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rotation in phase space. Therefore, the oscilla-
tions in 5I', Fig. 1, occur at a frequency near
co~. The oscillations in 5Q, Fig. 2, take place
at essentially twice this rate because they re-
flect changes in kinetic energy, which is an even
function of velocity.

%e have also solved the problem for the exper-
imentally more realistic case where the frequen-
cy is fixed and the wave number exhibits nonlin-
ear oscillations. For this case, the nonlinear
shift in wave number is given by 5k = 50(ksx)/(- v, ),
where v, is the wave group velocity and ks —= &us/

e~ is the bounce wave number. The functional de-
pendence of 50(kex) is given in Fig. (2), with ksx
replacing +~t. To illustrate the feasibility of
measuring such a wave-number shift, we note
that for typical experimental parameters' (vp/v,
= 2.5, v~/vr = 4, vs/kv~ = 0.08) one obtains an as-
ymptotic shift of 7 rad/m Th. e spatial oscilla-
tion in phase has an amplitude of about 1 rad.
These quantities should be measurable.

*Work supported in part by the National Science
Foundation, Grant No. GP-27120, and in part by the
U. S. Atomic Energy Commission, Contract No. AT(04-
3)-34 P.A. 85-15.

B. K. Mazitov, Zh. Prikl. Mehkan. Tekh. Fiz. 1, 27
(1965).

T. M. O' Neil, Phys. Fluids 8, 2255 (1965).

J. H. Malmberg and C. B. Wharton, Phys. Rev. Lett.
19, 775 (1967),

N. Sato, H. Rezi, Y. Yamashita, and N. Takahashi,
Phys. Rev. Lett. 20, 837 (1968).

The subtraction procedure was not necessary for the
previous calculation of the damping coefficient, since
this quantity depends primarily on the resonant elec-
trons in both the linear and nonlinear cases.

Only the instantaneous frequency enters the dielec-
tric, since the phase of the velocity integral I dv (Bfo/
Be) exp[ikv (t' -t)1 mixes so fast that only times t' near
t matter.

B. D. Fried, C. S. Liu, and R. Z. Sagdeev, Bull.
Amer. Phys. Soc. 14, 1034 (1968).

J. M. Dawson and R. Shanny, Phys. Fluids 11, 1506
(1968).

'By anticipating the result &&-yt, (&us/&u)(v~/vr)', we
can see that &() will be first order in y1, only if as/cu
is not much smaller than (v~/vr)'. This is the typical
experimental range.

W. M. Manheimer and R. W. Flynn, to be published.
The operator (2@~-d/dt) appears on the right-hand

side of Eq. (11) because our formulation is in terms of
~I', rather than the full damping coefficient.

~ The "radiation pressure" calculated by W. E. DrUm-
mond [Phys. Fluids 7, 816 (1964)l produces a change in
the plasma density that also gives rise to a wave-num-
ber shift. We find this to be of order 5k/k - (~s/&u) (v&/
vr)', which is smaller than the effect we calculate
Also, in a real experiment one must make sure that
the large-amplitude wave does not change the density
by such indirect methods as modification of boundary
conditions or injection regions.
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The pressure due to the magnetic ordering in solid He is calculated using a Hamiltonian
which includes triple exchange. This added degree of freedom supplies a simple explana-
tion for the observed behavior of the pressure as a function of temperature.

The measurement of the pressure change as a
function of temperature in solid 'He was first
used by Panczyk and Adams' (PA) to obtain a val-
ue for J„the pair-. exchange frequency. Three
groups of experimentalists' ' have recently re-
peated these measurements in the presence of a
large external magnetic field. The results of the
three experiments disagree quantitatively from
the result expected on assuming solid 'He to be a
"good" spin--,' Heisenberg solid. ' The Heisenberg
Hamiltonian includes only the possibility of pair
interactions, which for 'He are antiferromagnetic
and on the order of 1 mK. Triple exchange has

been shown by Thouless' to be inherently ferro-
magnetic. The relative magnitude of triple ex-
change compared with pair exchange has been es-
timated by Guyer and Zane' (GZ). This paper
will include triple exchange in the Hamiltonian
used to calculate the pressure due to spin order-
ing. The results we obtain are substantially in
agreement with the experiment of Kirk and Ad-
ams' (KA).

The usual Hamiltonian written for solid 'He in
an external magnetic field is
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FIG. 1. The change in pressure as a function of inverse temperature. For H= 0: squares, experiment by KA;
solid line, theory without triple exchange. For H =40 kG: circles, experiment by KA; dashed lines, theory with
triple exchange; solid line, theory without triple exchange (a =0). For H = 60 kG: triangles and crosses, experi-
ment by KA; dot dashe-d lines, theory with triple exchange; dotted line, theory without triple exchange (a=0).

where X,„'is the Heisenberg spin Hamiltonian, exchange, which can be written as'

K,„'"= —2n J, Q o,' o
„

i0 j
(2) K0„=25els Q (o'g ' (Tg + og ' o2, + v2, ' (7))3

i&g&k

and Xz is the Zeeman Hamiltonian,

Kz= yItH gio-;,

oi being the angular momentum of the ith atom.
The system is ferromagnetic if J,& 0 and antifer-
romagnetic if J,&0. The magnetic moment of 'He
is written as yk. When this Hamiltonian is used
to calculate the magnetic pressure, there is a
sizable disagreement between theory and experi-
ment (see Fig. 1). We include the next higher-
order piece in the exchange Hamiltonian, triple

where J, is the frequency with which three parti-
cles cyclically permute. The triple is ferromag-
netic when J,&0 and antiferromagnetic when J,
&0. The exchange Hamiltonian is now written as

Xex Xex +Xex ~
{2) {3)

We substitute X=X,„+Xzinto the partition func-
tion

2 =tr exp(-PK), (6)

where P =1/kBT. In the high-temperature limit we

can approximate Eq. (6) by

Z = tr(l —PK+(P'/2 I)K' —(P /3 I)K3+ ~ ~ ~ ).
After performing the required traces we get

Z =2 1+M— +3J —36J J + j44J g—g2 9J J +]08J

+N4, 24 (21, —132J,J, +6002, )+ ~ ~ ~ +N — (3J, —36ZJ, +144J )+ ~ ~

0

(8)
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where N is the number of atoms in the solid. The pressure can be found directly by forming P '61nZ/
BV. We get

Pv(T, H) = '
d

' ' [1 —6a(1 +b) +48a'b]T ' — 'a[2+b —12a(1+2b)+108a'b]T 'RJ, d lnl J, l 3J, ' 6J,
B

where

a = —J,/J„
d ln l J, l /d lnV
d lnl J, I/d lnV'

@ST
2

+ 2 (1 —bab)7' +a (7 —66a(1+ bi + 600a b] 7' + +
J 2 "3

2k'B kB
(9)

V is the molar volume and R is the universal gas constant. The traces in Eqs. (8) and (9) were done
for the specific case of bcc 'He. The term due to tr[(K,„~'1)']is identically zero in bcc 'He because
there is no triple of atoms which are mutual near neighbors of one another. For convenience in com-
paring the relative sizes of the various contributions to the pressure, we write

b Pv(T, H) = AP~+ hP~ + DPq + 6PD, (11a)

where

hP„~(J,/kB)'[1 —6a(1 + b) + 48a'b ]T ',

APE 6)0 (J2/kB)'a[2+ b —12a(1+2b) +108@'bj T ',
(6 Pc bx: (J,/kB)H (1 —9ab)T ',

8P~ ()0 (J2/kB)2H2[7 —66a(l + b) + 600a'b] T 3.

(11b)

(11c)

(11d)

(11e)

TABLE I. Contributions to DP at T ~ = 85 K ~.

H hI ~ APg APg MD
(kG) a (10 4 atm) (10 atm) (10 atm) (10 atm)

40 0 18.38

40 Q 13.33

40 t(%) 13.33

60 0 18.88

60 ~~ 13.33

60 Q 13.33

0.0

0.3S

0.79

0.0

0.38

0.79

—7.11

—5.13

—3.53

—16.0

-11.6
—7.94

1.19

0.73

0.40

2.68

0.89

Table I lists these contributions at 40 and 60 kG
for various values of a. Looking at Eq. (9) we
see that the inclusion of triple exchange has two
obvious effects on the pressure. First, it renor-
malizes the leading T ' piece, thus changing the
values of J, obtained by PA in zero field. Second,
it softens the effect of the magnetic field, i.e. ,
reduces the contribution from the T ' piece.
These two effects compete with one another, and
the softening of the magnetic field piece must
dominate if triple exchange is going to improve

J,/J, =a & exp[( —-', a')(6~' —o') ]-0.1, (12)

where 2n ' is the width of the Gaussian single-
particle wave functions used to describe the sol-
id, ~ is the near-neighbor distance, and 0 is the
diameter of the hard core associated with each
'He atom. When a pair of atoms exchange, they
must move far enough from the straight line con-
necting their lattice sites to avoid their respec-
tive hard cores. When three atoms cyclically
permute they do not have to deviate very much
from the most direct path connecting the three

the agreement between theory and experiment.
We now use a simple model of exchange, due

to GZ, to estimate the values of a and b. GZ use
an overlap integral between pairs and triples to
estimate the respective exchange parameters.
The overlap integral for a pair is a measure of
the probability that atom 1 tunnels from lattice
site 1 to lattice site 2 times the probability that
atom 2 tunnels from lattice site 2 to lattice site
1. The overlap integral for triple exchange is de-
fined analogously. The ratio of J, to J, is found
to be
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lattice sites. Therefore, the parts of the mave
functions which overlap are further out on the tail
of the Gaussian for pairs than for triples. In ob-
taining Eq. (12) we ignored the hard cores in tri-
ple exchange which is why me write an inequality.
We estimate the ratio of the overlaps for four
particles and three particles to be

J,/J', =exp(- a'A'/6) —=0.04.

We also estimate the size of next-nearest-neigh-
bor (nnn) exchange as compared to nearest-neigh-
bor (nn) exchange and find that

J(nnn)/J(nn) —=exp(- a'A'/6) —=0.04.

The detailed way in which nnn exchange enters
the partition function will be examined in a subse-
quent paper. The volume dependence of exchange
is principally due to the width of the single-par-
ticle wave functions used to describe the solid.
Two tunneling atoms contribute four mave func-
tions and three tunneling atoms contribute six
wave functions. Hence, we would expect that the.
approximate volume dependence of J, is given by

d 1n( j,(/dlnV= 2d ln[ J, (/d lnV. (13)

The parameter a is given the sample values
„

„and 0, and 6 is set equal to ~. These values
are substituted into Eq. (9) and compared with
the experiment of KA at a molar volume of 23.88
cm' and magnetic fields of 40 and 60 ko. The re-
sults are shown in Fig. 1. We see that the dis-
crepancy between theory and experiment in nom
much less drastic. The values of J, found by PA
are increased by 30%-50% when triple exchange
is included in the T ' piece. We emphasize that
the improved agreement between theory and ex-
periment does not depend strongly on the particu-
lar values chosen for J„dinl J, I/d lnV, a, and 0,
but instead depends on the ferromagnetic nature
of triple exchange.

The values of J, obtained by experiments inher-
ently include the effect of near-neighbor exchange

plus all higher-order tunneling motions. It has
generally been assumed that these higher-order
contributions mould be too small to significantly
affect the properties exhibited by the solid. The
results of the experiment by Kirk and Adams plus
the analysis presented here suggest that this as-
sumption is not valid. The extent that triple ex-
change and higher terms contribute to the thermo-
dynamics of solid 'He will be the goal of future
work.
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the ideas presented in this paper began to take
form, for their hospitality this past summer.
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