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Threshold and Saturation of the Parametric Decay Instabilitye
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(Received 12 November 1971)

Observation of the time development of parametric instability reveals new oscillatory
saturation states, whose frequency is proportional to the pump intensity. The self-con-
sistent pump field simultaneously exhibits similar but 180' out-of-phase oscillations.
Application of a small auxiliary driver wave (8& -0.1E0) at the electron sideband lowers
the threshold and dramatlcallf enhances the intenssitg of excited ion wave. Growth 1"ate

and functional dependence of threshold on ion damping are verified.

Although the theory of parametric coupling be-
tween longitudinal electron plasma waves and
ion-acoustic waves has been treated by various
authors, ' only very recently' 8 were experi-
ments reported on the decay instability, How-

ever, neither a detailed study of the saturation
mechanism nor attempts to vary the threshold
have been discussed. In this Letter we describe
the results of such studies on the parametric
three-wave interaction in a large, uniform, Max-
wellian, collisionless, magnetic-field-free plas-
ma in which the ion and electron modes are well
defined. With T,/T, » 1, the nonoscillatory two-
stream instability is excluded since its threshold
i.s an order of magnitude above that of the decay
instability,

The experiment is performed in a double-plas-
ma (DP) source' of 40 cm diam and 50 cm length
operating with argon at 0.5 mTorr. Typical plas-
ma parameters as measured with Langmuir
probes are an electron temperature k&T, =2 eV,
electron density n, =10 cm 3, ion temperature
Its T, =0.2 eV, and ion fluctuation level 5n, /n;
a 0. 1/o. No electron or ion beam is present in
the plasma. The pump rf field with frequency
f, =400 MHz Z f», is provided by a parallel-plate
capacitor (5-cm-diam grids, 3-cm spacing) im-
mersed into the center of the plasma. The elec-
trodes are coupled capacitively to the rf power
amplifier in order to avoid drawing dc currents
from the plasma '0 Ion waves are detected with
movable Langmuir probes, electron waves with
a high-impedance rf probe. Spatial correIation
yields the k spectrum. The rf pump can be
pulsed with rise time of t„=2 @sec.

Both the high-frequency (near &u», ) and low-fre-
quency (0«u &~», ) spectra of probe signals have
been observed. For Iow pump field strengths
the high-frequency spectrum shows a single line
at & = ~„while the Iow-frequency spectrum con-
sists of a Iow IeveI of background noise extending
up to ~~;. As the pump fi.eld strength is increased,

we observe at a certain threshold a second high-
frequency line ~2 & &0 and simultaneously a low-
frequency oscillation ~,. The excited oscillation
frequencies match with the pump, i.e., ~, +~,

Rp. As the pump power is increased beyond
threshold, other small sidebands appear at v,

+0+x, ~nd~cat~ng higher-order wave
coupling. Finally electron- and ion-wave spectra
broaden, approaching a continuous turbulent
spectrum. ' At present power levels no ionization
effects were visible on Langmuir-probe traces.

By using two-probe spatial correlation mea-
surements, electron and ion oscillations were
identified as propagating electrostatic waves.
A Langmuir probe movable in three coordinates
shows that the ion propagation vector k, near the
grids is parallel to E,. At some distance from
the grid, ion waves are observable over a cr oss
section larger than the grid area indicating some
spread in k, . The observed wave number at min-
imum threshold, k, =6.3 cm ', compares well
with the predicted value from linear-mode cou-
pling theory, "k/ho =0.2 or k = 5.3 cm '. Mea-
sured ion-wave damping using the Dp featuree
gives y,/w, = (vs/v»„)k, ./k„=10 s. ion frequency
and wave number yield a sound velocity in agree-
ment with Langmuir-probe temperature me asure-
ments, indicating negligible frequency shift by
collision frequencies

Electron plasma waves were measured with a
high-impedance rf probe consisting of two paral-
lel grids (5X 5 mm', 3-mm spacing) coupled via
a resonant circuit (Z„„=100kQ) to a 50-0 trans-
mission line. The dispersion relation for elec-
tron plasma waves in an unbounded uniform plas-
ma has first been verified in the range 0.15 &k/
kD &0.35, where collisional and Landau damping
are small. Under conditions typical for the pa-
rametrically excited electron plasma wave, a
damPing rate ys/ms= (v /v»)k, ./g =1.75x 10 s

18 found froIQ spatial damping IQeasureIQents,
The wave number of the excited plasma wave,
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FIG. 1. Threshold pump intensity A, versus ion-
wave damping which has been increased by adding up
to 13% helium to an argon discharge.
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k, =8 cm ', has been measured after frequency
conversion of ~2 with ~,." The rf pump signal
excites a longitudinal plasma wave with wave
number k, . Simultaneous measurements of k„
k„and k, show that wave -number matching was
approximately satisfied, k, +k, =k,.

After calibrating the high-impedance probe in
a known, uniform rf field in vacuum, "the peak
electric field inside the grid capacitor at insta-
bility threshold has been determined as E,=2.5

V/cm or A,' =E,'/16m@k, T, = 2.2 && 10 '. The
theoretically predicted value, ' based on our mea-
sured damping rates, yields

2

A,2=4~ ~ 1+ — ', =1.3X10 '.
4)& (d2 4'&

The difference lies within the combined measure-
ment uncertainties for the electric field and
damping rates.

The dependence of the threshold intensity on
ion-wave damping has been investigated (Fig. 1).
Adding a small percentage of light ion impurities
(He) increases y,/v, which is directly measured
by ion-acoustic wave propagation in the DP ma-
chine. An increase in the threshold intensity
proportional to y,/v, is observed. The slope of
A, 2 vs y, /tu, yields an independent measure for
y, /~, (1.05&&10 ') which is consistent with the
direct measurement.

The evolution from the linear growth regime
to the nonlinear saturation state has been studied
by gating the pump signal (5-kHz square wave).
Although the applied rf signal is constant during
the turn-on period, the self-consistent pump field
exhibits fluctuations which are correlated with
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FIG. 2. Top: Self-consistent puxnp fieM and ion os-
cillation amplitude after turning on the pump. Bottom:
Normalized growth rate y/~& and fluctuation frequency
fg~ versus pump intensity.

y/~, = '(~,/r, )A,' —r,-/&, . (2)

The observed growth rate near threshold is in
good agreement with the above expression. The
slope of the growth rate y/u, vs A,' yields an-
other measure for ya/&ua (4&&10 3) which supports
the direct measurement (ya/(oa = 1.75 x 10 a).

The oscillations saturate at an amplitude inde-
pendent of the pump intensity indi. cating an am-
plitude-limiting saturation process. In the sat-
uration regime the amplitude fluctuates'~ at a
low frequency f&, &f, which increases linearly
with pump intensity (Fig. 2).

Under steady-state conditions the intensity of
the ion wave, I, = (1/2w) fE,'(k„&u, ) dv, is much

the excited ion and electron oscillations. As
shown in Fig. 2 (top two traces) the pump ampli-
tude decreases as the ion oscillations build up in-
dicating energy exchange between the pump and
the sidebands. ' ""

Close to threshold, electron and ion oscilla-
tions show an exponential growth rate y/&o, pro
portional to the pump intensity in agreement with
the expected behavior'
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FIG. 3. The decay instability Mo-u~+~2 is induced
when a small trigger signal is frequency matched with
the weakly damped electron plasma wave.

smaller than that of the electron wave, I„as
required by the Manley-Howe relation. Near
threshold we find I,/I, =E,'/E, '=2. 5&&10 ',
where E,=k, (k sT, je)6n, jn=1.3&&10 ' V/cm and

E, = 0.1E,= 0.25 V/cm. Theoretical calculations
of the nonlinear saturation intensities by DuBois
and Goldman" predict

which is in reasonable agreement with our ob-
servations.

The threshold of the parametric instability is
drastically lowered when an additional small-
amplitude electron plasma wave (A, '/A, '= 10 ')
is excited and its frequency adjusted to the in-

a i ity frequency ~~ = ~2 = ~0 ~i as sche-
matically shown in Fig. 3. Near threshold the
ion-wave intensity is 10 to 20 dB higher than in
the case of a single pump; the saturation level
is also increased (Fig. 4). We believe the driver
wave initiates the parametric process much more
effectively than background thermal fluctuations
and enhances the energy transfer from the pump
into a single pair of electron and ion waves in-
stead of a spread into many unstable modes.

When the driver wave is tuned to the weakly
excited lines ~, =~0+&v, (anti-Stokes line) and

~, = co, —2~„we also find an enhanced ion-wave
intensity at ~,. However, this driving mode re-

FIG. 4. Enhancement of the decay instability with a
small trigger wave.

quires higher intensities (A, '/Ao = 10 ').
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The attenuation and velocity of sound in liquid He have been calculated using the Lan-
dau-Kbalatnikov kinetic equations and the phonon Boltzmann equation. A detailed com-
parison between theory and experiment is made at 0,85'K and good agreement is obtained
over amide range of requencies.

In this Letter we consider the attenuation and
velocity of sound in liquid He'. We will concen-
trate on the temperature range below 0.6'K where
rotons may be neglected. Although there has been
much theoretical effort, no satisfactox'y explana-
tion of the attenuation and velocity at these tem-
peratures has yet been given. ' The theories have
generally assumed that the energy-momentum re-
lation for low-energy phonons has the form

e(p) =cop(1 -yp'+ ~ ~ ),

where eo and y are positive quantities. In a previ-
ous Letter' it was proposed that y is negative,
thus making the dispexsion anomalous in that the
group velocity v~ increases with increasing p in
the small-p regime. This idea radically changes
the traditional approach' to phonon-phonon inter-
actions in He' because three-phonon collisions
that conserve energy and momentum may now oc-
cur. The proposal that y &0 has since received
support from specific-heat measurements.

In this Letter we report the results of detailed
calculations of the attenuation and velocity of
sound assuming that y &0. The agreement be-
tween these calculations and the experimental re-
sults of Abraham et aE. ' and Waters, Watmough,
and Wilks' is remarkably good and constitutes
strong evidence that y is indeed negative. We al-
so pxopose additional expeximents to test the the-
ory.

The starting point of our calculation is the ki-
netic equations of Landau and Khalatnikov. ' These
a.re

Bp/Bi+div(pv, + fpn, «~) =0,

Bv,/Bt + V[p, o+ 2 n,2+ f(Be/Bp)n&dT~] = 0,

where p is the density, v, the superfluid velocity,
p, the chemical potential at absolute zero, and e~
the number of phonons of momentum p. The inte-
grals are over all of momentum space. We look
for a solution of these equations in the form of a
wave propagating in the z direction with wave
vector K and frequency ~. Consequently, we de-
fine dp and hn~ by

p =p, + 4p exp[i(2m' —&i)],

n~ = n~+ anp exp[i (2m' —Ot)],

n~= (exp[P(e+p ~ v, )] —lk ',

po is the density at T =O'K, and P = (ksT) '. Note
that n~ depends upon ~ and t because v, is space
and time dependent, and also because ~ depends
on p. The attenuation o. and the velocity correc-
tion 4c relative to the velocity eo at absolute zero


