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We find that the recent discrepancies observed by Dixit ef al. in muonic-~atom transition
energies can be reproduced by various simple potentials.

Dixit, Kessler, and co-workers'™® have recently
completed a series of very high precision mea~-
surements of muonic-atom transition energies in
a variety of elements. Among these transitions
are a number that should be largely unaffected by
nuclear and electronic effects, which are gener-
ally believed to be the largest sources of uncer-
tainty in the theoretical treatment of the problem.
For this reason, these transitions provide a test
of what is presumed known about muonic atoms.
If the reported experimental numbers are taken
at face value, the theory appears to be inade-
quate, as significant and systematic discrepan-
cies were found.

Since these discrepancies were not seen in a
similar experiment conducted by Backenstoss
et al.* the experimental situation is not absolute-
ly clear at the present time. However, it is in-
teresting to note that an earlier experiment by
Anderson e? al.® detected a similar discrepancy
in the 4f,,, = 3d;,, transition energy in 2%Pb and -
208pp, This discrepancy was studied by Ford and
Wills,® who were not able to find a prescription
which would remove it, The more recent experi-
ment by Kessler and co-workers? has verified
their earlier measurement. In addition, a recent
experiment by Martin ef al.” had a similar diffi-
culty with the 3p,,,~-3d,,, splitting in 2°®Pb, These
results lend credibility to the idea that the pres-
ent discrepancies are real.

The purpose of this Letter is to investigate the
behavior of the present discrepancies in terms of
the relevant physical parameters. Before we do
so, however, it is worthwhile to consider for a
moment the theoretical contributions to the muon
energy levels which have already been included.

The finite~nuclear-size correction is calculat-
ed to be smallest for those elements in which the
discrepancies are largest (Ba and Pb). This ef-
fectively rules it out as a possible source of the
disagreement for any but highly exotic assump-
tions about the nuclear charge distributions.

We investigated the “exotic assumption” sug-
gested in Ref. 3 (the nuclear halo originally pos-
tulated by Barrett ef al.?) by attaching various
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tails to nuclear charge distributions appropriate
for 2°8pb. Diffuse, constant tails which extended
to radii of from 10 to 40 fm were tried, as well
as exponential tails with relatively long falloff
distances. We invariably found that a tail which
removed the 5¢ = 4f discrepancies prevented a
reasonable fit to the data for the lower-lying
transitions, within the limits of the charge dis-
tributions which were used for the bulk of the nu-
cleus. Although we cannot rule out the possibility
that a tail might provide the answer, it does not
seem likely. Even more exotic suggestions, like
a shell of charge of 50 fm radius, might do the
trick but seem even less physical.

Effects of electron screening are evidently
ruled out by the two sets of transitions observed
in Ba (5¢ = 4f and 41— 3d). The screening was
calculated! to be larger for the outer (57— 4f) set,
as one would expect. However, the inner transi-
tions exhibit a much larger discrepancy.® This
indicates that whatever the difficulty is, its source
is probably the nucleus and not the outer atom.

The other theoretical corrections which have
been included have been studied extensively and
with good success!® both in electronic and muonic
atoms. These are vacuum polarization,'*™® Lamb
shift,® 15718 nuclear polarization,'®?! and nuclear
recoil.?*23 There appears to be no good reason
to doubt that they have been accounted for cor-
rectly here.

In an effort to find any trends in the data, we
have attempted to fit the observed discrepancies
by means of perturbing potentials of the form

V(r)=C,,Z"|V(7)/Ze?|"

over the volume occupied by the muon, where m
and » may be 1, 2, or 3, C,, is an adjustable pa-
rameter, and V(7) is the electrostatic (Coulomb)
potential generated by the average nuclear charge
distribution. Since V (#) varies like 72 for small
7 and like ™! for large 7, the above potential ap-
proximates C, Z™/7r" over the region of primary
interest, while avoiding an unphysical singularity
at the origin. This choice does not exhaust all
possible potentials, of course, but it is simple,



VoLuME 28, NUMBER 10

PHYSICAL REVIEW LETTERS

6 MARCH 1972

convenient, and representative of many electro-
magnetic effects.

We did not consider any explicitly spin-depen-
dent interactions, since the data do not indicate
any inconsistencies in the fine-structure split-
tings. This may be seen by observing that the
difference in energies of a pair of transitions in
a given element is equal to the difference in the
splittings of the upper and lower levels. The ex-
perimental and theoretical values for these num-
bers are nearly the same.

The energy shifts due to these potentials were
calculated in first-order perturbation theory with
numerically derived muon wave functions and ap-
propriate nuclear charge distributions. After
C,.. was adjusted to give a least-squares fit to
the discrepancies for each choice of m and n, we
calculated the shifts which would be produced in
the 3d,,, ~ 2p,,, and 2p,,, ~ 1s,, transitions in Pb,

These energies are listed in columns 5-13 of
Table I, along with the values of C,, and X% ob-
tained. Column 14 contains the best fit for a per-
turbing potential proportional to the lowest-order
vacuum polarization potential, as was suggested
in Ref. 3.

The most striking aspect of Table I is that the
potentials linear in Z (which includes the lowest-

order vacuum polarization) do not provide a cred-
ible fit to the data, while the potentials nonlinear
in Z do. This might conceivably be explained in
terms of a nonlinear electrodynamics,?* or more
conventionally, in terms of quantum-electrody-
namic (QED) graphs with more than one photon-
nucleus vertex. The potentials which vary as »™2
evidently do not have a long enough range, as
they cause large perturbations in the lower-lying
energy levels which probably cannot be absorbed
by the nuclear distribution of nuclear polarization
uncertainties. [We note that those effects which
can be approximately formulated in terms of a 6-
function potential (Lamb shift, heavy particle ex-
change,?® muon finite size®®) are even worse in
this respect.] The energy shift due to such ef-
fects is essentially proportional to the overlap
between the muon and the nucleus. Since this is
larger by a factor of about 5X10* for the 1s,,,
state in Pb than for the 4f,,, state, a 100-eV shift
of the latter would lead to a 5-MeV change in the
former.

Of the potentials in Table I, we are thus left
with four possibilities which fit the Anderson data
about equally well. In addition, all of these ap-
proximately remove the earlier discrepancies.>”?

If we are to believe that similar potentials may

TABLE I. Comparison of the discrepancy AE between theoretical and experimental muonic-atom transition ener-
gies with best fits for several simple potentials with asymptotic forms C,,,Z™/7r". All energies are in electron
volts. The x’ per degree of freedom is given in the first line. The final two transitions for lead were not included

in the fits.
AE czcﬁcicicicﬁcz—cicﬁ;’:i:g-
z Transition | E_ ~ |(E,-BE ) |"11r |21 r |"31r |"12 2|72 21732 2|"13 3 |"23 3|733 3| S0
x2/19——-—> 1.88 0.54 0.70 1.88 0.37 0.Lh 2.72 0.62 0.26 1.75
Co (eV-fu?) —mous 121 | 2.38 |0.0355 | 2890 | 58.8 | 0.910 [63300 | 1480 | 2.42 |0.0339
20 Ca| 3d3/,72py/p | 158 173 8:18 27 10 3 25 10 3 25 12 L 25
3ds5/,*2p3/, | 156 830 15+16 26 10 3 2k iv 3 23 11 L 2k
22 Ti " 191 921 0£19 32 1k 5 33 15 5 37 19 7 32
189 967 10£18 32 1h I 32 14 5 34 17 6 31
26 Fe " 269 k27 35+20 L6 23 9 56 30 12 73 N 19 50
265 705 22+17 L 23 9 53 28 11 65 Lo 17 48
38 Sr| bfg ,>3d3/p | 200 25k 21420 34 25 1h 26 20 12 18 16 10 29
kf7/5>3d5/, | 198 T08 418 33 25 1h 25 20 11 17 15 9 28
47 Ag " 308 L28 Lh+20 52 48 34 50 48 35 42 L6 36 52
30k 759 35418 51 L7 33 48 46 35 39 43 33 50
48 ca " 321 973 39+19 55 52 37 53 52 39 L6 52 b1 5k
317 977 29418 5h 50 36 51 50 37 43 L8 38 53
50 Sn " 349 953 L7+21 60 59 Ly 61 62 48 55 6L 52 61
345 226 5019 58 5T L3 58 59 46 51 59 48 59
56 Ba " L1 299 99+22 76 83 69 87 99 86 89 116 106 82
433 829 11420 73 80 67 82 93 81 80 105 96 79
5g7/2~>14f5/2 201 260 31+17 34 37 31 22 25 21 11 1k 13 26
5892741772 | 199 902 22416 3k 37 31 21 2k 21 10 14 13 25
82 Pb " 437 687 137+22 75 121 148 T 118 1k9 5k 10k 139 122
.| 31 285 122£19 73 117 1hh 67 112 L2 50 96 129 117
3d3/22p1 /2 408 658 805 1390 2320 2940 4030 7730 {10400 Tho
2p3/2*1s1/2 585 oLl 1160 3120 5200 6610 |12900 |24800 | 33200 1270
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arise from electromagnetic effects, we must be
able to approximately construct the constants
C,., for them from the parameters available.
Limiting ourselves to e?, o, and 1,/27, we find
that C,, ~0.03e%02, C,, ~0.06e%a®, C,,=~0.4e%a?),/
27, and Cg, =0.9e®a®) /27, This indicates that
higher-order QED effects cannot be ruled out

a priori as sources of the present discrepancies.
It is the range of the effect more than its order
in a that is important.

The last two lines of Table I give only a rough
idea of the trouble which might arise in other
transitions due to the potentials considered. A
more thorough investigation requires a consis-
tent simultaneous fit of all the known levels. We
have attempted such a fit using the Z2/72 poten-
tial in Table I, but were unable to obtain a good
representation (with x2 per degree of freedom
< 1) of all the data by merely adjusting the pa-
rameters of the charge distribution. However,
this does not rule out the possibility that some
similar effect might provide most of the answer.
The transitions which were fit determine, at best,
only the long-range part of the effect (on a muon-
ic-atom scale), and the short-range behavior may
be more important for many of the states.

It is also of some interest to see if the above
potentials are compatible with other precision
tests of QED, such as the Lamb shift and 2p fine-
structure splitting in hydrogenlike electronic
atoms, since any serious conflict might lead one
to suspect that the present effect is unique to
muonic atoms or is due to experimental error.

In fact, we have found that no such conflict exists,
as reasonable extrapolations of the potentials to
electronic atoms do not violently disturb the
Lamb shift or 2p splitting.

One of us (G.R.) would like to thank Madhu Dixit
and Herbert Anderson for making their data
available prior to publication, and for useful dis-
cussions.

*Work performed under the auspices of the U. S.
Atomic Energy Commission,
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