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As will be described elsewhere, antiperiodic condi-
tions are particularly useful for calculating the "helic-
ity modulus" or, for a Bose Quid, the superfluid den-
sj.ty p~(T).

These results were announced by the authors in
Proceedings of the IUPAP Conference on Statistical
Mechanics, Chicago, April 1971 (to be published),

G. A. T. Allan, Phys. Rev. B 1, 852 (1970); for
further developments, see Ref. 1. For ideal Bose gas
films the asymptotic behavior of e (n) has also been
investigated more recently by R. K. Pathria, Phys.
Lett. S5A, S51 (1971).

D. S. Ritchie and M. E. Fisher, in Magnetism and
Magnetic Materials —&971, AIP Conference Proceed-

ings No. 5 (American Institute of Physics, New York,
1972).

D. F. Brewer, J. Low Temp. Phys. 8, 205 (1970).
M. A. Moore, Phys. Lett. 87A, 845 (1971).
We assume a zero ordering field g. Nonzero values

can be included by allowing & to depend also on the
standard thermodynamic scaling variable v =r„/t
where ~ =P +y =P4.

The proposal (18), but without the condition X )1,
was first advanced by P. G. Watson [J. Phys. C: Proc.
Phys. Soc., London 1, 268 (1968)], on less general
grounds. Watson (private communication) has since
withdrawn his claim that it is correct for a spherical
model.
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An investigation of x-ray scattering, when the Bragg condition is nearly satisfied, re-
veals the possibility of studying phonon phenomena at momenta as small as 10 cm . A

closer study of elastic Bragg scattering in that region provides an explanation for the
previously observed "coherent crystal radiation. "

In the past, x-ray and neutron investigations' '
of phonon phenomena have only been extended to
momentum transfers as small as 10' to 10' cm ',
which is about 100 times larger than that mea-
sured by laser techniques. In the x-ray case, it
was expected that a large background produced by
elastic Bragg scattering, which was known to be
experimentally indistinguishable on the basis of
energy considerations from the inelastic thermal
diffuse scattering (TDS), would obscure the sig-
nal. In the neutron case, the finite energy and
angular resolution typically employed in neutron
scattering together with the large specimens re-
quired also restricted the range of investigation
to relatively large values.

In this work, we show how a closer study of
elastic and TDS components when the Bragg con-
dition is nearly satisfied (i.e., when the momen-
turn transfer is almost equal to a reciprocal-lat-
tice vector G) shows that the two components
have different phase-matching conditions. Ex-
perimentally, when we investigated phenomena
at 6+q, where q was on the order of 10 cm ',
the two components were easily separated by us-
ing a triple-crystal spectrometer. The region of
q space that can be investigated depends primari-
ly upon the perfection of the crystals, the degree
of input collimation, and not on the intrinsic
width of the Bragg peak. In addition, these stud-
ies provide an explanation for the previously re-

ported "coherent crystal radiation'" and have
ramifications for the general field of x-ray dif-
fraction.

We consider the situation where a well-defined
(infinitely collimated) beam K is incident on a
perfect crystal. The crystal has its surface cut
perpendicular to a reciprocal-lattice vector G.
Neglecting the small phonon energy and refrac-
tion effects, the basic equations governing both
Bragg scattering and TDS are

KPllt Kjrl G + q,
(1)

Here K,„, is the scattered-photon's wave vector
and q is either the spread in G associated with
the interaction effects described by dynamical"
theory, or a phonon wave vector. We are inter-
ested in the region where the angular deviation
of the input 6. and the output 5,„, beams from the
Bragg angle OB are small. The angles are de-
fined by the following relations':

IGI = 2IElsin8~,
'

K;. G= —I&IIGI sin(88+ &. ),
K... G= I&IIGI »n(|)B+&...),
G j= IGlljl cos8, .

All the vectors are in the same plane (Fig. 1).
As a result of the strong interaction of the x
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ror over a range of angles. In practice, the angu-
lar width of a Bragg-scattered beam from a crys-

, tal, oriented so that it is in the reflecting region,
only depends upon the collimation of the input
beam and the perfection of the crystal (the spread
in 6).

For TDS the situation is quite different There
is no limitation on the direction or magnitude of

q because there are phonons in all directions and
all wavelengths. In spite of this, the TDS for a
highly collimated input beam peaks at a specific
output direction. The important factors for this
study are that in the temperature region KT )Av,
the occupation of a given mode varies like 1/a,
and the amplitude of a given mode with unit occu-
pation varies like I/Wv. Therefore, TDS, which
is proportional to the square of the displacement
[occupation&& (amplitude)'], varies like I/w'. For
small q (v = V, q, where V, is the velocity of
sound), TDS will vary as 1/p' and thus peak
where q is a minimum. By solving Eqs. (1) and

(2) for the magnitude of q in terms of &8, H„and
6;„, one finds that the condition for the minimum

q is 8, = n'/2 —9&, This requirement and Eqs. (1)
and (2) lead to

FIG. 1. {a) Schematic of the x-ray triple-crystal
spectrometer in the parallel mode [1,—1,1]. {b) Phase
matching {Ewald) circle for the sample.

rays with the crystalline media, "the Bragg scat-
tering process for a perfect crystal exists over a
relatively large range of angles. The basic shape
of the reflection curve is a region of perfect re-
flectivity centered on the Bragg angle with slowly
decaying tails on either side. The angular width
of the high-ref lectivity region, rocking-curve
width, and the extent of the tails depend in detail
upon the strength of the Bragg process compared
with other competing processes such as photo-
electric absorption.

%hat has not been fully appreciated until now is
that the requirement of the equality of the tangen-
tial components of the x-ray electric field at the
crystal surface together with the energy-conser-
vation condition (IK;„I = iK,„,i) require that, for
Bragg scattering, q must be perpendicular to the
surface. If G is also perpendicular to the sur-
face, then cos8, equals + 1, and Eq. (1) specifies
that the reflection is specular (i.e. , &;, = 0,„,).
Thus, a well-defined input beam incident on a
perfect crystal will undergo Bragg scattering into
an equally well-collimated output beam. The
width of the Bragg-scattering curve simply means
that the crystal acts as a partially reflecting mir-

6,„,= —6;„cos2~8 .

Note that for 08&45', the TDS peaks at an angle
5,„, which is opposite in direction from where
Bragg scattering peaks for a given 6-. The width
of TDS is quite large and depends in detail upon
the phonon density of states.

For a given D;„, the difference in output direc-
tions should be given by

If one represents the effective angular width of
the Bragg reflection due to input collimation and
crystal perfection by 4„ then the two peaks
(Bragg and TDS) should be clearly separable
when &) 2A, . Using Eqs. (1), (2), and (4), one
finds that for TDS the minimum q' one can study
is given by

so that for ~, = 10 sec, 6;„=14 sec, 08= 20', and
A. =1.54 A, one should be able to see phonons with
q's of 10 cm '.

To experimentally investigate these ideas, we
have used a triple-crystal spectrometer. ' The
spectrometer was operated primarily in the par-
allel [1,—1, 1] configuration illustrated in Fig.
1(a). By also using the dispersive [1,—1, 1] con-
figuration, we were able to verify that no energy
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loss larger than 1 eV occurred in any of the ob-
served scattering phenomena. A standard point-
focus copper x-ray tube was used. Germanium,
silicon, and diamond crystals were studied. For
the former two, we examined both [220] and [111]
reflections with several surface treatments. The
basic conclusions of this investigation were unaf-
fected by the surface condition.

To achieve a highly collimated beam incident
upon the second crystal (sample), the usual flat

—10 -5 0 5 10 15 20

8«t (sec)

FIG. 2. Spectra obtained by sweeping the analyzer
crystal on either side of the aligned Bragg position.
(a}-(e}Spectra for different values of &5;„when the sam-
ple and analyzer were Qat t.220] germanium crystals
and the monochromator was a grooved [220] germanium
crystal. The sharp lines are due to Bragg scattering
and the broad bands to TDS. (f) Spectrum with the
grooved [220] germanium monochromator replaced by
a flat [220j germanium crystal. Note the presence of
the extra component. (g) Spectrum when all three sam-
ples were flat [220] silicon crystals. Note the change
in the scale for 5«, and the absence of TDS because of
its relative weakness.

first crystal (monochromator) was replaced by a
grooved germanium [220] crystal. ' In Figs. 2(a)-
2(e) are shown the scattered spectra observed by

sweeping the third crystal (analyzer) for various
values of 5~. 6;„was obtained by setting the first
crystal off the Bragg condition ((}~=0). Figure
2(c) corresponds to the Bragg setting, and one

clearly sees that for small values of 6~ two peaks
appear and move away from the old Bragg direc-
tion ((},„,=0) as &5;„ increases. The sharp peak
which has essentially the width of the input colli-
mation is the Bragg peak, while the broad flat
peak is TDS. Our data for the [220] and [ill] re-
flections for germanium and silicon show that the
dispersion relationships 6;„=5,„, for Bragg scat-
tering and Eq. (4) for TDS are obeyed to within

5% for values of f&;„ranging from 10 to 1000 sec.
The intensity of both the Bragg and TDS compo-
nents decrease roughly like 5;„' as expected.
For small &5 (40 sec), we observed at the TDS
peak 200 counts/sec with the x-ray tube set at
30 kV and 10 mA. In Fig. 2(b), the TDS peak was
caused by phonons with wave vectors of 5&&10'

cm '. The asymmetry in the shape of the TDS
peaks depending on the sign of ~;„ is not complete-
ly understood, but the sharper one corresponds
to phonons coming from the interior of the crys-
tal to the surface while the broader one corre-
sponds to phonons coming from the surface into
the sample.

%hen one substitutes the grooved monochroma-
tor with a flat Ge [220] crystal, an additional
peak is observed which has the same position and
shape as the aligned Bragg peak and whose posi-
tion and shape are independent of 6;„. This is
shown in Fig. 2(f). Because the input to the mono-
chromator is not collimated, its Br@gg-scattered
beam has a long tail. Thus, when one sets the
monochromator ~;„from the Bragg direction, a
portion of the tail is still incident upon the sam-
ple in the Bragg direction and is consequently re-
flected by the sample at the Bragg angle" ((},„,=0).
The use of a grooved crystal, which drastically
reduces the tails, eliminates this component.

Studies of Ge [111],Si [110], and Si [1.11]yield-
ed results identical to those illustrated for Ge
[220], except for the case of Si where the TDS
component is much weaker, as expected. To re-
move the possiblity that the observed peaks were
instrumental in origin, we replaced the third
crystal and detector by film and observed the
three components.

As pointed out previously, the boundary condi-
tions on the tangential component of the x-ray
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electric field result in 6~= ~,„, for the Bragg com-
ponent when the surface normal is parallel to G.
However, a close inspection of Eqs. (1) and (2)
shows that if the surface normal is not parallel
to C', the 6 = 6,„, relationship is broken quite
drastically. For example, if G is 3' off from the
surface normal in the plane of scattering for Si
[110]or Ge [110], then 5,„, =0.75 . We have ob-
served this effect experimentally.

For the case of three flat crystals, as one re-
duces 5;„ to the order of the rocking-curve width,
the two Bragg components dominate, and an asym-
metric profile centered near the Bragg position
is observed [Fig. 2(f)]. In the dispersive [1,1, 1]
configuration we repeated Das Gupta and Welch's
observations. It seems clear from that work and
the current investigation that "coherent crystal
radiation" in Das Gupta and Welch's work was the
"Bragg" scattering of the peak portion of the Kn,
spectrum from the second crystal characterized
by the requirement D;„=5,„,.

Therefore this work supports the conclusion of
Das Gupta and Welch that previous measurements
of x-ray-emission linewidths are questionable.
This skepticism should be extended to other phe-
nomena studied by x-ray double-crystal spec-
trometers. We also note that the ability to mea-
sure Bragg scattering in regions in which one is
not limited to a reciprocal-lattice vector and in
which one does not have to worry about extinction
effects raises some interesting possibilities for
obtaining more accurate charge intensities by x-
ray diffraction.

In this work, we have shown that investigating
phonons with q''s near the center of the zone is
feasible. The main limitation in the technique
discussed here is the perfection of the crystal.
By using a microfocus x-ray system, one can
work with crystals as small as 10 ' cm' and so
the requirement for perfection is not so severe

as it is in neutron scattering where typically 1-
cm' crystals are required. However, x-ray scat-
tering suffers from the def ect that the energy of
the phonons causing the scattering cannot be mea-
sured directly. Indirect schemes similar to
those already used to determine phonon frequen-
cies from x-ray measurements could, in princi-
ple, be applied to the case of small-q phonons.
In addition to these schemes, current advances
in phonon physics" offer the possibility of gener-
ating phonons of a known frequency into a crystal.
Those schemes together with the detection tech-
nique described here offer the exciting possibility
of being able to do phonon studies in many sys-
tems in a region not accessible previously. We
are currently performing such measurements.

R. W. H. Stevenson, &&onions (Plenum, New York,
1966).

R. Colella and B. W. Batterman, Phys. Rev. B 1,
3913 (1970).

G. B. Benedek and K. E. Fritsch, Phys. Rev. 149,
647 (1966).

K, Das Gupta and H. Welch, Phys. Rev. Lett. 21, 657
(1968).

R. W. James, in Solid State Physics, edited by
H. Ehrenreich, F. Seitz, and D. Turnbull (Academic,
New York, 1968), Vol. 15.

B. W. Batterman and H. Cole, Rev. Mod. Phys. 86,
681 (1964).

'When one considers the effects of refraction (Ref. 5),
the Bragg condition is slightly modified. We observe,
as expected, that the refraction effects cancel out both
for the elastic and TDS components when one measures
angular differences.

J, W. M. Dumond, Phys. Rev. 52, 872 (1987).
U. Bonse and M. Hart, Appl. Phys. Lett. 7, 288

(1965).
V. Narayanamurti and R. C. Dynes, Phys. Rev. Lett.

27, 410 (1971).

1522


