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Left-Right Asymmetry in the Scattering of Electrons by Magnetic Impurities,
and a Hall Effect
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Left-right asymmetry is expected in the scattering of electrons by magnetic impurities
in metals; we present a simple calculation of the asymmetry in a virtual-bound-state
model. When a magnetic field lines up the impurity moments, this left-right asymme-
try should generate an extraordinary Hall effect proportional to the impurity concentra-
tion. This effect appears to occur in many magnetic alloys (e.g. , Ni-, Cu-, and Au-
based alloys) .

It has been known' for a long time that the scat-
tering of fast (few MeV) spin-poIarized electrons
by nuclei exhibits a left-right asymmetry which
is induced by spin-orbit coupling. When the scat-
tering potential depends on the spin only through
the spin-orbit term, the asymmetry becomes in-
verted for electrons of opposite spin; and so, for
unpolarized electrons, the effect of the electrons
with opposite spin balances the asymmetry. On

the other hand, this balance cannot occur and an
asymmetry remains when the scattering potential—even without the spin-orbit term~s different
for each spin direction. This is the case for the
potential of magnetic impurities in a metal. We
shall show that resonant scattering on magnetic-
impurity levels may exhibit an observable asym-
metry when the spin-orbit coupling is not much
smaller than the width of the impurity virtual
bound state. This left-right asymmetry should
generate a Hall effect: Smit, ' Luttinger, ' and Kon-
dorskii, Cheremushkina, and Kurbaniyazov have
already predicted this contribution proportional

to the impurity concentration~o the extraordi:
nary Hall effect of ferromagnetics.

First, we will give a simple calculation of the
asymmetry in a virtual-bound-state model of the
scattering magnetic impurity. We consider an
impurity having only a spin moment, like Mn or
Fe in Au. %'e assume also that the impurity is
placed in a magnetic field strong enough to pre-
vent scattering through spin-flip of the impurity
moment (pH» k T) or Kondo scat tering (pJI» k T„)
so a Hartree-Fock approximation can be used to
describe the impurity scattering; in the Friedel-
Anderson model ' we have then to consider spin-
up and spin-down virtual bound states (vbs) in the
conduction band near the Fermi level (see Fig. 1;
we assume for simplicity that we deal only with
d vbs).

In the usual Friedel-Anderson picture, the
spin-orbit coupling is neglected (and the crystal
field also) and the scattering of a free conduction
electron with spin a and energy E is mainly de-
termined by the only phase shift of the l =2 par-
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FlG. 1. Density-of-states distribution for a magnetic
transition impurity with splitting of the vbs by the spin-
orbit coupbng.

metry of the scattering. In reality, the effect of
the spin-orbit coupling is a bit more complicated.
At first, the term &&(I.,S +I- S,) mixes some-
what the spin-up and spin-down character of the
vbs, but this mixing is weak as the spin-orbit en-
ergies are generally much smaller than the dif-
ference D between the spin-up and spin-down en-
ergies (for Sd electrons A is about 0.02 eV, while

typical values for D are 10 times larger). In this
paper, we will neglect this mixing which does not
modify the results slgnjtflcantly. Another factor
to be considered is the enhancement of the atomic
spin-orbit coefficient resulting from the lowering
of the correlation energy by the splitting of the
vbs; Yafet' has shown that, to calculate the shifts
of the vbs of spin o correctly, the atomic spin-
orbit coefficient X„must be replaced by

tial wave; this phase shift g3 is given by the
classical expression

ctn(q„) =(E„,-E)S ',

w here E„ is the energy of the center of the vbs
with spin a' and 6 is its half-width. It should be
noted that, in this model, all the phase shifts

are the same for all the l =2 partial waves,
whatever is the component of the orbital moment
ln the spin dlrectlon,

On the other hand if we introduce the spin-or-
bit coupling VSO =PL 8=A[X, S+2{I-,S +I. S,)),
the first term AI, S, will split the impurity d lev-
els and also the corresponding virtual bound
states (Fig. 1), so the phase shifts Vl„become
dependent on m giving rise to a left-right asyrn-

where U and 4 are the usual correlation energies'
and p,{EF) the density of states at the Fermi lev-
el for spin e.

Now, for each spin direction, the energies E„,
of the centers of the five vbs are- E~ =E„'
+ —,A.,m (+ or —according to the spin). Supposing
A,«b, (6 =10K for first-transition-series impuri-
ties), we deduce from (1)

(2)

Considering an impurity with its magnetic mo-
ment parallel to 6, axis and an incident plane
wave e'~", the introduction of the phase shifts (2)
in the expansion of the plane wave in O, -axis
spherical harmonics gives for the scattered am-
plitude, to first order in A/6,

f,(0, p) = . )[exp(2ivy, ') —1][(v',)(I;,+ Y', ,) —F, ,j+ 2i(v'23 )(X/a) sin'vy, ' ex(pi2ry, ')(I", , —I;,)]

Now the y component of the scattered current is

I,.= J If(g, m)l'»ng»nv « flf(&, -v)l'[I;, ,(~,

and the only terms in [f(&, p)r' contributing to I,
are the products of the second term in (3) and of
terms with odd /. Assuming that the only non-
negligible phase shift, apart from q„ is g, (spin
independent and small), we have retained only
the product with the term / =1 and have calculated
in this way the ratio y (asymmetry factor) of
the induced y component I~ of the current to the
change M, of its x component (&I, -resistivity
cross section sin'q„'). At last one obtains

p„=+(»./5~) sing, sin{2q,.' - g, ).

+terms with 1@2.

y)+ Y, ,(8, y)]dO,

It should be noticed that for magnetic impurities
EF is generally between Ed~ and Ed~ as in Fig. 1,
so that il, ~ & m/2, q, ~ &w/2, and pi and yi have the
same sign, both spin directions giving a positive'
contribution to the Hall effect (if q, &0).

The order of magnitude of the asymmetry fac-
tors can be obtained easily from (4): For an im-
purity belonging to the first transition series A/6
is about 10 ', sing, may be about 10 ', sin(2ilnt
—q, ) and sin{2g, i —q, ) may be close to 1, and so
the asymmetry factors are expected to be around
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10 ' or 10 '. This leads to a sizable induced Hall
effect at low temperatures. The introduction of
crystal field splitting affects only weakly these
results if the crystal field does not lift complete-
ly the impurity orbital degeneracy.

We will emphasize that, in the above model for
noMe-metal-based alloys, the conduction elec-
tx ons are affected by the spin-orbit coupling only
at the impurity sites and not in the host metal on
account of their d character at the impurity and
s character elsewhere; however, the effect of
the spin-orbit coupling in the host metal could be-
come important for large s-d hybridization of the
conduction band. The model is not suitable for
transition-metal-based alloys; however, asym-
metries having the same order of magnitude and
inducing positive or negative Hall effects are to
be expected for these alloys also.

It is a straightforward ealeulation now to get
the contribution of skew scattering to the Hall ef-
fect when all the moments are lined up; one ob-
tains for the induced Hall angle y„(if scattering
is only due to the magnetic impurities)

( y,.Q.cm) I
Ni Mn

Ni Cr

e NiCu

+ 0,5

2 p(p, .Q.cm)

FIG. 2. Residual extraordinary Hall resistivity as a
function of the residual resistivity for Ni Cr, Ni Mn,
and Nc Cu alloys (experimental data). For the most con-
centrated Ki Cr aQoys, it seems that the usual term p~
proportional to p2 begins to appear; and we have veri-
fied that it becomes dominant for higher Cr concentra-
tions. The data for NiCu are from Juguenin and Bivier,
Bef. 12,

ms =(I1/I) V1 +(I1/I)m1,

where p~ and p~ are weighted by the proportions
of the spin-up and spin-down currents (it is
known" that these proportions can be very differ-
ent in ferromagnetic or polarized paramagnetic
alloys). So for each type of impurity, there is a
characteristic induced Hall angle that means a
characteristic ratio between the induced Hall re-
sistivity and the residual resistivity (this is a
general result for the Hall effect induced by skew
scattering ').

The induced Hall voltage is of course zero
when the impurity moments are completely di.s-
ordered, appears when a magnetic field lines up
the moments, and reaches the value calculated
above when the magnetization is satux ated. For
ferromagnetic alloys, we are only interested in
the saturation value which is a contribution to the
extraordinary Hall voltage. For paramagnetic
alloys, the exact field dependence is difficult to
predict, first because there is at low field addi-
tional spin-flip or Kondo scattering and also be-
cause I1/&~ does not remain constant. A simple
field dependence can be only obtained in a crude
model which ignores the additional low-field scat-
tering and the variation of I1/I1 and supposes the
impurity spin is 2, in this model the induced Hall
voltage is proportional to the excess of spin-up
impurities and therefore varies as the saturation

value multiplied by the polarization of the i;mpuri-
ties. The field dependence will not be generally
so simple but always will exhibit an initial linear
dependence (with a slope proportional to the ini-
tial susceptibility) and a saturation for y,II~AT.

The first experimental data we present are ex-
traordinary Hall effect data on nickel-based di-
lute alloys. We recall that, at high enough tem-
peratures or for an alloy of high enough impurity
concentration, in other words for a large enough
resistivity, the extraordinary Hall resistivity
p, z of transition ferromagnetic metals is nearly
proportional to the square of the resistivity p. '~

Some theories have been proposed to explain this
behavior. ' On the other hand, in the ease of our
measurements~hat is at low temperature, for
small concentrations, and for resistivities lower
than 2 p.~ cm—the above contribution propor-
tional to p' becomes very small, is actually
masked in our experimental results by a contri-
bution proportional to the residual resistivity
(for a type of impurity), and is very dependent on
the type of impurity. Figure 2 shows this linear
dependence between Io,& and o at 4.2'K for A'iCr,
¹iMn, and NiCu alloys, the slope being positive
for NiMn and ¹iCr;we have obtained a similar
linear dependence also for other impurities, with
slopes either positive (Fe, Co, Os) or negative
(Ir, Re), and varying in absolute va, lue between
2&&10 3 and 10 3.
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FIG. 3. Hall resistivity of AuFe alloys. (a) Field de-
pendence of the Hall resistivity 4pH induced by Fe im-
purities at 4.2'K, after Hurd and Alderson, Ref. 13.
4pH is the difference between the Hall resistivity pH of
the alloy and the low-field Hall resistivity of very di-
lute AuFe alloys (few ppm). The term &pH proportional
to the concentration is seen clearly for the most con-
centrated alloys (86 and 211 ppm) while, for the lower
concentrations, there is a hindering upturn of &pH due
to the change of the ordinary Hall resistivity when

~, &=&. (b) (pH/H)s p is plotted as a function of T '

for a 200-ppm AN Fe alloy (after Friederich and Mo-
nod, Ref. 15).

So each impurity is characterized by a constant
p,Jp ratio, just the behavior expected for the
Hall effect induced by skew scattering. A more
precise analysis of the experimental data will be
presented elsewhere.

For experimental data on dilute paramagnetic
alloys, we will refer to Hurd and Alderson" and
to Monod and Friederich. " Figure 3(a) shows
for the most concentrated Aupe alloys a Hall ef-
fect induced by the impurity (at 4.2'K) nearly
proportional to the concentration and tending to
saturate at high field. Similar contributions have
been observed for AuMn, CuCr, "AgMn, and
CuMn, ""but they are between 3 and 23 weaker
than in AuFe for an equal impurity concentration.

Hurd and Alderson" assigned this contribution
to the Hall effect to the presence of ferromagnetic
impurity clusters in which the conduction elec-
trons would undergo an extraordinary Hall effect;
the curves of Fig. 3(a) would then correspond ap-
proximately to magnetization curves of clusters
containing six or twelve Fe atoms [curves L(6)

and L(12)]. We believe that it is difficult to ex-
plain by clusters the order of magnitude of the
observed effects (at magnetic saturation, the in-
duced Hall angle is about 10 ' or 10 ' and is com-
parable to the extraordinary Hall angle in bulk
ferromagnetic alloys at low temperature). We

suggest that the Hall resistivity induced by im-
purities is due to skew scattering. This mecha-
nism gives a linear dependence on the concentra-
tion, the right order of magnitude (@H =10 ' or
10 ') and sign, and a field dependence nearly
similar to that of Fig. 3(a). Also the initial slope
of the field dependence, according to our model,
is proportional to the initial susceptibility, that
is, to T ' for T» T„as is the case [Fig. 3(b)]
for a 200-ppm AuFe alloy, after Friederich and
Monod"; the deviation from a linear dependence
below 5'K may be due to the approach to the Kon-
do temperature (TK =0.4'K).

Other magnetic alloys show also an impurity-
induced Hall voltage proportional to the concen-
tration and the polarization of the impurities
(e.g. , I'dHCo alloys" ). It would be interesting to
have data on LaCe or YCe systems for which the
well-known resonance of the conduction electrons
on the J =-,' Ce level should induce a substantial
Hall effect.

%e wish to thank Dr. A. Friederich and Dr. P.
Monod for very helpful discussions and for com-
municating unpublished data.
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Raman-Active Resonance Modes, Overtones, and Anharmonicity in NaC1:Cu ~
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The existence of an impurity-activated E resonance mode in NaC1:Cu has been sug-0
gested by several previous experiments. Baman data presented here reveal this reso-
nance directly and also reveal the three components of the first overtone of the 23.5-
cm ' infrared resonance mode. The frequencies of the Eg resonance and the Eg com-
ponent of the overtone are shifted as a result of a strong anharmonic coupling. Their
line shapes and strengths are considerably altered by an interference between the
Baman amplitudes. A reasonable fit to the data has been obtained using a simple theory.

Substitutional impurities often introduce reso-
nance modes into the lattice vibration spectrum
of a crystal. ' Most experimental studies have
been on infrared-active resonance modes. Ra-
man-active modes have been predicted, but only
in KI:Ag' have they been found at very low fre-
Quency.

The present work involves NaCl:Cu', which
has been known for some time to have an infrared-
active (T,„) resonance mode at 23.5 cm '.' Its
far-infrared properties have been studied under
applied electric fields' and uniaxial stress, ' and
the isotope splitting has been resolved. ' lt has a
pronounced temperature dependence. "' The
measured shift in peak position, increase in line-
width, and decrease in absorption strength with
temperature could be explained by assuming the
existence of an Eg resonance mode at about 31
cm ', and coupling it anharmonically to the 23.5-
cm ' mode. ' Additional indirect evidence for
even-parity resonances in NaCl:Cu' comes from
thermal- conductivity measurements. The ob-
served conductivity depression cannot be ex-
plained by the presence of the 23.5-cm ' reso-
nance alone. ' lt has been suggested that the data
could be explained if an E& resonance were pres-
ent at a somewhat higher frequency. "

We now present direct evidence for such an Eg
resonance mode. It is not seen in its "bare" har-
monic form; it is strongly affected by an anhar-
monic interaction with a nearby Eg component of
the first overtone of the, T,„mode. Raman data
for all three first overtone modes will be present-
ed to support this picture.
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FIG. 1. Combined Baman spectrum of NaC1:Cu+ at
moderate resolution showing strong temperature de-
pendence. Copper concentration: 9 x 10~8/cm .

Figure 1 shows part of the Raman spectrum of
NaCl:Cu' taken with the 48SO-A argon-laser line
and a scattering geometry that yields all three
Raman-active symmetries for the 0» point group
of the substitutional Cu' impurity. There are
peaks at 40 and 48 cm ' that are sensitive to tem-
perature in a way reminiscent of the infrared
mode. " The 40-cm ' peak was originally inter-
preted as an ordinary E& resonance mode. " We
have made calculations using lattice Green's
functions derived from realistic NaCl shell mod-
els that give an Eg resonance at about the cor-
rect frequency and width using force-constant
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