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a zero-order spatially uniform distribution. The char-
acteristic time taken to achieve steady state in a sys-
tem of length L is of the same order of magnitude as
the time taken by a given vortex ring to travel the dis-
tance L in the presence of the electric field due to the
rest. Since dE=ge xdx, using (2) we have that v(x)
=Pine'x . Thus the time to travel the distance L is

t«(I ) =3ne PL . This is to be compared with the
time for the steady flow of vortex rings, t,»„„,(L)
=L/v. Thus for a long enough system so that t qq(L)

t tran s it(L~ ~ the distribution will remain approxl-
Inately uniforID,

For example, T. H. Stix, The Theory of Plasma
Waves (Mcoraw-Hill, New York, 1962), p. 110.
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Growing collective modes are observed in beams of charged vortex rings in superfluid
helium. The growth of the waves is found to be dependent upon the path length of the beam
and the modulation frequency, in agreement with theory.

In previous work' it has been shown that a
pulsed beam of charged quantized vortex rings
displays collective behavior and evolves into a
steady state. This follows from the counteract-
ing effect of the Coulomb field and negative ef-
fective mass of the vortex ring. ' The mutual in-
teractions that lead to such behavior are condu-
cive to possible excitation of collective modes of
oscillation. In the preceding paper' Hasegawa
and Varma derive the dispersion relation for
such waves and predict that the wave amplitude
should grow within a certain range of frequencies
and be dependent upon the distance travelled. In
the present experiment we have observed these
collective modes for the first time. To create
them we produce a small density perturbation by
modulating the energy of the beam and then ob-
serve the growth of the density perturbation as a
function of frequency and drift space. The re-
sults are found to be in agreement with the theo-
retical predictions.

The experimental cell is immersed in super-
fluid helium (T -0.3 K) and is shown in Fig. l.
Four grids, G, -G4, are spaced between a radio-
active source and a guarded collector. G, is 5.7
mm from the source; C, and G, are spaced by
0.13 mm and are located between G, and G4, the
latter being I mm away from the collector C and
acting as an electrical guard. Runs were taken
with the distance L, between G3 and G4, equal to
27.5 and 8.8 mm.

The electrical connections are shown in Fig. 1.
G3 and G4 are grounded while a small sinusoidal
voltage V„ is applied to G, and G» which are
connected together, and a dc voltage Vd, is ap-
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I"IG. 1. Schematic diagram of the experimental cell.
The cell is cylindrical in shape and is 4 in. long and
8 in. in diameter.

plied between G, and the source. Thus, charged
vortex rings, created near the source, acquire
energy eV«as they pass through G, . They con-
tinue to move through the field-free region and
pass G,. Because the distance between G, and G3
is very small compared to the distance vortex
rings travel in one period of the highest experi-
mentally applied frequency, the electric field be-
tween G, and G, can be considered constant and
vortices become velocity modulated as a result
of their energy change. Between G3 and G4 is
again a field-free region where the velocity-mod-
ulated beam propagates and then, after passing
G„arrives finally at the collector. With the aid
of a fast electrometer' and a signal averager,
one can then easily observe the modulation in the
signal current. Typically, the dc current I&, is
o 5x10 "A while the modulation I„(peak to
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FIG. 2. Typical current signal received at the collec-
tor. The trace in the middle is obtained when the vor-
tex beam is off but the ac is on. The sine wave is ob-
tained for a 20-eV beam, V~ =0.2 U and f = 25.5 Hz.
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~J ~v 1 exp(ik, x) exp(ik, x)
~Z v 2 (1 —k,v/~) (1 —k,v/(u)

(4)

where k~ and k2 are roots from Eq. (10), Ref. 3.

peak) is kept less than 30/o of Id, to avoid opera-
tion in a nonlinear regime due to saturation. ' In
Fig. 2 we show a typical received modulated cur-
rent signal with the beam on and off. Keeping the
ac on but by applying appropriate dc potentials,
we can shut off the vortex beam and observe no
coherent signal corresponding to the modulation
frequency, indicative of good electrical shielding.

We define amplification of the wave by the ratio,

A =-(I„/I„)(v„/v„) ', (1)

and show plots of A. versus frequency f for sever-
al different energies in Fig. 3. Overall, the data
show that as the frequency increases, A first in-
creases linearly, rises to a maximum, then de-
creases. Curves A and B are obtained for L
= 27.5 mm and curve C is for L = 8.8 mm.

To compare our results with the theory in the
preceding Letter, we start with Eq. (9) therein
and linearize the expression for the current J
=nev; then we assume a wavelike form for the
current density J, number density n, and velo-
city of the beam v,

Jx, t J

v(x, t)) vt

Now defining small changes in J, n, and v as J„
n„and v, we obtain

J, = n, ev+nev, .

Using Eqs. (2) and (3) as well as J =neV (Z, n,
and V are steady-state dc components) we find a
relationship between velocity and current-den-
sity modulation,

FIG. 8. Amplification versus frequency. The points
are experimental and the lines are fits by Eq. (5).
Curves & and & are obtained with 20- and 10-eV vor-
tex beams, respectively, and I =27.5 mm, while curve
C is for a 20-eV beam but L = 8.8 mm, The theoretical
curves are fitted with following parameters: &-x=17
mm p=94 sec, to~ = 113 sec ~; & -&= 17 mm &p
=17.6 sec, ~~ =201 sec ~; C =x=6 mm, ~p=9.4 sec
and ~~ =113 sec . Solid and dashed lines, for frequen-
cies less than and greater than u, , respectively.

Unfortunately, at the present time we cannot
solve directly Eq. (10) and must use the approxi-
mate k values extracted from Eq. (19), Ref. 3.
At low frequencies, especially for &u «u, (&u, is
defined when k, = k,), Eq. (19) is probably rea. —

sonably accurate; however, for frequencies ~
&co, Eq. (10) must be used since the approxima-
tions leading to Eq. (19) are no longer valid.
Nevertheless, if we use those roots as well as
constants coo and ~, defined in Ref. 3, we can
simplify Eq. (4) to read

where

a =- (~,/(u, ) (~,'/( ' -1)"'.
Let us now try to fit our data, especially in the

linear regime, by letting x, ~0, and ~, be adjust-
able parameters. By virtue of Eq. (1), Ref. 3,
the amplification A can be written as

X = (Z, /J)(v, /V)-'.

The solid lines in Fig. 3 represent our best fits
to the data. In each case we find that we can ap-
proximate reasonably well the linear portion of
each curve with constants that are in accord with
theoretical estimates. We find, for instance, that
~o/&u, =—0.08, independent of energy and drift

1692



VOLUME 28, NUMBER 26 PHYSICAL REVIEW LETTERS 26 JUNs 1972

space, in agreement with the earlier work found

in Ref. 1.' The absolute value of the plasma fre-
quency (e.g. , taking the 20-eV beam we find vo
= 9.4 sec ') agrees with Hasegawa and Varma's
estimate of ~0=10 sec '. We also find that &0
~ v, in agreement with theory, although it should
be pointed out that the fit is only very sensitive
to the ratio of ~0 to ~, and the value of x, and

much less sensitive to ~0. The values of the
drift space x, obtained from the fit, are some-
what smaller than measured: 17 mm compared
with 27.5 mm, and 6 mm compared with 8.8 mm.
The reason for this difference between measured
and calculated values of the drift space can be
due to several things. Most important is beam
spreading which will tend to limit A to a some-
what smaller value than predicted by the one-
dimensional theoretical model. This is borne
out by the fact that with the short drift space the
fractional discrepancy in x is smaller than for
the long space where beam spreading is more
significant.

For frequencies much higher than ~, our data
show A slowly decreasing to zero with no appar-
ent periodicity. On the other hand, we note that
Eq. (5) becomes a sine function multiplied by a
constant factor. (We show with the dashed line
only one period of each curve. ) The periodicity
we believe is an artifact which occurs when we
use the wrong k values; nevertheless, we note
that the general character of the curve of A ver-
sus f within one period is qualitatively similar
to that observed. Most of the data were taken
with V,c/Vd, =0.02; however, similar curves
were obtained with values of V„/V~, from 0.005
up to 0.05, and in all casesA was found to be in-
dependent of V„, indicating that the origin of
this phenomenon is not due to klystronlike be-
havior.

In summary, we have observed growing collec-

tive modes of oscillation in vortex-ring beams
which are produced by modulating the energy of
the beam. The amplitude of these waves as a
function of frequency and drift space agrees with
theoretical predictions for low frequencies. At
higher frequencies, a direct comparison cannot
be made until the numerical solution of Eq. (10),
Ref. 3, is obtained. '

In closing, it would be interesting to investigate
this problem with a collimated beam, higher den-
sities, and longer drift space to obtain bigger
values of A. At present, the limit in'. is not L
but probably beam spreading which changes the
density as the beam propagates through the field-
free region.

I wish to thank Akira Hasegawa and C. M. Var-
ma for many informative discussions and H. W.
Dail for collecting the data.
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