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Trapping of Electrons in Large-Amplitude Electrostatic Fields Resulting
from Beam-Plasma Interaction
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(Received 29 November 1971)

Trapping of beam electrons has been observed in the potential wells of large-amplitude
electrostatic waves (E = 7& 103 V m ) resulting from beam-plasma interaction. Trapping
is attended with the growth of a red-shifted sideband near the main peak in the frequency
spectrum and with spatial oscillations in the amplitude of the main peak.

In a number of quiescent-plasma experiments' '
it hae been shown that the excitation of large-
amplitude plasma waves results in nonlinear
phenomena. Some of the nonlinearities are due
to the trapping of plasma particles in the wave
potential troughs, in the vicinity of the point
where the wave is excited in the plasma. The
trapped particles cause oscillatione in the am-
plitude of the excited wave Rnd the growth of new

waves, the eo-called sidebands. Sidebands are
found symmetrically placed around the main peak
in the frequency spectrum, displaced by an amount
Ios/2n. [See E!l. (2).] The nonlinear phenomena
are observed when the wave phase velocity v&
= Io/h is not much larger than the thermal velo-
city of the plasma particles v, . In previous ex-
periments' '

v& ~ 5v„measurements were per-
formed on low-density (n= 10"m ') plasmas,
with wave electric fields E=10 V m ' and energy
density e,E'/nz T = 10 '.

In the beam-plasma experiment discussed in
this Letter we have observed the trapping of beam
electrons in the large fields (E= 7 &&10' V m ')
of beam-plasma instabilities, together with the
excitation of a red-shifted sideband and with
spatial oseillRtlons in the amplitude of the in-
stability. Our measurements therefore extend
the wave amplitudes for which sideband genera-
tion has been observed by two orders of magni-
tude. Moreover our plasma is turbulent rather
than quiescent and the ratio of phase velocity to
thermal velocity is high, tIz/!I, = 10. The large
fields result in a large energy density, eQ'/
PlKT = 1.

In the experiment a monoenergetic beam of 1.5
kV, 20 mh is continuously injected along a homo-
geneous magnetic field of = 200 0 into a beam-
created plasma, n=10" m 'and T,=3 eV. A
beam-plasma system is linearly unstable and
under the said conditions the beam-excited waves
are essentially monochromatic and quaeistatic
in nature. We measured a halfwidth 6 v/v = 2%,
corresponding to a time duration of an instability
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FIG. 1. Measurement of frequency spectrum, show-
ing growth of a red-shifted sideband. Main instability
is at 900 MHz; sideband at ~ 800 MHz. Bo ——180 G;
V&=1.5 kV; i&=1.5 mh; P =7&10 Torr; logarithmic
detection.

of some fifty periods as measured with an oscil-
loscope. It means that every instability occurs
as a series of random and spontaneous bursts
while the beam is running continuously through
the plasma. Bursts of different instabilities al-
ternate. The time-integrated frequency spectrum,
Fig. 1, shows that many instabilities are excited
in the beam-plasma system. Since the instability
discussed here ie due to a coupling of the slow
beam space-charge wave with the backward plas-
ma wave, ' the unstable frequencies are found in
the interval v„&v & v„„=(v~, '+ v„')'~'. The con-
dition for instability is v, &v&&v„, where vo, is
the injection velocity of the beam. In our experi-
ment' sf=0.85&e0,=2&10' m eec '. So we see
that particles with a velocity nearest to the phase
velocity are beam electrons and not plasma elec-
trons. Therefore trapping has been found for
beam electrons. Calculations show that a large
fraction of the beam becomes trapped indeed. '

The possibility of trapping of beam electrons
seems to have been considered first by Berezin
and co-workers. ' Experimental proof of trapping
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&ua
= (eEk/m)'~'= 2khv. (2)

The second equality is obtained after substitution
of Eq. (1). After the trapping, the beam electrons
are no longer able to give their energy to the un-
stable wave. The wave amplitude therefore sat-
urates, but now the coherent oscillation of the
trapped beam electrons forms an energy source
for new instabilities. "" In the spectra in Fig. 1,
taken for increasing distances from the electron
gun, one can observe some 110 MHz below the

was given only recently. ' Measurements of the
beam velocity distribution f~(v) when the beam-
plasma instability was strong enough showed

f,(v) to be symmetric about v&, whereas it is
symmetric about v„ for weaker instabilities.
Under change of the ratio vz/v» between 0.8 and

0.9, f,(v) remained symmetric about v~. ' This
behavior was considered as a sufficient indica-
tion that beam electrons become trapped.

The condition that a particle with velocity v be
trapped is"

—,'m(v —vq)'(2eEk '.

The measurement of the extreme values of &e
v —v& in f,(v) provides a way to know E, using
Eq. (1). The wave number k(&u) of the spontan-
eously excited waves is determined with inter-
ferometric methods using the plasma as the sig-
nal generator and a spectrum analyzer as a nar-
row-band detector at the frequency co. Because
the instability stops growing after trapping has
taken place, the field obtained from f,(v) is ap-
proximately the maximum field amplitude of the
wave. For the conditions used in Eq. (1), the
field amounts to 7 &10' V m ', with vz= &u/k = 2
x107 m sec-~, ~=5.6x109 sec ', and k=270 m '.

The part of the beam that becomes trapped
starts to oscillate in the trough with a frequency"

Xa = 2Ãvg/Q)a.

Using the setup shown in Fig. 2, we obtain the
amplitude pattern shown in Fig. 3. The wave-
length is xa = 9 cm + 3(P/0. Using the known value
of vz, Eq. (3) gives ~a/2w = 210 MHz.

(3)

~I A(a.u. )

main peak at 900 MHz, which is the beam-plasma
instability, the growth of a second peak. The
sideband sta, rts to grow as soon as trapping has
occurred. Its phase velocity, measured with
interferometric methods is again 2 x10' m sec '

+ 5%; the sideband seems to be supported by the
slow beam space-charge wave. The phase velo-
cities of the main wave and its sideband being

12equal, the theories of Kruer, Dawson, and Sudan
and Mima and Nishikawa" both give the result
that the displacement of the sideband is equal to

Substituting bv and k into Eq. (2) gives & i~/
2p = 90 MHz. Contrary to measurements in quies-
cent plasmas, we find no upper sideband. Another
pecularity is the linear decrease of the sideband
displacement with distance, as seen from Fig. 1.

Related to sidebands are spatial amplitude os-
cillations. Recent calculations by Onishchenko
et al. ' and O' Neil, Winfrey, and Malmberg"
show the saturation of beam-plasma instabilities
due to trapping and a periodicity in the saturated
amplitude. %hen trapped particles are at the
bottom of the potential well they oppose the space
charge of the plasma electrons that maintain the
wave with their coherent oscillation. The wave
has at this point a smaller amplitude than when
the trapped particles are spread out in the trough.
Thus it is to be expected that the wavelength of
the amplitude oscillation is given by
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FIG. 2. Setup for measuring the space-time corre-
lation of the spontaneously occurring beam-plasma in-
stabilities.
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Fla. S. Momentary amplitude pattern of the instabil-
ity at 900 MHz, shown in spectrum of Fig. 1. Spectrum
is still monochromatic at position of probe I'& at a = 81
cm, which provides the triggering signal for the sam-
pling scope. Linear detection.
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The width of the hump around z = 35 cm causes
a large uncertainty in the X~ value. The time
history" of the instability shows 100 nsee earlier
a definite peak at x=40 em, making a X~ value of
9 or 10 cm more probable than a larger value
that is still compatible with Fig. 3. As the beam
continues to feed energy into the instability, the
front on the hump at z = 30 em steepens and moves
towards the gun. These two effects mask the
origi. nal maximum at z = 40 cm. The time history
also shows that the humps in the amplitude are
not isolated phenomena but are correlated with
each other. They occur at the same time, which
is surprising for a rather turbulent system.

The different humps might exert different in-
fluences on the measured beam distribution func-
tion. Change of the system length from 73 to 50
cm did not affect the distribution function signific-
antly. The width Av is therefore determined by
the first hump seen in Fig. 3.

One of the essential points in the setup of Fig.
2 is the triggering of the sampling scope with
the signal from probe I'&. Thi.s triggering occux's
at a fixed phase of the instability. The resulting
Fig. 3 is therefore a true mox entary picture of
the amplitude pattern. The jitter in the trigger-
ing is small compared with the wave period. The
phase of the signal from P has also been mea-
sured, "thus giving a second measurement of k.
The txiggering is necessary because the beam-
plasma system is noisy, with many instabilities
with different amplitudes alternating. Triggering
p1 ovides R cRxeful selection of R pRrtlculRx' stRte
of the system

From the measured width of the beam distribu-
tion function we conclude that the beam-plasma
instability saturates and that at that point beam
electrons become trapped in the instability. The
width of f,(u) leads to an estimate of the amplitude
of the saturated electric field, 7~10' V m '.
Nonlinear phenomena following upon t1 applng Rre
the spatial growth of a red-shifted sideband and
spatial amplitude oscillations. The sideband is
not due to a decay instability because no peak is
present in the frequency spectrum at ~~/2w though
m~ falls on a propagation band of the plasma.
With coincidence measurements we found that in-
stabilities i.n the low- and high-frequency range
of the spectrum are mutually excluding each
other' and show no correlation.

The generation of sidebands is symmetric with
respect to the frequency of the main peak. Both
sidebands should obey the linear dispersion char-
acteristics of the beam-plasma system. The ab-

sence of a blue-shifted sideband ean only be im-
puted therefore to the dispersion. Simple calcu-
lations' show that a beam-plasma system is un-
stable for w„« &&„„; i,n case |d„«w~, it will
have a maximum growth rate for M near ~, .
Thus a red-shifted sideband will always be unsta-
ble and grow with the linear growth rate. Theory
predicts a phase velocity that is slightly less than
the beam velocity, as is found. For the blue-
shifted sideband it depends on the displacement
whether the particular fx'equency is unstable ox
not. Preliminary calculations of the beam-plas-
ma dispex sion diRgram for our conditions show
that the sideband stabilizes at a displacement of
=150 MHz. Although the blue sideband is presum-
ably unstable, its growth rate is not large enough
to let it grow out of the background noise.

The discrepancy between the measuxed frequen-
cy shift Aw and the value of +~ calculated from
Eg. (3) can only be discussed when a theory for
the present case has been set up. Kruer, Daw-
son, and Sudan'~ find (e~ =3hw. The calcula-
tions"'4 do not show the rapid decay of the am-
plitude oseillations displayed in Fig. 3. As the
sideband grows to the same amplitude as the in-
stability, a destructive interference results in
places with very small electric fields. Here the
beam electrons become untrapped for a moment
and lose their phase relation with the instability,
and the amplitude oscillations disappear. (New
calculations by Shapirov show a similar behav-
ior. ) The interference wavelength is approxi-
mately 30 cm, which agrees with the length 40
&~ & 65 cm over which amplitude oscillations are
observed. The last hump at ~ = 70 cm is not taken
into consideration because it is influenced by re-
flections from the collector at & =73 cm.
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