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Ultrasonic and Brillouin absorption and velocity data along the critical isochore in
xenon are reinterpreted in terms of modified theoretical expressions derived within
the framework of the Fixman-Mistura theory. The new expressions mainly arise from
avoiding the unjustified assumption of small dispersion near a liquid-gas critical point.
Numerical analysis of the data shows quite satisfactory Agreement between theory and
experiment for both sound absorption and dispersion.

In this Letter we report a modification to the
theory of critical sound propagation in pure sim-
ple fluids and present a reanalysis of some re-
cent experimental data for absorption and dis-
persion along the critical isochore in xenon.
Mode-mode coupling theory has been developed
in considerable detail by Kawasaki' to describe
acoustic absorption and dispersion near a liquid-
gas critical yoint. Recently, Mistura' developed
a modified version of Fixman's original approach'
involving energy transfer between sound waves
and density fluctuations and obtained results iden-
tical to those presented by Kawasaki. In both the
Kawasaki and Mistura derivations, the velocity
dispersion is assumed to be small. Although
this is a good assumption for the closely related
problem of critical phase separation in binary
fluids, it is a poor approximation for pure fluids.
The new expressions for absorption and disper-
sion presented below have been obtained without
making this assumption.

In a previous Letter' new experimental results
for sound absorption in xenon were reported in
the frequency range between 0.4 and 5 MHz and
interpreted in terms of the previously cited theo-
ries."Hypersonic attenuation values from Bril-
louin linewidths' were also discussed. The es-
sential result was that the critical sound absorp-
tion per wavelength (defined as the difference
between the observed absorption and the classical
absorption) depended only on a single reduced
variable su* = u&/~o, with the characteristic fre-
quency for thermal diffusion defined by

~n=-(2A/PC, )g ',

where A is the thermal conductivity coefficient,

C~ is the specific heat at constant pressure, p ls
the density, and ] is the correlation length.
Good agreement between theory and experiment
could, however, only be obtained for &~~ 2. For
higher co*, the experimental n „values increased
monotonically and then leveled off at a constant
value independent of &*, whereas the theory pre-
dicted a decrease in e~ with increasing m* values
above &*=8. The behavior of n~ as a function
of +* in xenon was also in contrast with the ex-
perimental results for binary liquid systems
where a decrease 4n e ~ has been observed at
large w* values "'

In a simultaneously published Letter by Cum-
mins and Swinney' an analysis of sound-disper-
sion data obtained from Brillouin and ultrasonic
work was made in terms of the theoretical pre-
dictions of Kawasaki. ' It was found that the dis-
persion in the Brillouin data and in the ultrasonic
data could be separately described reasonably
well with different sets of adjustable parameters,
but the dispersion in the Brillouin velocities
seem to be 2 to 3 times smaller than the theory
predicted when values of the parameters obtained
from the ultrasonic experiment were used.

The reanalysis of these experimental data in
terms of our new expressions for o. ~ and for the
dispersion will show that the large discrepancies
cited above and discussed in Refs. 2, 4, and 7
are artifacts which disappear when the correct
theoretical expressions are used.

We will fo11ow the Fixman-Mistura approach
and introduce a complex sound velocity M* which
is related to a complex frequency-dependent ex-
cess specific heat 6 by

u*'=u, '(c, +~)/(c„+~), (2)
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where u ~ is the isothermal sound velocity. From
the exact expressions for the velocity, 1/u (&u)

= Re(1/u*), and the amplitude absorption coeffi-
cient, o.(v) = a Im(1/u*), and from the definition
L*=u'+ iu", one can easily show that

u'((v) = Re(u*') =u",

n g(u)) = -vu '((o) Im(u*') = —2mu"/u'
(3)

(y g(c rlt) = 2m u '((o)A (e )I (u) *),

1 -u'(0)u '((o) = 2u'(0)A(c) J((u*)

=-a(e)J(( *),
&a&' xA( )=2, , (1 --,q), (0)

(8)

&s~ ' &egl'
E&T „ESTj (10)

where e -=(T —T,)/T„q is the critical exponent

if (u"/u')'= (o ~/2m)'«1. This condition is well
satisfied for xenon since the n ~ values analyzed
below are always less than 0.5.

%e shall now obtain explicit expressions for
u(ru) and cl ~(co) in terms of the real and imaginary
parts of b . Using the quantity C„=-C„+b,, we can
rewrite Eq. (2) as

u" =u'(0)(l - ' "a)C, -C„
CqV„

where u(0) is the static adiabatic sound velocity.
Now introducing the variable b, , -=a/(1+ac„')
-=&,'+iL,", we can rewrite Eqs. (3) as

u'((u) =u'(0)[1- (y -1)C, 'a, '],
n ~(cu) = ~u'(0)u '((u)(y -1)C, 'a, ",

where y = C~ /C„ is the ratio of static specific
heats. If one assumed that the dispersion were
small and that rh/C„«1 everywhere, Eqs. (6)
would immediately reduce to the expressions al-
ready obtained by Mistura. ' Being more careful,
we find

u'((e) -u'(0) y —1
u'((u) c,

mu'(u)) y —1
3(0)

In deriving Eqs (6) an.d (7), we have made use of
the valid conditions (a"/C„)' s (n ~/p)'«1 and

b. "/b. '(C„+6')«1 and the approximation I+6,'C„'
=u (0)/u'(co). At this point, we can insert the
previously determined'~4 expressions for 8 ' and
6" to obtain

arising from the Fisher correction to the corre-
lation function, and g -=( ' is the inverse correla-
tion length. I(~*)and J(&u*) represent the follow-
ing integrals:

( ~) x dx 4) K(x)
(1 + x')' Z'(x)+ (u*' '

~( g) x dx (d

(1+ x')'Z'(x)+ (u*' '

~h~~~ x=- q$ and Z(x) = -,'[1+x'+ (x'- x ') arctanx] .
In deriving Eq. (6) we assumed that z'~'/~'

&& (C„+6')«1. This is approximately equivalent
to

1 ~, v' &8~)'I'(co*) ((1.
C„w p PT) Z(u;*)

A numerical calculation of this quantity along p
= p, indicated that for the range of the present
experimental data in xenon it did not become
larger than 0.05.

%e now want to report on the new analysis of
the experimental results in xenon. The ultra-
sonic data are the same as those reported in Ref.
4 for the sound absorption and in Ref. V for the
dispersion. The Brillouin data analyzed in these
two references are also incorporated in the new
analysis.

From our modified expression (8) it can be
seen that n ~(~)/u'(~)A(e) should depend only on
the reduced frequency | *. Consequently, we
have combined the velocity and absorption data to
obtain the new quantity u~(e) u '(&u) for further
analysis. This could be done very well since the
velocity and absorption readings were taken si-
multaneously. The experimental u ~(e) u '(a)
data were then used in a least-squares fit of Eq.
(8) to determine the adjustable parameters Ao,
z, and D in the expression A(c) =A,e'(I+De) for
the prefactor of I(co*). For the quantity su~ de-
fined in Eq. (1), we used the same result, &u~

=5.38~IO"e' sec ', as in Ref. 4. This result
was essentially based on the available experi-
mental data for the total thermal diffusivity' and
the correlation lengths. ' For all the ultrasonic
data, the critical temperature was taken to be
16.953'C, which was the observed temperature of
the velocity minimum. Kith T, as a free param-
eter in the least-squares fit, we obtained a value
which differed from this by only a few hundredths
of a degree and which did not substantially im-
prove the quality of the fit to the data. The same
choice of T, was made in Ref. 4 and will be dis-
cussed in detail elsewhere. " The initial numeri-
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FIG. 1. Reduced critical sound attentuation per wave-
length in Xe along the critical isoehore above 1'~ as a
function of the reduced frequency &v*=~/mz. Ultra-
sonic data are shown at 0.4 (solid triangle), 0.65 (open
triangle), 1 (solid dot), 3 (open dot), and 6 MHz (in-
verted triangle). Hypersonic values at -. 500 MHz

(pluses) were obtained from Brillouin linewidths. The
solid curve represents 2nl(is*), where the integral
1(~*) is defined in Eq. (11).

cal analysis indicated that the effect of the param-
eter B was very small; thus D was zero in all fur-
ther analysis. In Fig. 1 we have plotted e~(u)
x u '(cu)/A(e) versus co* with A, =7.8 x10 'm '
sec', z =- 0.22, and D= 0. According to Eq. (8)
all the experimental points should fall on a single
curve represented by 2wI(~*). Within the exper
imental scatter, which is rather large near T,
because of the combined errors in the two quan-
tities o.„(~) and u'(~), this requirement seems
to be largely fulfilled by the ultrasonic data.
There remain, however, two small discrepan-
cies: The maximum in the experimental data
seems to occur at a larger +* value than that pre-
dicted by I (&u*), and the experimental data lie
systematically above the theoretical curve for
large +* values. Both of these effects can prob-
ably be ascribed to the breakdown for large ~*
of the assumption of an Ornstein-Zernike form
for the behavior of the Quctuations, which was
introduced in the derivation of the expression for
4."These discrepancies are even more pro-
nounced for the results derived from the Bril-
louin data of Cannell. ' It should, however, be
noted that there are even larger uncertainties as-
sociated with the hypersonic points in Fig. I,
since a rather large, not too well-known back-
ground classical absorption had to be subtracted.
In spite of these small discrepancies between
theory and experiment, we believe that Fig. 1
shows that if one plots the correct quantity, in
this case n~(a )u '((u)A '(e), the large qualitative
difference thought to exist between the behavior
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FIG. 2. Reduced sound dispersion in Xe along the
critical iqochore above T~ as a function of the reduced
frequency ~*=~/~z. Ultrasonic data are shown at
0.4 (solid triangle), 0.56 (open triangle), 1 (solid dot)
3 (open dot), and 5 MHz (inverted triangle). Hyper-
sonic values at -600 MHz (pluses) and -170 MHz (sol-
is squares) were obtained from Bri11ouin data. The
solid curve represents the integral J(u*) defined in
Eq. (12).

of binary mixtures and simple Quids disappears.
Moreover, the least-squares value of z is com-
pletely consistent with the most recent value of
the critical exponent v. Our value of z =3p-2
leads to v=0. 59, in good agreement with the val-
ue 0.58+0.05 reported by Smith, Giglio, and

enede
In principle, one can carry out a similar least-

squares fit for the quantity 1 —u'(0)u '(cu). It
should, however, be emphasized that for much of
the data this quantity does not differ greatly from
zero, and relatively large a,bsolute errors have
to be considered in fitting these results. Instead
of fitting these data by least squares directly, we
have followed what we believe to be a, more reli-
able procedure. Values of the prefactor B(s) in
Eq. (9) have been calculated using A (e) values
from the least-squa, res fit of the absorption and
u(0) data. " The u(0) data used in the calcula-
tions were based on our 0.55-MHz results far
from the critical point and on low-frequency
("10kHz) results of Carome" and on values cal-
culated from the C„results of Edwards, Lipa,
and Buckingham" for the temperature range
close to T,. In Fig. 2 experimental values of the
quantity [1-u'(0)u '(&u)]/B(a) are compared as a
function of ~* with the theoretical predicted val-
ues given by the integral J'(&u"). We obtain again
rather good agreement between theory and experi-
ment. Two discrepancies should, however, be
noted. For the ~~ range between I and 10, the
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Brillouin results seem to be systematically lower
than the ultrasonic data and lower than the theo-
retical integral J(~*)." We also find that the
theoretically predicted dispersion is too small
at large ~* values. Probably the same argument
about the assumption of the Ornstein-Zernike
form should be invoked here. It should, however,
be emphasized that the previously reported'
large discrepancies between the Bril1ouin and
ultrasonic dispersion results have disappeared
and that a reasonably good agreement with theory
can now be obtained.
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Specific heats of He monolayers on graphite indicate two-dimensional solid phases.
Debye temperatures 8 range from 17.6' to 56' systematically with coverage. Anomalies
are identified with melting, but the melting process is a continuous transition. Films and
bulk solid He at equal values of interatomic spacing have nearly the same 8's and melt-
ing temperatures.

Low-coverage He monolayers on basal-plane
graphite surfaces behave as two-dimensional (2D)
quantum gases." At higher densities, He' and
He4 display sharp second-order heat-capacity
peaks attributed to lattice-gas-ordering transi-
tions. ' In this Letter we describe new features
at still higher coverages: a 20 solid regime
closely analogous to bulk solid He4 which melts
by a continuous process.

This study was made with the same apparatus
and procedures as before. The films mere twelve
samples of He4, at coverages x between 0.7 and
1.16. We define x-=1V/N, where N„=96 cm' STP
is the He' monolayer capacity of the graphite cal-
orimeter at low T. Film specific heats C/Nh are
given in Fig. 1, much of the data being omitted
for greater clarity. We include data near 3' for
He4 at the "critical coverage" x, of the ordering
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