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roughly of order unity. We have, however, ne-
glected local self-energy effects by using for the
spectral function its value in the bulk liquid in-
stead of that near the surface.

The problem remains to calculate t, p
from

microscopic theory. Preliminary results for
this function, which have been obtained" from the
Bogoliubov theory of superfluidity, indicate that
t increases monotonically from zero for evapora-
tion energy E = 0 to a value of order unity for
E/kB = 1 K. However, the Bogoliubov approxima-
tion with 6-function pseudopotential does not give
a roton minimum, so that a more realistic treat-
ment is required for the evaporation problem.

It would be valuable to obtain both absolute and
angular distribution measurements of the evapor-
ating current. An equally crucial and difficult
measurement is that of scattering by the liquid
surface of a beam of He atoms. This experiment
can yield detailed information about both elastic
and inelastic processes occurring at the He sur-
face.

The author is grateful to Professor A. Griffin
for valuable discussion of this problem. He
wishes also to thank Professor D. Goodstein,
Professor M. H. Cohen, and Professor R. F.
Tinker for helpful comments.
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Three-dimensional plasma numerical simulation on cross-field diffusion has been per-
formed for cases with closed and nonclosed field lines of force. For the former case,
the diffusion essentially takes the form found for two dimensions showing the three re-
gions of diffusion, while for the latter, the diffusion follows the classical theory to strong-
er fields. However, the diffusion is always enhanced above the classical level when the
magnetic field exceeds a critical value.

Three-dimensional (3D) computer experiments
on plasma diffusion have been performed extend-
ing the previous 2D and 2—,'D calculations. " The
particle model used was an electrostatic dipole
code' with an external magnetic field B. The
simulation was carried out in a eubie box of di-
mensions 1. with periodic boundary conditions
as sketched in Fig. 1. 6 and g are the angles
between the coordinate and the external magnetic
field, and they are chosen at the beginning of
calculations. Particles were initially distributed
uniformly in the box with a Maxwell velocity dis-

tribution. All of the results reported here in-
clude the full dynamics of the particles. The
diffusion coefficient is measured from the dis-
placement of the guiding centers of a set of test
particles [D;~ =(&x,);„'&].

We find that the cross-field diffusion is always
enhanced above the classical level when the mag-
netic field exceeds a critical value. When the
magnetic field is parallel to one of the coordinate
axes, say, the z axis, then this corresponds to
a system with closed field lines, and enhanced
diffusion due to plasma convections associated
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with the electric field for modes with k B=0
(flute perturbations) occurs. These modes are
created by the excess charges contained in the
tubes of flux and the charges are not easily dis-
sipated for large B. Therefore, the diffusion is
similar to the 2D diffusion studied previously. "
When the magnetic field is not parallel to any
of the axes, field lines are not closed, corre-
sponding to a system with a rotational transform.
The diffusion follows the classical form up to
stronger magnetic fields. This is partly because
the plasma convections damp quickly as a result
of particle motion along field lines (particles do
not stay on the same field lines and therefore
the excess charge in a flux tube which is asso-
ciated with the convection is rapidly neutralized)
and partly because a particle sees different
phases of the convection as it moves along. How-

ever, when the magnetic field is strong enough
so that the gyroradii of ions and electrons be-
come smaller than the size of plasma convec-
tions whose lifetimes are long compared to the
gyroperiods, then convection enhances the dif-
fusion above the classical level. The critical
size of plasma convective cells will depend on the
strength of the rotational transform and the mag-
netic shear in real systems.

The classical collision theory' gives the followin
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FIG. j.. Two sets of experiments for closed and non-
closed field lines in a collisional region. For a weak
magnetic field, the collision theory agrees very well.
AD=3, m&/m =1.25, and NADs=3. 5 were used on a 32
X32 X32 grid.

1+[2m, /(m, . + m, )]'~s
1+[2m, /(m, . + m, )] '~'

where InA =In(KTXD/e ). Since we are looking at
test-particle diffusion, collisions of test ions
with background ions or test electrons with back-
ground electrons lead to their diffusion, and the
ion and the electron diffusion rates need not be
equal. However, if one keeps the diffusion due
only to ion-electron collisions which are the only
terms that dissipate density inhomogeneities,
then it follows that D, =D, .

Figure i shows the results of two different sets
of experiments with different angles (8, g) using
AD=3, m,./m, =1.25, and nADs=3. 5 (distance is
measured in grid spacing). The magnetic field
was varied from IU~, /&U„=4 to 0.25. The case
(8, g) = (0, 0) corresponds to a system with closed
field lines because particles leaving one boundary
will return to the other on the same field line.
CIassical collision theory as given by Eq. (1)
agrees very well with the simulation for &U~, /LU„

r ~ 3. However, for stronger fields, the observed
diffusion is several times enhanced above the
classical value, The enhancement is due to plas-
ma convections with k. B = 0 and is similar to the
2D situation. ' A flux tube can acquire an excess
charge which is not easily dissipated. The re-
sultant electric field gives rise to plasma convec-
tion and hence to plasma diffusion.

The enhanced diffusion can be suppressed to
some extent by choosing the angle (6, g) so that
there are no modes of the fluctuating field with
long wavelength which satisfy k. B=0. The field
lines are no longer closed but more or less fill
the volume as they repeatedly cross the system
(we could, of course, have magnetic surfaces
or ergodic lines or lines which close after a few
traversals of the system depending on the angle
chosen). In this case local excess charge can
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be rapidly dissipated by flow along the lines.
This effect is illustrated by choosing the angle
(8, g) =((7s)' 2, (—,', )' 2) shown by the triangles in
Fig. 1. The collision theory fits the simulations
precisely up to &u~, /&u„=2; however, there is
an enhancement for stronger fields.

Since nXD'=3. 5 here, the plasma is rather col-
lisional and the mean free path is about 20 which
is smaller than the size of the system (I.=32).
(The use of finite-size particles increases the
effective nXD' by a factor of 2.') Therefore, in
transiting the system a particle diffuses a fem

gyroradii, losing its original field line. Under
these conditions excess charge on a flux tube is
fairly rapidly dissipated by diffusion across 8,
and this can compete with charge dissipation due
to motion along lines of force. This is shown by
the fact that the diffusion rate was not reduced
below that given by the triangles when other an-
gles (8, () were chosen.

For a much more collisionless plasma with the
mean free path much larger than the system,
the effect of the angle is much greater. Any flux
tube which has an excess charge on it mill retain
that charge for a Iong time since the collisional
diffusion will be very slow. The convective mo-
tion may distort and stretch out a flux tube (its
volume must, of course, be essentially constant)
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FIG. 2. Two sets of experiments for closed and non-

closed field lines in a collisionless region. The en-
hanced diffusion due to plasma convection is suppressed
very effectively for the case of nonclosed field lines.
AU=5W2, m&/m, =1.25, and nilD =170 were used on s
32 0&32 x32 grid.

so that collisional diffusion may more rapidly
dissipate the charge. However, for large convec-
tive cells this process still takes a long time.

Figure 2 shows the result of two sets of simula-
tion in the collisionless region where A. n= 5W2,

in, /m. , =1.25, and neo'=170. Here„ the mean
free path is l = 1200 which is much greater than
the size of the system.

For (8, g)=(0, 0), the simulation points show a
diffusion rate much greater than that predicted
by the collision theory. This is because the col-
lisional diffusion decreases as (nAD') ' while the
diffusion due to convections decreases as n ' '.
The enhanced diffusion stays more or less con-
stant with increasing B until ll&~,/or„=0. 25, at
which point it begins to decrease, following a
a l/8 law. This indicates that the diffusion is
mainly due to convections created by the modes
with k B=0 just as for a 2D model, '

The enhanced diffusion is strongly suppressed
by choosing (8, g) =((—,')'/', (—,', )'~') for a collision-
less plasma in contrast to the collisional case.
For the choice (8, lii)=(0, 0), excess charges stay
on the same flux tube for many passes of a par-
ticle through the system. However, for a choice
of (8, P) =((—,')'/', (—,',)'~'), field lines connect all
parts of the system and the motion of particles
along field lines rapidly neutralizes local excess
charges.

Although a rotational transform and a magnetic
shear can strongly suppress the enhanced diffu-
sion due to plasma convections, it is seen from
these results (Fig. 2) that for a strong enough
field, enhanced diffusion still occurs. When the
gryoradii of ions and electrons become less than
the size of plasma convective cells with appre-
ciable lifetimes, convection must start to play a
role. It appears that convection can explain en-
hanced diffusion observed in a semiconductor
plasma. '

Convections of electrons by waves whose fre-
quency exceeds the ion gyrofrequency can lead
to their diffusion relative to the ions. ' Figure 3
shows results from such a simulation using ~D
=3, in, /m, , =400, and nAD'=3. 5. Here, only the
electron diffusion was measured. For &o~,/ld„
~ 2, the measurements agree well with collision
theory, while for stronger fields, a large en-
hancement is observed. The explanation is as
follows: It can be shown that most of the fluctua-
tion electric field energy is in high-frequency
electron oscillations such as at the upper hybrid
for &u~, /u&„&1, while for u&~, /u&„&l, the energy
shifts to Iow-frequency ion oscillations such as
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k with k B=O, one finds
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which is independent of magnetic field. The flat
region in Fig. 2 is close to the value given by
Eq. (5).' The ratio of Eq. (5) to Eq. (1) is

,„ is the largest allowed wave number perpen-
dicular to B. Equation (4) gives Bohm-type dif-
fusion (Ditr. l/B) when id~,.'/td„2&1. When id~,.s/
m„. & 1, the diffusion is
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FIG. 3. A set of experiments using a large mass

ratio. Only the electron diffusion was measured. A, D
=3, m&/me=400, and nA D

——3.5 were used on s 32 &32
&&32 grxd.
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the lower-hybrid oscillation and the zero-frequen-
cy vortex mode. ' It is clear that these oscilla-
tions can cause electron convections by cE&&B/B'
motion but that the ions will not be able to follow
lf 4) &(0;.

The following are some theoretical considera-
tions of the convective diffusion. ' Let us consider
a case with closed field lines. As already pointed
out for such a case, tubes of flux can contain ex-
cess charges which in turn produce the electric
field with k B=O. The electric field associated
with these charged lines of force gives rise to
vortex motions as in the 2D case studied earlier. "
Following the theory for turbulent diffusion by
Weinstock and Williams, ' the cross-field diffu-
sion coefficient can be written as

2C2 -1
B ~ (~2~~™+tkD ++~i D'~i '

where (E2)~ and td are the respective field energy
and the frequency of mode k associated with the
plasma convection. For id=0, (E'), is given by"

( )'v= ,'zT-
87i 1 + td&; /(d; + td& /(d

where V=l, 'l2, with l, and l, the lengths of the
system across and along magnetic field lines.
Substituting Eq. (3) into Eq. (2) and summing over

j./2 ~ j./2
t.'onvecti ve —2~3 e y s D

D coHisinnal ~i l2

(d„' (inl,k,„)ti'
2

1 A

Since nA U' is a large number while A. U/1, is a
small number, the ratio can be of the order of
unity for a wide range of plasma parameters
when id~, =id„. For example, the ratio is 10%
for the experiment given in Ref. (10) and may
explain the enhanced diffusion observed there.

For a case with nonclosed field lines, such as
the case shown by triangles in Figs. 1 and 2, it
is necessary to use a 3D turbulence theory in-
cluding such effects as wave-particle interaction
and the inductive effects associated with the cur-
rent along field lines. Work on such a program
is now in progress.
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ence Foundation Grant No. NSF-GP579.
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By monitoring the change in the interference figure for an oriented nematic (optic axis
perpendicular to the incident light cone) as twist deformation is induced by a magnetic
field (Freedericksz transition), one is led to a simple and direct method for measuring
E22/X~ and y&/X . An analytic expression is obtained for the effect of twist on the inter-
ference figure and is verified experimentally.

The interference figure' for an oriented nemat-
ic (held between rubbed' parallel gla. ss plates),
with the director (optic axis) in a plane perpendi-
cular to the axis of the incident light cone, is
composed of four more or less equilateral hyper-
bolas. In 1911, Mauguin' demonstrated that twist-
ing the top plate with respect to the bottom by an
angle a resulted in a simple rotation of the hyper-
bolas (about an axis perpendicular to the figure)
through an angle 5= &n. More recently, de Gen-
nes' has remarked (see Appendix) that for any
twisted nematic the interference figure would, to
a first approximation, rotate by an amount 5, giv-
en by

tan26 = (sin28)/(cos28),

where 8(z) is the twist angle of the director and
z=+ ad defines the glass-nematic interfaces (in-
set, Fig. 1). Sin28 and cos28 are to be averaged
over the sample thickness d. Thus, if twist is in-
duced by means of a magnetic field applied in the
plane of the plates, but perpendicular to the di-
rection of rubbing (Freedericksz transition) so
that 8 (+ ad) = 0, but 8 (z = 0) = 8 „W 0, 5 will not be
zero and such a deformation would be observable
even for relatively small 8,„. It is evident that,
because of the boundary conditions and the adia-
batic theorm, such a deformation may not be ob-
served by microscopy. Nor can it be observed
by monitoring the dielectric constant (or thermal
conductivity or any other anisotropic property of
a uniaxial nematic), since the director remains
in the same plane as the glass plates in both the
twisted and untwisted configurations. Consequent-
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FIG. 1. 0~, the maximum twist angle for the direc-
tor, shown a,s a function of reduced field H/H~ (dashed
curve). Solid curve, rotation angle of the interference
figure [Eq. (4)]. Experimental points are for MBBA at
room temperature.

ly, Eq. (1) represents a, simple and new method
for quantitatively observing twist deformations
in uniaxial liquid crystals.

The purpose of this note is to verify Eq. (1) for
the Freedericksz transition and to show that the
existence of this effect leads to a new and direct
method for detecting this transition and hence
for measuring If»/X, and y, /l(„where y, is the
shear viscosity, K» the Frank elastic constant
of twist, and y, =

y~~
- X~ is the diamagnetic aniso-

tropy. It is also shown that the average twist de-
formation may be quantitatively measured as a
function of applied magnetic field.

The critical field H, for the Freedericksz tran-
sition for twist is given by'

&.= (~/d)(&../x. )'".


