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final states. From these considerations, the cor-
relations in C(y„y,) are expected to increase
with increasing energy. " It is also tempting to
identify the observed maxima in C(y„y,) with
"pionization" —perhaps they indicate correlated
production of particles with small c.m. momenta.
Differences in C(y„y„) for II p interactions at
8 and 18.5 GeV/c might thus indicate increasing
"pionization" at higher energies. Observations
on m w and r n+ correlations in two-particle in-
clusive final states would be useful in testing
these hypotheses. The present results emphasize
the importance of further study of two-particle
and multiparticle inclusive reactions.
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The simplest covariant generalization of the scalar wave equation leads to significant
pion creation and annihilation processes near an isotropic Friedmann-type singulaxity
(such processes are negligible for particles of nonzero spin). Estimates for a plausible
initial state yield pion creation of the same order of magnitude as obtained by Zeldovich
near an anisotropic Kasner-type singularity.

Zeldovich has considered a cosmological mech-
anism for t e pxoduction of particles near a Kas-
nex' singularity. ' Arguments based on a Newton-
ian model and analogy with electromagnetic pair
production indicated that anisotropic expansion
is necessary fox significant particle production
to occur. From another point of view, the above
conclusion is a consequence of the conformal in-
variance2 of the equations governing the quantized

particle fields in the limit when the (rest) mass
can be neglected. Such a limit holds near a cos-
mological singularity because the particles cre-
ated are predominantly relativistic. The con-
formal invariar. ce of the equations then results in
a suppression of particle creation in the isotropic
case. s ' (That is why a finite result was obtained
in Ref. 5 when the fermion creation was extrapo-
la'ted back to 'tile singularity. ) Fol' nollzero spills
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the simplest fully covaxiant generalizations of
the equations of motion are indeed conformally in-
variant mhen the mass can be neglected. There-
fore, significant creation of neutrinos, electrons,
photons, and other particles of nonzero spin by
the space-time metric will not occur in an iso-
tropic expansion. For spin 0, the fully covariant
generalization of the Klein-Gordon equation which
becomes conformally invariant when the mass
can be neglected is'

(g "v,v', -m' +~g "z„)y=o.
However, the simplest fully covariant generali-

zation of the scalar wave equation, namely

(g '"V,w„-m')y = 0,

is not conformally invariant when rg can be neg-
lected. In Ref. 4, Sec. F, a relation was found
between the Einstein equations in a Friedmann
universe and the creation of spin-0 particles, '
which depends critically on the use of Eq. (2).
That relation, and the simpbcity of Eq. (2),
might tend to favor it, in our opinion, as the
equation governing the physical pion field. ' Of
couxse, only consistency with observation can in
the long run decide between the two equations.
We will show that the particle creation resulting
from (2) near an isotropic Friedmann-type singu-
lRx'1ty ls of the same ox'dex' of magnitude Rs thRt
resulting from (l) or (2) near an anisotropic
Kasner singularity. '

In a space-time which is a vacuum solution of
Einstein's equations, the scalar curvature van-
ishes, and (1) and (2) become identical. There-
fore, anisotropy is indeed necessary to produce
significant particle creation in a vacuum solution
of the unmodlf led E1nste1Q field equRt1ons. Ho%'-

ever, if the presence of matter or processes
such as quantum Quctuations of the metric'0 give
rise to scalar curvature, then significant produc-
tion of pions obeying Eq. (2) will occur near iso-
tropic cosmological singularities, without the
need for anisotropy. It is clear that these consi-
derations may also be of significance for isotrop-
ic gravitational collapse. In general, whether a
net creation or annihilation of pairs" will occur
depends on the initial state, since the formalism
is time-reversal invariant. For an incoherent
mixture of stRtes 1Dltlally contR1Q1Dg deflnlte Qum
hers of particle-antiparticle pairs, there will be
a net creation of pairs tRef. 4, Eti. (53)], where-
as for a class of coherent superpositions of such
states there mill be a Qet annihilation of paix s.
For the present estimates, we suppose that the

initial state is an incoherent mixture of the kind
mentioned above, or a state in which matter, but
Qo antimatter 18 1Qlt1Rlly px'esent so thRt a Qet
creation of pions will occur.

A rough estimate of the particle creation result-
111g fl'0111 EQ. (2) neR1' R11 lso'tl'opic Frledman-type.
singularity can be made by a method used in Ref.
1. For si.mplicity, we consider the class of line
elements of the form

ds' = dt'+ It (t)2(dx'+ dy'+ dz').

This line element is sufficient to yield estimates
of the quantities involved. A more thorough in-
vestigation, with the general Robertson-Walker
line element and an explicit analysis of the re-
action back of the created matter on the expan-
sion via the Einstein equations, is under way. It
was shown in Ref. 4 (Sec. D) that the gravitation-
ally 1nduced pair creation 1s analogous to excita-
tion of an oscillator or pendulum when the length
l of its string is changed. " For the pendulum,
the probability of excitation is significant when

I l/li is larger than the characteristic frequency
Similarly, one expects roughly that the prob-

ability of production of a paix of particles of ener-
by &u will be significant when [BjB) is larger than

Following Zeldovich (Ref. l), we assume
that the singularity is not quite reached, but rath-
er that for a time of the order of the Planck time
tp -=~G, the Iluantity ~&l&l i»oughiy « the order
of tp ', and that the particle production after t p

is relatively negligible. For typical particles,
sucIl Rs pions~ gg 18 much smaller thRQ gp ~ so
thRt the created particles Rx'6 px'edoIQlQRQtly re-
lativistic, and the momentum is essentially equal
in magnitude to the energy &. Then, since the
production is isotropic, the density of states per
unit energy and per unit volume is of the order
&'dw. Assuming that on the average roughly one
pair is created in each available mode, the num-
be1 g per unit volume px'eseQt Rt time tp~ )ust
after the period of significant production, is

n —J 'P
&u d&u- tI, (4)0

Since the Rvex age eQex gy of the cx 6Rted pRrticles
is of the order tp ', the energy density p at that
time 18

These magnitudes are the same as those obtained
in Ref. 1 for the Kasner model. The energy den-
sity present at time tp is consistent with a Fried-
IIIRIIIl expansion after 'tllat tlnle (wllell tile pRrtlcle
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SwGp = 3(R/R)

becomes

(6)

creation is relatively negligible), since the Ein-
stein equation

corresponds to the quantum-mechanical scatter-
ing from this potential barrier.

With rn of the order of the pion mass, the solu-
tion of Eq. (9) for It~»m ' is given to excellent
approximation by the WEB result, so that for
t«-yg ' we let

which is consistent. Thus, the energy density at
the present epoch could conceivably be explained
on the basis of such an early production process,
as noted by Zeldovich in the anisotropic case.

An alternate estimate can be based on the math-
ematical equivalence of the present problem with
a quantum-mechanical scattering problem. When
the field satisfying Eq. (2), with line element (3)
and periodic boundary conditions imposed in a
cube of coordinate length 1., is written as"

x [A ke'"'" h(&, t)*+H. c.], (6)

where the A I, are constant annihilation operators,
then h. satisfies the equation

, 3 &Rlm 3R
h+ —,+m'--I —

I
———h=o

4 &8) 2A~
(9)

To apply scattering theory, note the similarity to
the Schrodinger equation

("+(e —U)/=0,

with P-h, x-t, e =m', and the potential

3R k'
& =- —

I
+---—.~

4 R) 2B R'

(10)

We suppose that initially R(t) corresponds to a
contracting Friedmann universe. During the con-
traction phase (with t «0) the potential U is zero
or negative for all 0, and approaches zero as t- -~ [examples of typical R(t) are (- t)a~~ and
(- t) '~'] . In the region ~t(& t p, we assume that
the reaction back of the induced particle creation
on the expansion, or some other nonlinear effect, '4

causes R(t) to smoothly change over from con-
traction to expansion. During that process,
clearly, R must become positive, so that for a
range of values of k the potential U will be posi-
tive. We assume that when )t~&tp, the quantity
+(R/R)'+ 25/R is roughly o-f order t, 2. As t in-
creases, U again becomes zero or negative and
approaches zero as t-~. For all 0 such that
k'/R(t)' is small with respect to t, ', the poten-
tial U will have a positive barrier or bump of
approximate height t p and width t p centered at
t =0. The major part of the particle production

h=+ ' 'exp(if &ddt'),

with

= [k'/R(t)'+m']'~*

(12)

(13)

Then Ag is the annihilation operator for the par-
ticles initially present. For t»m, h. will have
the form

h= nw ' 'exp(if & dt')

+pa-"exp(- if'( dt'), (14)

&k= ~*&t+~-k'. (16)

Neglecting the effect of the initial density of mat-
ter, "we describe the system by the state vector
with no particles initially present. The particle
number density for t»m ' is then given by'

n(t) = [2w R(t) ] '$ dk k IP(k) I'. (17)

A straightforward calculation using, for example,
the WEB connection formulas for a potential of
the type described, then yields results in agree-
ment with a number density at time t p (just after
the period of significant production or scattering)
given roughly by Eq. (4). The above calculation
can be viewed as an estimate of either the parti-
cle creation occurring in an actual contraction
followed by an expansion, or the particle crea-
tion which might be expected in a self-consistent
model with a nearly singular initial state.

An exact analysis of the same scattering prob-
lem for the time-separated part of Eq. (1) with
m set equal to zero yields precisely zero parti-
cle production, since the exact solutions for all
t are (Ref. 4, Sec. H)

h ~R(t)" 'exp(+i J kR 'dt'). (13)

Thus, there is no mixing of the positive- and
negative-frequency parts of the field, and no
particle production (or scattering). With m in
Eq. (1) equal to the pion mass, one would expect

with n and p independent of t. Current conserva-
tion in the scattering problem implies that

l~l'- I@I'=1

Then, as shown in Ref. 4, the annihilation opera-
tor for particle present when t»m ' is
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very roughly that only a number density of order
m ' and energy density of order m 4 would be
produced in a time interval of order nz ' near
the singularity. Therefore, Eq. (I) cannot lead
to an energy density of the observed order of
magnitude in an isotropic model.

For an entirely consistent treatment of the
particle creation resulting from Eq. (2) near an
isotropic cosmological singularity, the general
Robertson-Walker line element must be used,
since the glo&al spatial curvature is affected by
the created matter. However, the above esti-
mates would nevertheless be expected to be valid
in order of magnitude. They indicate that the
particle creation resulting from Eq. (2) near an
isotropic cosmological singularity is worth in-
vestigating further as a simple model bearing on
the problem of explaining the origin of matter in
terms of the underlying space time. Investiga-
tions of the gravitationally induced particle crea-
tion may lead to fundamental new insights in cos-
mology.
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