then near these
~oints the linear orbit correction, co —lQ, is im-

portant, Therefore, in all strong-y cases, ac-
cording to superadiabatic theory, and as evi-
denced in all computer runs, only very infre-
quent scattering should occur, containment being
almost as good as when q &q, in the nonreso-
nant cases. In a sense containment is observed
to be even better for the strong-y case, since
here most of the particles are contained for
long times, whereas in the nonresonant moder-
ate-cp case a large fraction of the particles are
lost on the first mirror transit. Another way of
understanding this particular phenomenon is that
the strong nonllneRrltles rRpldly detune Rny
phase-coherent resonance, and thereby limit sec-
ular-type excursions. Such a nonlinear satura-
tion of particle losses may be the explanation of
reported experimental improvement in contain-
ment in the presence of external rf sources on a

1307



VOLUME 2g, NUMBER I9 6 NOVEMBER 1/72

„e

FIG, 4, Mas;netic xnoxnent and particle xQotion along
xlrror field when electric field is resonant, flute, and
moderate amplitude, eq/(mvo /2) =0.01.

IDlx'x'ox' machine.
For Iow Rnd intermediate values of p, resonant

modes act on the particles quite differently than
in the nonresonant case. Where v - EQ = 0, the
systexn is strongly nonlinear, and near the ends
of the system where the nonlinear terms in (1)
are small compared to + - EQ, the system is es-
sentially linear. For such an implied change in

phase-space topology the particle is almost
Rbvays fox'ced to cross slngulRx' surfRces dul lng

one mirror txanslt Rnd thex'eby scattex Rppx'ecla-
bly in a number of transit times. Figure 4 illus-
trates this well as the field configuration and
initial particle phases are identical to those of
Fig. 3, except that in Fig, 4 the potential p is
50 times seal/e~. Typically, the cumulative
changes in III are sufficient to cause particle loss
at time At&10'.

In summary, vrhat these many computer runs
have shown is that the containment properties
of weak mixrors seem to be completely consis-
tent with those calculated with the superadiabatic
theory at least for times of order 10'/2s cyclo-
tron periods. Furthermoxe, the overall results
are that containment is a strong function of orbit
phase, and if almost everywhere along the tra-
jectory the conditions 0, » ~ » +b,„„„aresat-
1sfled, then fPEOGeKQI'8 values ox' R stx'ong 8 VRx'1R-

tion of p lead to the most x'apid particle losses.
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The recurrence time of ion acoostic waves in a plasma has been obtained, as a function
of the paraIQeters descrlb3. ng the plasIQR~ on the basis of the Korteweg de Vries (KdV)
equation and WlxithaxQ's extended KdV equation, Direct numerical solutions of the ionic
Vlasov equation have also been obtained which quantitatively confirM the predictions of
the KdV equation.

Recurx ence of the initial state in nonlinear
wave propagation (implying an absence of relaxa-
tion to a state of energy equipartition) was first
obsex'ved by Fermi, Pasta, and Ulam~ in numexi-
cal experiments on nonllneRr lattices, and was
subsequently explained in terms of solitons and
the Korteweg-de Vries (KdV) equation by Zabusky

and Kruskal. Recent experimental obsex vations~4
of recurrence and KdV-type behavior of signals
propagating on nonlineax transmission lines have
led to renewed interest in this phenomenon. %'e

shall report on a theoretical-numerical analysis
of recurrence of ion acoustic waves in pla, smas
in R regime where solitons have been observed'






