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the scalars associated with the stress tensor for
the field P. Thus Q is a physical scalar, and
must be bounded on the (nonsingular) horizon:

'(p '+p, ') bounded on horizon. (6)

Now, Schwarz's inequality gives us for the bound-

ary term of (6)

[PIt' '(P pnp+P, n,]a

-0'~ '(0,,'+0,.')(n,'+n. '). (7)

If we now take into account (2), (6), and the fact
that do' is nonsingular on the horizon, we see
from (7) that the left-hand side of (6) vanishes.

The integrand of the right-hand side of (6) is
positive definite (recall that Wis non-negative)
everywhere in the black-hole's exterior. It fol-
lows that the integral can vanish only if p van-
ishes identically in the black-hole's exterior.
Thus a rotating black hole in its final state cannot
be endowed with an exterior scalar meson field,
a m meson field for example. The proofs for vec-
tor and spin-2 fields are more complicated than
the above, but the basic idea is the same. " For
nonrotating (static) black holes, axial symmetry
is not guaranteed by Hawking's theorem, so one
must assume the most general static metric; but
this causes no particular problems '0
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Energy Straggling and Radiation Reaction for Magnetic Breinsstrahlunge
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When the average energy of the photon emitted by synchrotron radiation becomes ap-
preciable compared to the energy of the particle, the particle will undergo straggling in
its energy loss, which in turn broadens the radiation spectrum. The energy distribu-
tions of particles and the emitted photons are calculated using the method of quantum
electrodynamics. The results are presented together with effects due to classical radia-
tive reaction for experimental test. The significance of energy straggling in astrophys-
ics is discussed briefly.

In ordinary circumstances the motion and radi-
ation of a charged particle in a, magnetic field can
be adequately described by classical electrody-
namics neglecting the radiation damping. The
significance of the radiation effect is predicted
by the parameter 8, = —,'y'H/H„which represents
the ratio of the radiative reaction force to the
Lorentz force. Here H, =m'c'/e'=6x10" 0 and

y =E/mc'. On the other hand, the validity of
classical radiation theory is limited by the con-
dition 8, = ~syH/H, «1, where H, = m'c'/ePi = 4.4
x10" G. The ratio of the mean energy of the
emitted photons to t e energy of t e particle is
-R, (1+8,) '. Therefore quantum recoils be-
come significant at R, &1, and for a consistent
treatment one has to use the method of quantum
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electrodynamics. '
Quantum and radiative corrections on synchro-

tron emission had stimulated considerable inter-
est in astrophysics, "where in many cases A„
B„orboth have large values. Recent develop-
ments on the technique of flux compression make
possible the generation of transient magnetic
fields up to $0 MG in the laboratory. ' Also, elec-
tron beams of energy up to a few hundred GeV
should be available soon from the National Accel-
erator Laboratory. One can readily see that from
these parameters 8, ~ 100 and R, ~ 0.1, For the
first time, then, it appears that both the classi-
cal Lorentz-Dirac equation and the effect of quan-
tum electrodynamics in an external field can be
tested experimentally by the combination of high-
energy accelerators and megagauss targets. A

series of such experiments, using megagauss
pulses as targets for high energy electron beams
(abbreviated as MPEB hereafter), have already
been carried out by Herlack et al. ~ and Erber' at
the Stanford Linear Accelerator Center.

In a previous article, ' one of us had analyzed
the strong radiative reaction effects for a classi-
cal relativistic particle. In this Letter we shall
first outline the classical radiative reaction ef-
fects which may be tested in the type of experi-
ments mentioned above, then we shall present a
detailed quantum mechanical calculation. Impli-
cations of the present work in astrophysics will
be discussed briefly.

(1) Classical radiative corrections. —The tra-

jectoryy

of a particle in a plane perpendicular to
H at strong radiative damping is derived in Ref. X;,= o.~„f(y)/v 3 wy,.'l,

where

(2)

3. It can be seen easily from Eq. (5) of Ref. 3
that the deflection of a particle of initial energy
E, after traversing a distance I- in magnetic field
H is'

O=f(L/c) =(1+R,eHL/2E, )eHL/E„(1)
i.e., in addition to the normal deflection 0, =eHL/
E, there is an additional, radiation-induced de-
flection 58, =R, 9 02/ 2=e'H'L'/3m4c'. This addi-
tional shift corresponds to the shrinking of the
orbit of the particle.

An interesting feature of the deflection angle is
that the magnitude of 60, is inversely proportion-
al to the fourth power of mass, where the normal
deflection is a function of energy only. Thus a
beam of p. or ~ sent through the magnetic pulse
simultaneously with the electron beam can serve
the purpose of calibration. There are of course
other radiative reaction effects which can be stud-
ied in MPEB, but from an experimental point of
view none of them is as distinctive as the deflec-
tions. All these results will be modified by quan-
tum effects for the National Accelerator Labora-
tory electron beams.

(2) Quantum mechanical treatment. —The quan-
tum theory of synchrotron radiation has been
studied extensively in the past. ' The energy
eigenvalue associated with the Dirac wave func-
tion depends only on the total quantum number n:
E„=mc'(1+2nH/H, )' ' (n»1 for relativistic par-
ticles). The transition rate between two highly
relativistic energy levels, after summing over
the degenerate states, is

f(y) = f K„,(x) dx +R, 'y'(1+R, y) 'K„,(y),

y =(E;—E,)/R„E, , u =e'/Sc, and R, ;=y;H/H, .
The radiation spectrum of an electron at energy E, is given by'

3v 3 e' ' y' d(d

4 mc' (1+R y)' ~(1 —h~/ymc')'

where E, is replaced by E, —S~ in y.
Equation (3) is the usual quantum mechanical formula for synchrotron radiation, which reduces to

the classical form at R„-0. I,.(a), however, is not the radiation spectrum one will observe for strong
radiation, where quantum broadening leads to a fast spread in energy of particle states. This spread
is analogous to the energy straggling when a fast particle travels through a thickness of matter where
quanta emitted through bremsstrahlung carry away energy comparable to that of the particle. In syn-
chrotron radiation, the transition rate A.;, is a flat function of ~,, up to ~,, -R„(1+R„) E;; thus,
the energy-loss process can be considered as cascade transitions with random steps of maximum mag-
nitude R, (1+R,) . The statistical fluctuation is negligible only if R, «1. As we shall see, the quan-
tum broadening which is significant even at relatively small values of R, dominates all other quantum
corrections. A beam of monoenergetic electrons injected into an intense magnetic field will soon
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spread over a large range of energy. This statistical nature of deceleration, which implies that a por-
tion of particles will remain in an energy range well above that predicted by the classical formula
[Eq. (4) of Ref. 3], is not without interest in astrophysics. The energy straggling also modifies the
radiation spectrum. Since the observation time of a photon detector is usually much longer than v, it
receives not the instantaneous spectrum, which represents the distribution of photons emitted from
electrons at a given energy level, but a cumulative spectrum including photons emitted from all sub-
sequent transitions in the cascade process.

We shall illustrate these effects by a quantative analysis aimed at direct verification in the MPEB
experiments. Let p;(t) be the number of electrons in state i. We have'

dp]
t ~ gt

-- —p + . A. "p Z-1 2 ~ ~ ~

j&g
(4)

Since the states are nearly continuous for relativistic energy, this set of ordinary differential equa-
tions may be replaced by a single partial differential equation,

sp(E, f)
p(E, f)+ f Z(E, E')p(E', f)dE'. (5)

Equation (5) has been studied in great detail in
shower problems. Eyges" has shown that it
leads to the Bethe-Heitler formula" for energy
straggling in the case of bremsstrahlung, for
which the radiation cross section can be approxi-
mated by a simple expression with maximum pho-
ton energy equal to the electron energy. In the
case of synchrotron emission, however, because
of the nonlinear dependence of A, on E we were un-
able to find an analytic solution for Eq. (5) with
adequate accuracy. Instead, Eq. (5) is solved by
a straightforward numerical method. ' The solu-
tion p(E, f) obtained describes the energy distri-
bution of the particles at time t with initial dis-
tribution p(E, 0). Other observables such as the
expected instantaneous radiation spectrum can be
readily calculated from p(E, f) by I(e, f) = fp(E, f)
&&I(&u, E)dE. For illustration we have plotted p(E,
f) in Fig. 1 for R, =0.133 (E,=400 GeV, H =5 MG)
and R, = 0.655 (E, = 1000 GeV and H = 10 MG) and
p(E, 0) = 6(E -E,). The difference between y, (t),
the classical energy, and (y, (t)), the average
quantum mechanical energy, can be readily ex-
plained by the reduction of the radiation rate due
to the quantum mechanical effect. The spread in
energy space is rather phenomenal. Within a
distance of less than 1/o of the initial radius of
gyration, the half-width in energy becomes com-
parable to the average energy. Obviously, the
maximum spread decreases with the decrease
of R, (varies as R, ' '). A quantity of special in-
terest in astrophysics is the probability that an
electron of initial energy E, has retained an en-
ergy greater than E after having spent a time t
in a magnetic field II. We find, by a crude esti-
mation, that for R, ~ 1 there are 10/0 of particles
with energy greater than 0.02K, when the "pre-
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FIQ. 1. Energy spread. The numbers affixed to the
curves are the magnetopath lengths I H in units of cm
MG. The classical energy [calculated from Eq. (4) of
Ref. 3] and the expected quantum mechanical energy
(obtained by averaging over the distribution) are, re-
spectively, y~/@0=0.92, 0.86, 0.61, and 0.44 and (y )/
F0=0.95, 0.90, 0.68, and 0.50 for the four curves in (a),
and y~/@0=0. 55, 0.41, 0.81, and 0.16 and (y )/@0=0.77,
0.65, 0.51, and 0.25 for the four curves in (b).
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A comparison may be made between the pre-

sent case of energy straggling and that of beta-
tron oscillations. ' The former represents ran-
dom fluctuations caused by the downward cascade
transitions between states of different energies.
The latter occurs at much lower energy [Et

-mc'
x(H/H, ) 'I'], where the effects of radiation loss
on particle energy are negligible. Thus the beta-
tron effect results in no fluctuations in energy
space. But recoils from emitted photons can
still cause changes in the radial quantum number,
which lead to a fluctuation of the orbital center.

The instantaneous radiation spectrum 1(z, t) (z
= ~~/y, 'cu„) for the electron beam after travers-
ing a path length L in a field H is shown in Fig. 2.
This spectrum is equivalent to the expectation
radiation spectrum of an electron of initial ener-
gy y, after spending a time t =I,/c in the magnet-
ic field. For comparison, the usual quantum
mechanical synchrotron spectrum corresponding
to (y, (t)) is also plotted. For most cases of prac-
tical interest, however, the particles are trapped
in the magnetic field and the observation time is
much longer than both the gyration period and
the lifetime of the particl. e. The observed spec-
trum is the cumulative spectrum I, (z, y, ) = T '
x JarI(z, t) dt instead of the instantaneous spectrum
I(z, t). In Fig. 2 we have plotted I, (z, y, ) for a
relatively short T (LH.= 1.8 cm MG, the path
length corresponding to half the initial energy

58, /68 = 0.62(1+0.083H'LEo) (LH) 'i' (6)

where L, II, and Ep are in units of centimenters,
megagauss, and ergs, respectively. The factor
(LH)'~' appears because the radiation reaction ef-
fect is cumulative, i.e., 58, /8 ~LH, while the
quantum broadening is essentially a random walk
process, i.e., 68~(LH)"'. From an experimen-
tal point of view it is essential to extend the path
length in order to obtain an unambigous measure-
ment of 60, .

We would like to thank Professor T. Erber for
many Stimulating discussions.

loss at R, =0.655). Compared with I(z, y), the
maximum of I,(z, y, ) shifts to smaller z because
of the contribution from soft photons emitted dur-
ing the cascade transitions between low energy
levels. The slope of the spectrum between the
new and the old maxima is -~, with 0) n(R, )

The longer the T, the more significant the
contribution from low-energy-level transitions,
and the further the shift of the maximum. At T
—~ (i.e., the particle loses all of its energy dur-
ing the observation), I, becomes similar to the
classical cumulative spectrum (Fig. 2 of Ref. 3),
but the spectral index is larger than —~ at low
frequency and the dip at z ~ I is flattened some-
what due to the spread of the particle in energy
space.

The radius of curvature of a particle in a mag-
netic field is proportional to energy, hence spread
in energy space also leads to a spread in the de-
flection angle. For 8, (1where quantum cor-
rections other than the spread are small, the
root mean square fluctuation b, 8 = ((8') —(8)')' '
can be adequately described by 68=—2(1 —(E)/E, )
xN '"(8), where N = (5/2v 3)( H/H, )(Ltnc /&) is the
average number of photons emitted along L. The
ratio of the "shift" due to radiation reaction to
the spread due to quantum broadening is
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FIG. 2. Radiation spectrum in units of yo e H /m c
I~ (z, yo) is the cumulative spectrum of a particle of in-
itial energy yo after having traversed 1.8 cm MG; I(z,
y, (t)) is the instantaneous spectrum of a particle with
energy (yo(t)), the average energy after having tra-
versed 1.8 cm MG; I(c, t) is the actual instantaneous
spectrum including quantum broadening; I(a, y0) is the
instantaneous spectrum of a particle of energy yo.

*Work supported in part by Purdue Research Founda-
tion and National Aeronautics and Space Administration
Contract No. 4847-52-13969.

See, for example, T. Erber, Rev. Mod. Phys. 38,
626 (1966).

See, for example, F. Pacini, Neutron Stars, PgEsay'
Radiation, and SuPensoea Remnants (Gordon and Breach,
New York, 1971).

C. S. Shen, Phys. Bev. Lett. 24, 410 (1970).
F. Herlach, R. McBroom, T. Erber, J. Murry, and

R. Gearhart, to be published.
T. Erber, Some External Problems in Quantum

Electrodynamics, " in Internationale Universitatswochen
fur Kernphysik, Karl-Franzers-Universitat Graz:

458



VOLUME 28, NUMBER 7 . 14 FEBRUARY 1972

Tenth Schladming Winter School in Physics, 1971 (un-
published) .

This deflection eras also derived by H. G. Latal (pri-
vate communication.

'A. A. Sokolov and I. M. Ternov, Synchro@"on Radia-
tion (Akademei, Ber]in, 1968).

J. Schwinger, - Proc. Nat. Acad. Sci. U.S. 40, 132
(1954).

Induced transitions are neglected here. A more elab-
orRte cRlculation including this effect is underway
(D. White, to be published). A detailed description of
the numerical method used in solving Eq. (5) vrill also
be included there.

L. Eyges, Phys. Hev. 76, 264 (1949),
H. A. Bethe and W. Heitler, Proc. Boy. Soc., London

146, 83 (1934).
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Inclusive reRctions for multiparticles produced from cosmic-ray emulsion dRtR at 10
6V are presented and are compared with the predictions of limiting-fragmentation distri-
bution.

Within the last couple of years a number of pa-
pers both theoret1CRl Rnd experimental hRve
appeared on the inclusive reactions of type A+8-C+anything as a source of information for un-
derstanding the mechanism of multiparticle pro-
duction processes. Benecke et a/. ' introduced
the hypothesis of limiting fragmentation, Rnd
I"eynman' predicted the behavior for the function
f(p„x) =(2E/ns'") d'c/dxdp, ', where E is the en-
ergy of the observed particle in the c.m. system,
the Feynman variable x = 2p, /s'i', and s the
squR16 of the totR1 energy ln the c.m. system. It
can be shown that these two hypotheses are equiv-
alent at high energies. '

Measuring an angle and the momentum of a sin-
gle particle has been rather popular, and practi-
cally all the experiments reported recently have
been for a single observed particle (inclusive one-
body reaction) emerging from high-energy had-
1 oQ-hRdron 1QterRct1ons. A s1ngle pR1 tlcle g1v68
a rather incomplete reflection of the actual be-
havior of general collisions. Moreover, because
only one final particle is detected in these experi-
rnents, there is no empirical way to ascertain
whether the observed particle is scattered direct-
ly or is the decay product of a resonance. If it is
from a resonance, a different approach is desir-
aMe.

Most of the data presented so far on single-par-
ticle production have been taken from the accel-
erator energy range. Recently, charged-particle
multiplicities Rnd the RngulRr dlstrlbutlon of the
secondary particles in pp interactions' for the en-

ergy range 100-800 GeV have been reported from
cosmic-ray experiments. According to these
authors, their angular distribution was biased
against smaller angles, «2 mrad, and larger an-
gles, &40'.

%6 present here an analysis of 21 cosmic-ray
jets' "of energy -10"67, which were selected
out of about 135 jets with «4 black prongs. The
complete analysis of a jet observed in nucleax
emulsion is rather tedious' because of the many
parameters that are required for its analysis.
The energy of the secondary particles were de-
termined by multiple and relative scattering
measurements. We know of no published data re-
porting an inclusive n-body reaction with jets
studied completely in emulsion of TeV energy
range. The data presented here have energy .

ranges between 1-100 TeV and average multi-
plicity -1V. It is known that most of the parti-
cles produced in high-energy hadron collisions
are pions. Production of strange particles is
less abundant, and baryon-antibaryon pair pro-
duction is even more rare.

The differential cross section for R single inclu-
sive process, i.e., N+N- (one identified particle)
+anything, is written as

« =dp*f(p„p„s)/E
=«(p, ') dp, f(p„p„s)/E

where E is the energy and p, and p, are the trans-
verse and longitudinal momenta of the observed
particle in the c.m. system. Feynman has sug-


