
VOLUME 28, NUMBER 8 PHYSICAL REVIEW LETTERS 21 FEBRUARY 1972
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Quasielastic light-scattering studies from a solution of 1-pm-diam polystyrene spheres
indicate that at sufficient dilution the homodyne autocorrelation function is not consistent
with the common assumption that the concentration fluctuations are Gaussian stochastic
processes. In this note we show that the non-Gaussian behavior at low concentrations
arises because the particles in the scattering volume are Poisson distributed.

Quasielastic light scattering has become a very
useful probe for studying the dynamics of macro-
molecules in solution. The diffusion constants of
macromolecules' as well as the velocity distri-
butions of motile micro-organisms' have been
measured by either homodyne or heterodyne
methods. It is usually assumed that the homodyne
and heterodyne techniques give essentially the
same information about the system. In this note
we show that the homodyne technique" yields new
information that cannot be found using the hetero-
dyne technique. " In particular, we have found
that when the number of particles in the scatter-
ing volume is small, the amplitude of the scatter-
ed field is not a Gaussian random process. In
this case, the homodyne intensity autocorrelation
function decays on two widely different time
scales. The slow process involves the decay of
the fluctuation in the total number of particles in
the scattering volume, while the fast process in-
volves the usual microscopic motion of individual
particles. In fact, the time constant of the slow
part of the homodyne correlation function is so
long that on the time scale of the fast decay it
appears as an apparent excess background which
is not directly related to the mean scattered in-
tensity. This excess background is not present
in the heterodyne correlation function. Thus the
homodyne technique can be used not only to study
the diffusional properties of macromolecular

solutions, but it also can be used to probe funda-
mental properties of colloid statistics.

In heterodyne studies the time-dependent part
of the observed correlation function is, aside
from the self-beat term, I,(K, t) = (g~(K, 0)$(K, t)),
where g(K, t) is the amplitude of the scattered
field. In homodyne studies, on the other hand,
the observed correlation function takes the fol-
lowing form, I,(K, t) = (lg(K, 0) I'lg(K, t) l'). Since
the number of particles in the scattering volume
is not constant, in calculating I, and I2 it is nec-
essary to allow for the fact that any particular
scattering center may enter or leave the scatter-
ing volume during the course of a measurement.
The expression for the amplitude of the light
field scattered by a system of I identical spher-
ical particles takes the following form":

r/)(R, t) =x Qb,.(t) exp[aX r, (t)],
j=l

where r,.(t) is the position of the jth ps, rticle st
time t. b,.(t) = 1 if particle j is in the scattering
volume at time t, bz(t) =0 if it is not. y is a con-
stant that depends on the polarizability of the
macromolecules, the wavelength of the light, and
the geometry of the scattering system. K is the
scattering vector. For incident light of wave
vector Kp K 2Kpsin-,'8, where 8 is the scatte'r-
ing angle. If it is assumed that the particles are
independent and the solution is homogeneous then
I, and I, simplify considerably:

I, (R, t) =~'Q(b, (0)b, (t))F(R, t)
j=l

I,(R, t) =~' Q (b,.'(0)b, '(t)) +~' g (b, (o)b, (t)b.(o)b„(t))p(R, t)~'
lA m=1

where E(K, t) is the usual self-intermediate-scattering function which, for dilute macromolecular
solutions, is adequately given by the diffusion approximation, ' E(K, t) = exp( —K'Dt), D being the self-
diffusion constant.
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It remains to determine the correlation fuQc-
tlolls of tile Iluantltles 5~(f), Tllls tRsk cRI1 be
accomplished by realizing that the sum over all
particles of b,.(t) is N(t), the number of particles
(occupation number) in the scattering volume.
(N(0)N(t)), the correlation function of the occupa-
tion number is then expected to decay in a time
similar to that characterizing the correlation
functions of the b,'s. (N. (0)N(t)), however, is ex-
pected to decay in a time of the order of' T~
= L'/24D» {K'D) ', where I. is the typical dimen-
sion of the scattering volume, Therefore, on the
time scale during which E(K, f) decays, (N(0)N(t))
= (N'). ConseIluently, whenever a correlation
function of the b, '8 mult. iplies E(K, t), we may
safely replace it by its initial value. Upon mak-
ing this replacement and realizing that for a
Poisson process (N(N- l)) =(N)', Eqs. (2) and (3)
can be expressed in terms of the occupation num-
bers~

I,(K, t) =) '(N) E(K, f),

I2(K, t) = X ((5N(0) 5N(t))

+ (N)' jr+/E(K, f) i'j),

wllel'e 6N(t) = N(t) —(N) is the fluctuation in the
total number of particles in the scattering volume.

There are several important points to note in
connection with these formulas: (a) (6N(0) 5N(t)),
which can be expressed in terms of the probabi. —

ity after-effect function, ' decays in a time ~,„» (K'D) ' so that for times (K'D) ' &f «T~ it can
be approximated by its initial value (N). (b) While
I, describes single-particle motions only, I, de-
scribes both single-particle motions and changes
in the number of particles in the scattering vol-
ume. This difference results because only I, is
sensitive to the phase of the scattered field.
(c) The term (5N(0) 6N(t)) in I, indicates that the
scattered field is not a Gaussian random process
slllce fol' R Gaussian fleldi I2(0)/I2(00) = 2. Since
the scattered field is the space Fourier trans-
form of the concentration of the macromolecules
in the scattering volume, the concentration fluc-
tuations are non-Gaussian.

We observe from Eqs. (4) and {5)that light-
scattering experiments on dilute solutions can
yield, in principle, important information con-
cern1ng the probablllty after-effect function ln
addition to the self-diffusion function. Moreover,
we conclude the experimentally relevant fact that
the apparent background in homodyne experi-
ments is not the hitherto expected background

X'(N)', but contains the additional factor A.'(N)
which cannot be easily measured. This apparent
background is of major importance in studies of
solutions sufficiently dilute that (N) —(N)', but
decays to the true background A'(N)' in a time ~~
long compared to (K'D) '.

%'e have deliberately limited this discussion
to spatially homogeneous incident light. Any real
light source, however, will show some intensity
variation over the scattering volume. The TEM00
mode of a laser, for example, is expected to
have a cylindrical Gaussian profile. The effect
of such spatial inhomogeneity will slightly alter
the meaning of the scattering volume, " but the
essential conclusions reached above are un-
changed.

The experimental verification of the effects of
fluctuations in the occupation number consisted
of measurement of the homodyne photocount auto-
correlation function for a series of solutions of
1-p,m polystyrene spheres. Two sets of data
were obtained. First, a series of runs were
taken on the same sample at different 8. It was
verified that (N) varies as (sin8) ' as expected
from purely geometrical considerations. Second,
a series of runs were taken at the fixed 8 but
differing (N), and it was demonstrated that E(K, f)
could be successfully recovered from the data
at any concentration once the net detection ef-
ficiency n had been determined self-consistently
at one concentration. Because of the excessively
long time constant RssociRted with (5N(0) 5N(t)),
its time dependence could not be readily studied.
Preliminary results on convective systems, how-
ever, indicate that (5N(0) Ml(t)) does decay to
zero at sufficiently long times.

The time autocorrelation function of the detect-
ed photons was measured using a twenty-channel
digital correlator similar to that described by
Foord et al. ' Although details of the apparatus
will be published elsewhere, ' it should be pointed
out that the limitations of the clipping procedure
were circumvented by using a scaling technique. '
The scaled photocount autocorrelation function is
expected to differ somewhat from the intensity
correlation function derived above, In fact, if
n(t) and nI'i(t) are the numbers of phtocounts and
scaled-by-s photocounts observed in an interval
T centered at time t, then for (n'I)«1, the scaled
photocount autocorrelation function takes the
following form"
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where P is a coristant & 1. The conditions under
which the spatial coherence factor P differs from
I have been discussed elsewhere. "

Samples used in this work were prepared by
dilution with filtered distilled water of concentrat-
ed solutions of l-p, m polystyrene spheres ob-
tained from Dow Chemical Company (run no. I 8-
1138-B). The scattering volume used was cy-
lindrical with a radius of approximately 25 p, m
and a height of 15-30 pm.

Data taken as a function of 8 at constant (N}
w'ere analyzed by a linear least-squares .analysis
of C(t) vs C(t+T), where

)
(n (t)8(t+ T)} 8

( } y 2z'g

Such an analysis yields the decay rate I"' and
(Q. Here the prime denotes an experimental
decay rate obtained by treating the data in this
way. An exponential form of E(K, t) has been
assumed.

According to the preceding analysis, I"/K'
should be independent of 8 as should Qg sin8
(see Fig. 1) since the scattering volume varies
as V»/sin8, where V» is the scattering volume
at 8 = 90". Also shown in Fig. 1 is the photocount
efficiency cy. The angle dependence of n reflects
the Mie scattering function. " The apparent dif-
fusion constant I'»'/K' displayed in Fig. 1 has
been corrected to 20'C assuming I"' is proportion-
al to the ratio of absolute temperature to solvent
viscosity.

A series of runs were also taken as a function

of (X}for 1&(1V}&200. These data, shown in
Fig. 2, were obtained by varying the QV') at 8 = 90'.
(N) was determined as described above .Two
runs are shown for (N) = 1.2 to demonstrate that
the excessively long time constant associated
with the occupation number leads to large varia-
tions in the magnitude of the excess background
especially at small (N}. This variation reflects
the fact that the run time was not sufficiently
long to obtain a good. average. These data were
analyzed as a single exponential of decay rate
2I" plus an unknown background. The resulting
average apparent diffusion constant 1"»'/E' was
found to be (3.79 +0.10)X10 ' cm'/sec which com-
pares satisfactorily with the value of (3.76 +0.08)
X10 ~ cm'/sec obtained under conditions of large
scattering volume.

In order to recover F(K, f), without assuming
it to be of exponential form, it is necessary to
determine e. In the absence of an independent
measurement of n, its value was calculated from
the magnitude of the excess background at one
concentration. A value of n = 7.9 +0.8 counts/sec/
particle/milliwatt was obtained from the average
of five runs at (1$-16. Using the value n= 7.9,
the normal and excess background was subtracted
from the data in Fig. 2. A single exponential
analysis of the resulting curves gave an apparent
diffusion constant of (3.66+0.4) &&10 9 cm'/sec
when averaged over the eight runs. The fact that
this value is consistant with the value 3.79&10 ~

cm'/sec obtained under conditions of large scat-
tering volume indicates that E(K, t) can be suc-

«N& SIN 8
o (r&0/K ) x IO cm /sec
& (a/2) x IO

~ CTS/sec/PART/e+

I I l I l I
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FIG. 1. Angle dependence of the reduced particle
number, apparent diffusion constant, and counting
efficiency.

I
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FIG. 2. Normalized photocount autocorrelation func-
tion of 1-pm polystyrene spheres. T =25.8'C. v=0 val-
ues are extrapolated,
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cessfully recovered even in the presence of the
apparent excess background if n is accurately
known.
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Evidence of Nonzero Critical Exponent q for a Binary Mixture
from Turbidity and Scattered Light Intensity Measurements
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Measurements of the turbidity and of the intensity of light scattered by a cyclohexane-
aniline mixture in the vicinity of the critical point allow us to verify that scaling laws
correctly describe the observed phenomena and yield precise values of the critical ex-
ponents y, v, and q, of the correlation length $, and of (Bp/Bc)z r.

Bn' ' keT sin'p
Bc z z (Bp, /Bc)z z (1+If $')'

where all the symbols have their usual significance and p is the critical exponent introduced by Fisher
to account for an eventual departure from the Ornstein-Zernicke theory. The turbidity is then readily
obtained by integrating expression (1) over all angles:

2w Bns keT [(1+2a)" —1][1+a(2 —2q+a (2+ sq+ 4')] —71a(1 +a)
Bc ~ r (Bp/Bc)~ r a'2n(1 + 2n)(2+ 2n)

(2)

Most of the optical studies of the critical properties of a binary mixture or of a pure fluid have been
performed by measuring either the linewidth or the intensity of the scattered light. Puglielli and Ford,
however, have shown that very valuable information can also be obtained from turbidity measurements
in a pure liquid. This technique has the primary advantage that the angular acceptance of the photomul-
tiplier measuring the intensity of the transmitted light can be reduced to such an extent that any contri-
bution due to forward or multiple scattering is completely negligible.

In the case of an aniline-cyclohexane mixture throughout the temperature range which we explored,
the dominant process contributing to the turbidity is Rayleigh scattering. Furthermore, previous ex-
periments performed in our laboratory showed that any contribution other than that due to concentra-
tion fluctuations is completely negligible.

In a wide range of temperatures above the critical temperature the intensity scattered by this binary
mixture can be expressed by'


