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the boundary conditon

la~. (u~)/s~l, —.= o,

where J (Pr) is a Bessel function of order m. As-
suming c =10' cm/sec and 8 = 5.2 cm, the fre-
quency associated with the lowest order radial
mode is f„,=11.7 kHz, and for the lowest order
azimuthal mode is f,» = 5.6 kHz. Both of these
values are in approximate agreement mith the

frequencies observed.
It is apparent that the oscillations are neither

generated in the steady-state plasma nor in the
observable afterglow. The generation of these
oscillations must be associated with pomer turn-
off. It is evident that expression (1) is not satis-
fied in the steady-state plasma; however, the
possibility that it might be satisfied at power
turnoff should be considered. If the cooling time
for the neutral gas t„ is less than the cooling time
for the electrons t„ the quantity T,/T„might in-
crease sufficiently at power turnoff to cause ex-
pression (1) to be satisfied. Assuming a weakly
ionized plasma~

t„=T„„and t, =T,„/~,

where T„„is the neutral-neutral collision time,
T,„is the electron-neutral collision time, and ~

is the fractional energy-transfer coefficient for
electron-neutral collisions, At a pressure Ps
=0.1 Torr, and assuming that e =2m, /(nz, +m„),
the cooling times at power turnoff are found to be

t„~10 ' and t, =10 ' sec.

Thus, an increase in T,/T„ is possible at power
turnoff. Such an increase, however, should be

small, since T„ in the steady-state plasma is only
slightly greater than its equilibrium value in the
neutral gas. If expression (1) is close to being
satisfied for the steady-state plasma, a small in-
crease in T;/T„, at power turnoff, may be suffi-
cient to generate oscillations. Assuming P, =0.1
Torr, the steady-state plasma parameters mere
estimated to be as folloms:

N,/K„=2&10 ', T,/T„=180,

~, = 0.5 cm, l„=0.1 cm.

Substituting these parameters into the left-hand
side of expression (1), one obtains a value of ap-
proximately 0.2. Alloming for uncertainties in
the above-mentioned parameters, it is conceiva-
ble that expression (1) could be on the verge of
being satisfied.

It is, therefore, plausible that the Ingard mech-
anism could be responsible for the generation of
the oscillations.

The author mishes to thank Dr. Uno Ingard for
his helpful suggestions.
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Multiple-mirror confinement of high-temperature plasma for fusion application is ex"
amined by numerical techniques using a fixed-scattering-center model. It is sho~, jn
contrast to a linear relation found in an earlier study by Post, that the confinement time
increases quadratically vrith the number of mirrors. %'e present the results of this
scaling on the dimensions for a multiple-mirror reactor.

In a previous communication Post' explored the
properties of multiple-mirror systems for con-
fining plasmas for fusion. He found that such a
device, operating in a regime in which the mean
free path is comparable to the system length,

mouM have advantages over a long-mean-free-
path, single-mirror device both in the scaling
lams and in the suppression of velocity-space
instabilities. In computer calculations, using a
fixed-scattering-center model for the collisions,
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Post concluded that the containment time v varied
approximately linearly with the number of cells,
¹ However, a straightforward application of
diffusion theory indicates that, provided the
scattering centers are fixed, v ~L', where L is
the half-length of the system, independent of the
mirrors. The purpose of multiple mirrors in an
intermediate mean-free-path regime is to supply
sufficient particle reflection at the mirrors that
the self -scattering approximates scattering from
fixed scattering centers, rather than free flow.
Although the criteria of density and mirror ratio,
for the approximation to hold, are of paramount
importance for fusion reactor considerations,
these criteria do not enter Post's model which
assumes fixed scattering centers. It is therefore
believed that Post's original calculation was not
performed in the correct parameter range to
determine the proper scaling of 7 with system
length. We therefore have performed a computer
calculation similar to Post's, indicating that v

is proportional to L,' in agreement with diffusion
theory.

The charged particle is subject to two indepen-
dent influences: (i) a static magnetic-mirror
field in which the particle moves adiabatically,
and (ii) smaQ-angle constant scattering with the
scattering center being fixed. Since the effects
of the magnetic field and the collisions are con-
sidered independent, the changes in the orienta-
tion of the velocity vector of the test particle due
to each are taken to be additive. The particle's
position and angular velocity are advanced through
small steps in which the small-angle scattering
deflects the particle on a cone of half-angle a,
with the azimuth on the cone selected by use of
a random variable y.

The angle n is determined from

where y =M —1 and M:= B~»/B~&„.
Detailed calculations were performed for ther-

monuclear plasma parameters with two densities.
The densities where chosen such that the distance
l, for scattering through an effective loss-cone
angle 8„is larger than the cell length l, at the
lower density and smaller than a cell length at
the higher density. /, can be defined by

lg 57eO )c (5)

The use of an average mirror ratio is considered
to be appropriate here in that local thermaliza-
tion is expected in a long system. This approxi-
mation is confirmed by numerical calculations.
A temperature kT;= 5 kev, a cell length l, =6.5
m, and densities, corresponding to the above
criteria, of 10"and 4 ~10"were used for the
calculations. Figure 1 shows a plot of the axial
position of a particle versus time for g= 4 &&10 "
cm ', M=5, and N=10. From plots such as
Fig. 1 the average distance between trapping, l„
the average trapped time t„and the average
time between trappings, t„can be computed.
These quantities are defined for a single trapping
and detrapping event in Fig. 1. From the nature
of the process as a random walk, the average
time a particle spends in the entire system is
given by

with v the average axial velocity of a deuteron at
energy AT and

A
6I

2— 1 1c. eff
1c jeff A total

where

A) ff 1 c

where b, v is the time between steps and re is the
Spitzer time, '

where t= I, + t,. For two configurations with the
mirror ratio M=5 (M, ff =1.5), the average quan-
tities as shown in Table I were obtained. Here

25 8~~ g 2ypg1/2(kT )3/2

e4n (mks units), (2)

for a deflection 0'= 1. The numerical procedure
follows that of Post, ' except that the magnetic
field is chosen either with a sinusoidal variation

B(z) = M [1+y sin'(mz/L) j

52-CD
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or similar to the more localized mirror field of
Post

B(z) = (1+y) '(1 + y exp [-X sin'(mz/L)]j,

0 200 400 600 800 IOOO l200
Time ( p.s j

FIG. 1. Numerical plot of axial position of particle
versus time; each vertical division is one mirror ceO.
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TABLE I. Single-particle random-walk parameters
and containment times.

TABLE II. Confinement tin. e (msec) versus peak
density and number of cells.

Density
(cm3)
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10 32.5 4 x 10'&
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4x10 8
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11.9
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.E 50-

/8r
&Normalized density

'+ from diffusion equation

r

2 4 6 8 10

r is calculated from Eq. (6). Averaging over the
total contained time for approximately 20 parti-
cles, in each case, that are injected into a center
ce11 of the system, we can check both the scaling
law for I- and the absolute value of v as computed
from Eq. (6). The average containment times for
10-, 20-, and 40-cell cases (M = 5) were calcu-
lated in this manner and are shown in Table II.
Table II confirms the approximate square-law
dependence between containment time and the
number of cells (length of system), in agreement
with that expected from a random-walk process,
or a continuity-of-flux argument. ' The 20-cell
low-density average-containment time is in good
agreement with the calculated result in Table I,
while the 10-cell high-density average-contain-
ment time is a factor of 2 larger than that cal-
culated in Table I. The reason for the discrepan-
cy in the high-density case is not fully under-
stood, but part of the discrepancy is believed to
arise from the way t and I,. are defined in Fig. 1,
which considers the mirrors as the scattering
units, but neg1ects the role of scattering centers
themselves which is present in the computational
model. With M = I (no mirrors), the fixed scat-
tering-center computation resulted in a contian-
ment time approximately 25%%uo of the containment
time found above, for M=5.

If we assume that the plasma density in each
cell is proportional to the average total time

spent by a test particle in that cell, then we can
construct a density profile for the multiple-mir-
ror system. Figure 2 shows such a density pro-
file for a 20-cell case (M= 5). Also shown is the
solution to the diffusion equation assuming a con-
stant diffusion coefficient, a source between the
fifth and sixth cells, and sinks at the ends of the
multiple -mirror system. The computational
asymmetry arises because the particles are in-
jected in the center of the sixth cell rather than
in the center of the system. In a device in which
the primary scattering process is self-scatter-
ing, a decrease in density results in an increase
of the effective diffusion coefficient since D=l, '/
2t- I/nM, &&. In this situation the use of a con-
stant fixed-scattering-center density is not con-
sistent with the results of Fig. 2, unless M,«is
increased towards the mirror ends to maintain a
constant D.

The concept of local thermalization was checked
by computing the ratio of the time spent in the
loss cone to the total time spent in the device and
comparing the ratio of the effective loss-cone
phase-space area A

$ ff with the total phase-
space area A„„,. The results, computed for
both the sinusoidal mirrors and the more highly
peaked mirrors, are presented in Table III for
M= 5. The somewhat higher values of 7.„/~„„,
found numerically, for the lower-density case,
are believed due to the finiteness of the system.

The results of Table II and Fig. 2 are consis-
tent with the calculations by Taylor' of the effects
on a central mirror of rf stoppering. He showed
that the density in the central mirror increases

TABLE III. Theoretical and numerical ratio of (time
spent in loss cone)/(containment time) .

A$g

graf

Numerical Ti, /rm, i
a(z) Am~~i s=10 a=4&10

Cell number
FIG. 2. Comparison of theoretical and numerical ax-

ial density distribution for constant diffusion coefficient.

Eq. (3)
Eq. (4)

0.43
0.22

0.50
0.28

0.44
0.20
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linearly with the number of rf stoppers. In our
calculation the density in the central mirror also
increases linearly with the number of mirror
sections. However, the additional mirror sec-
tions also usefully contain particles, such that
the total containment increases quadratically.

It should be emphasized that, in addition to the
containment times as calculated here, there are
additional considerations that bear on the use-
fulness of the multiple-mirror configuration as
a plasma containment device. One important
consideration is that, for a fully ionized plasma,
the important scattering mechanism is ion-ion
self-scattering in which the scattering centers
have an average drift in the direction of the par-
ticle loss. These drifts due to finite loss rates
have not been included in the present computa-
tional model. The drifts corresponding to the
loss times reported in Tables I and II are small
compared to the thermal velocity; but, neverthe-
less, the effect of drifts might have a serious
effect on the scaling of confinement time if they
were included in a self-consistent way.

A second consideration is that in some density
regimes the confinement time is proportional to
the density, and a fluctuation in density may
cause a change in the confinement time that en-
hances the fluctuation. The scattering-center
density distribution in the numerical model, how-
ever, is fixed.

Another important consideration is that radial
losses have not been included in the numerical

computations. While hydrodynamic stability may
be possible without absolute minimum B,' micro-
instabilities may cause radial losses in a physi-
cal system in competition to end loss.

Although additional work is required to deter-
mine the feasibility of a multiple-mirror system,
it is nonetheless instructive to evaluate the com-
putational results by estimating parameters for a
D-T multiple-mirror reaction required to have a
ratio (fusion thermal power generated)/(plasma
kinetic energy flow) =10. For lack of space, we
report only the results: kT, = kT, = 5 keV, n = 3
x10" cm ' (center), M, t&=2 (center)-13 (ends),
l, = 6.5 m, L = 250 m. The assumptions used in
the reactor calculation have been previously re-
ported.
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Transverse acoustic waves were generated electromagnetically at 9 GHz using In films
with a conversion efficiency n of 5X 10 . A good agreement is found between theory and

G

experiment and we obtain. the value of 620 & for the superconducting penetration depth A.

at 0.4T~ and 5&& 10~ 0 cm for the ratio of the conductivity to the mean free path for In.
From the temperature dependence of n below the superconducting transition temperature
it is concluded that pair scattering at the surface does not conserve momentum.

It was found by Abeles' that an electromagnetic
field in the gigahertz region ean generate a trans-
verse acoustic wave at the surface of a elean in-
dium film. Electrons in the metal are accelerat-
ed by the electromagnetic field within the pene-
tration depth. For a thin film at low tempera-

tures, scattering in the bulk can be neglected and
the momentum gained by the electrons is trans-
ferred to the lattice by surface scattering. In the
gigahertz region this momentum transfer is co-
herent and gives rise to a transverse acoustic
wave. The theory is extremely sensitive to the
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