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The velocity of second sound in He II was measured for e = I -T/Ty- 2&& 10 between
saturated vapor pressure (SVP) and the melting curve. For P &SVP, the corresponding
superfluid fraction p, /p' cannot be described by a simple power law in e. When reason-
able general assumptions are made about higher-order singular contributions, the as-
ymptotic behavior of p8/p may be deduced and agrees well with scaling snd universality.

Near the superfluid transition in He4 there ex-
ists extremely convincing experimental evidence
for departures' ' from scaling4 ' and universali-
ty. v We wish to provide additional results which
have a strong bearing upon this question, and
present high-resolution measurements of the sec-
ond-sound velocity u, in He II under pressure I'.
These data, in conjunction with known thermody-
namic parameters and a relation based upon lin-
ear two-fluid hydrodynamics, ' yield tree super-
fluid density p, . Our results demonstrate the
existence of higher-order contributions to p,
which are singular at Tz. When such terms are
permitted in the data analysis, we obtain agree-
ment with sealing and universality.

For I' greater than saturation vapor pressure
(SVP) we cannot represent p, by a pure power law

p, /p =k(P)e, e -=1 —T/T~, (1)

for E &2&10 ' over any appreciable range of E'.

Previous measurements of p, at vapor pressure
generally have been interpreted in terms of Eq.
(1). The departures of p, /p from Eq. (1), even
for small e, prevent us from determining the
asymptotic exponent of p, as accurately as we had
hoped on the basis of the high precision and tem-
perature resolution of the data. Although our re-
sults clearly establish the existence of singular
higher-order contributions to p„ it seems virtu-
ally impossible to establish from experiment
their functional form. Therefore, we have as-
sumed that the relation

p, /p =k(P)e [I +a(P)c"], (2)

with .P equal to the asympototic exponent, may be
used to represent the data for & ~ 10 2. All of our
current conclusions regarding the asymptotic be-

k(P) =k, +k,P,
a(P) =a, +a/ +aj".

(3)

(4)

A single least-squares fit of the measurements
at all pressures with 2&&10 '~e F10 ' to Eqs. (2)
to (4) yields

( =0.677+ 0.02,

x' =0.36 + 0.1,

where the uncertainties include our best estimate
of permitted systematic errors.

The velocity measurements vrith a precision of
at least 0.1% were made by determining the fre-
quency of the plane-wave resonant modes of a
stainless-steel cylindrical resonator with diam-
eter and height both equal to 1 cm. The cylinder
was terminated at each end by superleak condens-
er transducers. ' The diaphragm components
of these transducers were 1-pm-Nuclepore mem-
brane filters" made electrically conductive by
evaporating a thin film of gold on one side. The
resonator was situated in a pressure cell which
was in turn suspended inside a vacuum can placed
in a pumped liquid-helium bath. . Except for the
acoustics, the apparatus was similar to one de-
scribed elsewher e.'

Measurements were made with frequencies be-
tween 1 and 10 kHz along isochores following two
different procedures. For t «0.4 mK [t—= 7'z(&)

havior of p, /p (i.e., &) a1 e based upon the validity
and adequacy of Eq. (2) and linear two-fluid hydro-
dynamics for 2 x 10 ' s & ~10 .' We find that with-
in permitted systematic and random errors t' and
x are independent of P. In addition, k(P) and a(P)
can be described within their permitted errors
by the polynomials
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—T) the resonant frequencies were determined by
holding the temperature constant and sweeping
the frequency. For 1&0.4 mK, it was more con-
venient to fix the frequency and to permit the tem-
perature to drift slowly (= 5 pK/min) through the
resonances up to Tz(V). Occasional comparison
of the two methods showed that the drift method
did not introduce unsuspected errors. Within our
resolution, no dispersion was detected upon
changing the resonance frequency by a factor of
6. We also looked for possible nonlinear effects
by varying the amplitude of the driving voltage by
a factor of 10. The largest driving voltages tend-
ed to produce some distortion; however, no shift
in the peak frequency was detected. The driving
voltage used in collecting data provided a strong
signal with no measurable distortion. Although
the attenuation increases as the transition is ap-
proached, the quality factor Q, which was of the
order of 2000 away from the transition, did not
fall below 100 even for the smallest values of t.
Thus the relative shift in the resonant frequency
due to the attenuation, which goes as Q s, is
much smaller than our resolution.

Most of our measurements were made along
isochores. Before examining them for their
asymptotic behavior, they were first corrected
to isobars which meet the X line at the same
point as the isochores. This correction primari-
ly consists of an adjustment of the "distance"
from T~ along the temperature axis with T~ —T
along isobars given by

One set of measurements was made along an iso-
bar and was in good agreement with the corrected
isochore data.

Measurements of u, at vapor pressure usually
have been presented graphically as a function of
~ on logarithmic scales. For our present pur-
pose, such a graph has insufficient resolution.
Instead, we multiplied u, ' by ~ "", and show
this product as a function of & on logarithmic
scales in Fig. 1. The multiplicative factor ~ ""
is unlikely to have any fundamental significance
and was chosen only because previous measure-
ments at vapor pressure" indicate that the corre-
sponding product is nearly independent of & and
thus more readily displayed with high resolution.
At vapor pressure, our results are compared
with the best fit to the data of Pearce, I ipa, and
Buckingham. ' Although there is fine agreement
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FIG. 1. High-resolution plot of the second-sound ve-
locity u2 (in cm/sec) along isobars. The numbers give
the pressure in bars. Sohd line, fitted results of
Pearce, Lipa, and Bncldngham (Hef12). ,

p, /p =u, '(u '+SIT/C ) '

of 1inear two-fluid hydrodynamics. Here C~ is
the heat capacity at constant pressure and S is
the entropy. " As we did with ~„we would also
like to display the results for p, /p graphically
with high resolution. The usual plot of p, /p ver-
sus ~ on logarithmic scales does not serve this
purpose well. Instead, we have again used pre-
vious results at vapor pressure as a guide and
show in Fig. 2 log»[(p, /p)& "']as a function of

in magnitude, the precision of the present results
clearly reveals curvature. This curvature is, in
part, due to the deviations from a simple power
law which are expected, even if p, is given by Eq.
(1), because of the contribution from C~ to u, . If
we nonetheless fit our SVP results for «10 ' to
a power law, we obtain u, '= 2142m'"4' m'/sec',
in good agreement with Pearce, I ipa, and Buck-
ingham. Although not indicated in the figure, the
present data are also consistent with the vapor-
pressure results of Williams eI; al. ,' and Johnson
and Crooks, "but differ slightly from the mea-
surements of Tyson and Douglass. " There ap-
pear to be no other measurements of u, near the
transition under pressure; but over the complete
pressure range and for temperatures between 1.6
and 2.0 K with & & 10, our velocities agree with
those of Peshkov and Zinov'eva" to within 2%.

We expect that p, /p may be obtained from u,
through the result
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FIG. 2. High-resolution plot of the superfluid fraction
p, /p along isobars derived from measurements of u2.
The numbers give the pressure in bars. The solid
squares correspond to u2 at 25.3 bars measured by
Peshkov and Zinov*eva (Bef. 15). The effect of a shift
in T p of + 2 pK upon the results is demonstrated by the
dashed curves in the figure. The solid line represents
directly measured values p, /p at vapor pressure by
Tyson (Hef. 17). The shaded area corresponds to the
range of values of (p, /p)e ~ under pressure permitted
by the results of Homer and Duffy (Hef. 20).

log, o~. We also show in Fig. 2 as a solid line the
best fit to the SVP data of Tyson" and note that
it never differs by more than 2/o from our re-
sults. I.ikewise, our measurements at SVP
agree well with those by Clow and Reppy, "and

by Kriss and Rudnick. " There have also been
measurements of p, /p under pressure by Romer
and Duffy. " These results, all at I' ~ 20 bars,
fall on a universal curve which nearly coincides
with the present vapor-pressure measurements.
Therefore, there appears to be a disagreement
under pressure between the more direct measure-
ments and our results which use a prediction,
Eq. (8), based on linear two-fluid hydrodynamics.
However, permitted systematic errors in the
Romer and Duffy results increase rapidly with
decreasing ~, the range of permitted values of
(p, /p)& "' being shown by the shaded area in Fig.
2. It overlaps with the present high-pressure re-
sults. Values of p, /p for e &10' were computed
from our u2 at 20.3 bars. Although not shown in
the figure, they fall close to the results obtained
from the u, measurements by Peshkov and Zinov'-
eva at 25.3 bars which are shown in Fig. 2 as sol-
id squares.

I.et us emphasize that if p, /p follows a pure
power law, then the data in Fig. 2 should yield a
straight line. If, in addition, the exponent g is —,,

then the slope of this line should be zero. It is
evident from the curvature of the data in Fig. 2

that the results cannot be fitted to a pure power
law over any reasonable and accessible range of
~ except at vapor pressure. If we assume, as is
permitted by the results, that a(SVP) =-0 in Eq.
(2) [i.e., that Eq. (1) is valid], then we obtain

&svp =0-674+0 001

from data with 2 ~10 ' - & ~ 10 '. The quoted er-
ror includes possible systematic errors. The re-
sult, Eq. (9), also agrees with t,vp obtained from
any subset of our data which spans any one de-
cade in ~, provided always that ~ ~ 10 2. Even an
analysis which uses only data with e ~ 10 ' and
which treats T& as an adjustable parameter yields
the result Eq. (9). The best T~ obtained by this
last analysis differs from our measured Tz by
(2+2)&&10 ' K. Within combined errors Eg. (9)
also agrees reasonably well with the independent
measurements of p, /p, "which yielded fsvp
=0.666+ 0.006. It is also consistent with the scal-
ing prediction

which with the experimentally permitted' n'
= —0.02 at SVP yields 0.673.

In view of the large nonasymptotic but singular
contributions which are revealed by the curvature
of the higher-pressure data in Fig. 2, it seems
unreasonable to attach much significance to the
value and probable error for f spvgiven by Eq.
(9), in spite of the apparently nearly perfect fit
by a power law which is revealed by our analy-
sis. When we permit a c 0 in Eq. (2), the permit-
ted errors in f become much larger, and f and
r at a given pressure are uncertain by + 0.02 and
+ 0.1, respectively. Within these limits, f and x
are independent of pressure, with permitted val-
ues of —, and —,', respectively. When measure;-
ments at all I' are analyzed jointly, we obtain for
e ~ 10 ' the best values given in Eqs. (5) and (8).
As a good analytic representation of p, /p, we
quote the parameters

x =-', , ko =2.329, k, =-0.02983,
( )

ao =0.3384, ay 0 01833& Q2 0 002424.

The asymptotic exponent p is in good agreement
with the scaling law Eq. (10) and the experimental
result" n' =0.000 + 0.005 for the exponent of C~."
The absence of a pressure dependence for f, x,
and n' would be expected from universality argu-
ments, for a change in the pressure I' does not
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affect the symmetry of the transition. The obser-
vation that within our errors universality and
scaling are obeyed in He Il may be compared with
the previous1y observed dePartures from scaling
and universality in the ratio A.,/&, ' of the ampli-
tudes of

C, =-a, inl ~l+&.

above and below T„. Experiments yield A, /A, ' &1

and dependent upon P. Scaling requires A, /A, '

=1, and from universality we expect A, /A, ' to be
independent of P. Our present results strengthen
our previous belief ' that the source of depar-
tures from universality and scaling near T~ must
be found by examining the high-temperature
phase.

%e have demonstrated in this paper that the
superfluid density cannot be described by a pur e
power law. When we invoke higher-order singu-
lar contributions of a reasonable functional form
to p, /p, we can obtain agreement with scaling
and universality within our permitted errors.

6, Ahlers, Phys. Rev. A 8, 696 (1971).
~G. Ahlers, in Proceedings of the Twelfth Internation

al Conference on Locv TemPerature Physics, Kyoto,
19', edited by E. Kanda (Keigaku Publishing Co. , To-
kyo, 1971), p. 21.

G. Ahlers, to be published.
4B. Widom, J. Chem. Phys. 48, 8892, 3898 (1965).
L. P. Kadanoff, Physics 2, 268 (1966).
H. B. Griffiths, Phys. Rev. 158, 176 (1967).

YSee, for instance, L. P. Kadanoff, Varenna Lectures
on Critical Phenomena, 1970 (to be published); R. B.
Griffiths, Phys. Rev. Lett. 24, 1479 (1970).

~I. M. Khalatnikov, Introduction to the Theory of Su

Pe~uidity (Benjamin, New York, 1965).
9B. Williams, S. E. A. Beaver, J. C. Fraser, B.S.

Kagiwada, and I. Rudnick, Phys. Lett. 29A, 279 (1969).
~OB, A. Sherlock and D. O. Edwards, Bev. Sci. Instrum.

41, 160' (1970).
General Electric Co. , Pleasanton, Calif.
C. J. Pearce, J. A. Lipa, and M. S. Buckingham,

Phys, Hev. Lett. 20, 1471 (1968).
D. L. Johnson and M. J. Crooks, Phys. Bev. 185,

258 (1969).
J. A, Tyson and D. H. Douglass, Phys. Rev. Lett. 21,

1208 (1968).
~ V. P. Peshkov and K. N. Zinov'eva, Zh. Eksp. Teor.

Fiz. 18, 488 (1948).
The entropy may be obtained from the calorimetric

entropy ~go=6.24 J mole K at vapor pressure and
T y by first integrating (see Ref. 8) (BS/6T) y =1.97
+ 0.0998(l -Ty/2. 260) ""Z mole ' K ' along the A.

line to yield S(P, 0) —Syo, and by then integrating C& /T
with C& given by Eq. (12}to yield S(P, e) —S(P, 0). The
coefficients of C& in J mole K can be represented by
(see Refs. 1, 9}Ao' = 5.100 —0.04 09Py and I}0' = 15.57
—0.488 &y+0.0129 Py . At vapor pressure (see Ref,
1), it is necessary to add to Eq, (12) the terms Dp
&&1nI e I+&0', but for our other isobars Eq. (12) is ade-
quate for e ~ 10 ~. For large e, appropriate thermody-
namic data in numerical form were used.

~~J. A. Tyson, Phys. Bev, 166, 166 (1968).
J. R. Clow and J. D. Reppy, Phys. Rev, Lett. 16, 887

(1966), and Phys. Rev. A 5, 424 (1972).
~~M. Kriss and I. Budnick, J. Low Temp. Phys. 8, 839

(1970).
B. H. Homer and R. J. Duffy, Phys. Rev. 186, 255

(1969).
This result pertains to P &SVP (see Hefs. 2 and 9}

and is based upon the assumption that higher-order
contributions to C& are only of order e and thus small
at small &. Permitting large singular higher-order
contributions to +p will increase the errors for n '; but
&' =0 will still be permitted by the measurements,

Energy Loss of a Low-Energy Ion Beam in Passage
through an Equilibrium Cesium Plasma*

I. L. Klavan, D. M. Cox, H. H. Brown, Jr. , and B. Bederson
Department of Physics, ¹toFork University, ¹goFork, ¹grFork I0003

(Received 4 February 1972)

The energy loss of a beam of cesium ions traversing a near-thermal equilibrium ce-
sium plasma has been measured as a function of plasma density at ion-beam energies
of 95 to 150 eV, The plasma electron/ion temperature was 2100'K, and the charged-
particle density was varied from (0.1 to 8.7) &10 ' cm . The measured energy loss is
found to agree very well with theoretical predictions.

Despite the fact that a large amount of theoreti-
work' "has been devoted to the problem of the
energy interchange of a charged test particle with
a plasma, there has been little experimental

work performed. This is, of course, largely at-
tributable to the experimental difficulties in-
volved, including the relatively small amount of
energy loss, complications produced by the eon-
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