
VOLUME 28, NUMBER 18 PHYSICAL REVIEW LETTERS 1 Mwv 1972

rived by Kirkwood and Buff. ']
The relation of our theory to those of Fisk and Widom and Felderhof can be seen easily as follows.

Let us make a local Ornstein-Zernike approximation on the direct correlation function,

C(q;z„z,) = C, (z, )5(z, -z, ) ——,'l2(q' -d'/dz, ')5(z, —z, ) . (21)

The first term C, (z) is related to the local compressibility of the fluid at density n, (z), or to the local
Helmholtz free energy per particle, a(n), at z,

kT(n ' —Co) =n 'BP/Bn= B'na(n)/Bn'.

The quantity l is a characteristic (Debye) length, of the order of the range of the direct correlation
function. In this approximation, the density profile is determined by the differential equation

[B noQ(no)/Bno ] dna/dz + 7]kTl d no/dz = 0.
One integration leads to an equation equivalent to the one used by I"isk and Widom,

Bn, a(n, )/Bn, + 6 kTl2 d'n, /dz' = const.

In the same approximation, K,(z„z,) becomes —,'l25(z, -z, ), and the surface tension is given by

o. =
6
kTl' Jdz [dn, (z)/dz]'.

This is equivalent to the formula used by Fisk and Widom in their theory of surface tension.

(22)

(23)

(24)

(25)
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This is the formula derived by Yvon. An apparently different expression has been given by F. P. Buff and R. A.
Lovett, in SimPle Dense Fluids, edited by H. L. Frisch and Z. W. Salsburg (Academic, New York, 1968). Profes-
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Shortly after initiation of a high-voltage toroidal discharge in Ar, departure from free-
electron acceleration is observed, together with electron heating such that the total ener-
gy input is accounted for. This early behavior is attributed to a high-frequency instabil-
ity (~&; & cu &tu&~) due to interaction between relatively few trapped electrons and the stream-
ing electrons.

In this paper we report an investigation of the
early time behavior of a high-voltage, toroidal
discharge. The transition from free-electron ac-
celeration to acceleration at a reduced rate is

observed, as well as the concurrent onset of
turbulence and electron heating.

The experimental system has been described
previously' in a report on the behavior of the dis-
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FIG. 1. Electron drift and thermal velocities. Open

circles, measured average drift velocity u; solid lines,
velocity for free acceleration, +~~, closed circles,
measured thermal velocity (a7',/~) ', dashed lines,
thermal velocity calculated from energy balance, v,~.
For all three cases the argon gas pressure P =0.8
mTorr and B=1.0 ko.

charge at later times (after -1 @sec) when ion
heating is observed. A betatron-type electric
field (E(6 kV/m) is applied to a preformed argon
plasma confined by a toroidal magnetic field
(B(2 kG). Measurement of the current I and the
mean plasma density n., as in Ref, 1, gives the
mean electron drift velocity u. This is compared
in Fig. 1 with the velocity u» for free accelera-
tion in the field E, whose measured value is cor-
rected for plasma self-inductance. "

Also shown is the electron thermal velocity
(z T,/m)' ' determined at time t = 0 from diamag-
netism measurements, ' at later times with an
orbit-analyzer probe, ' and calculated (v,„)by
integrating the energy balance relation

eZu = (d/dt)(-,'mu') + (d/dt)( —,'mv, „'),
with the use of measured values of E and u.
%hereas the measured thermal velocities corre-
spond only to transverse motion, equal heating
in the three degrees of freedom is assumed in
the energy-balance calculation.

Thermal velocities calculated from the energy-
balance relation agree closely with those mea-
sured with the orbit-analyzer probe (at t-0.1—
0.2 p, sec), which have also been checked in some
cases by diagmagnetism measurements. Figure
1 shows that although the electrons initially ac-
celerate freely, departure from free accelera-
tion occurs soon after u exceeds v,„.At the
same time, rapid electron heating takes place,
such that the total input energy is accounted for.
This same behavior has been observed over a
range of initial plasma densities n = (0.17—2.5)

x10"m ' (density increase due to additional
ionization s15%), electric fields F. ,„=3 —6 kV/
m (determined by the capacitor voltage V, ), and

magnetic fields B= 0.5-2.0 kG.
The observed initial free acceleration is in con-

trast to an expected reduction in u (up to 40/ at
large n) due to the classical skin effect. The
magnetic field in the plasma column has been
measured at times as early as t=0.05 p, sec us-
ing a small movable coil. The results confirm
the absence of a skin effect. Although this is not

understood, it is possible that a gradient in the
electron drift velocity —required for a skin effect
—is inhibited by some form of velocity shear in-
stability, ' which can operate without a noticeable
initial departure from free acceleration.

Departure from free acceleration occurs in
only -0.1-1 ion plasma periods, whereas low-
frequency fluctuations (~=- ~~,) become prominent
only after several ion plasma periods, and no
significant ion heating is observed' until t-1.0
p, sec. Thus electron-ion two-stream instability
is evidently relatively important initially. In-
stead, the early behavior, including observed
large-amplitude, high-frequency fluctuations, is
apparently due to a two-stream interaction be-
tween streaming and relatively few trapped elec-
trons.

Electron trapping may occur' in electrostatic
potential wells created when a current begins to
flow along the bumpy toroidal magnetic field.
(n, B/B 0.03 at t-he center of the chamber and
-0.10 at the plasma boundary. ) Numerical sim-
ulations have been carried out' (linear interpola-
tion in cells, one-dimensional, infinite ion mass)
in which electron trapping is induced by imposing,
in place of a bumpy magnetic field, an initial
bumpy plasma density (b,n/n = 0.125) along the di-
rection of a constant applied electric field. The
electrons indeed split into two groups, one freely
accelerating and the other trapped near zero ve-
locity, and the ensuing electron-electron two-
stream instability leads to early reduction in ac-
celeration as well as to heating of the electrons.
The only part played by the ions in this instabil-
ity is in setting up the trapping potentials and in
conservation of momentum; the forward momen-
tum lost by the electrons is transferred through
the self -consistent fields to the ions. Although
close quantitative agreement with experiment
cannot be claimed, the simulation work does
demonstrate the possibility of a two-stream inter-
action between trapped and streaming electrons
and the role of the ions in such an instability.
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double-humped distribution function is subject to
electrostatic instabilities with frequency + sat-
isfying w~, «w &w~, . In the frame of the trapped
electrons, the dispersion relation for one-dimen-
sional electrostatic waves can be written as

2k' = kr'Z'e/kPr + 2k'm~, '/(v —ku)',
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where k~ is the Debye wave number of the trapped
electrons, pr = (2~Tr/m)'~' is their thermal ve-
locity, and Z'(g) is the derivative of the plasma
dispersion function. We have neglected the ther-
mal effects of the drifting electrons and assumed,
for simplicity, that the trapped group has a Max-
wellian distribution function. The adiabaticity
requirement is u ' Bu/&f «kdl.

If I&u/kpri»1 (cold trapped electrons), then
for ~=-'co„+iy the dispersion equation yields co„
= y = (nr/n, )'~'&u~, at k = co~,/u, where nr is the
trapped electron density and n, is the density of
drifting electrons. If Iu/kprl «I, we obtain

~„=ku —
&u~,(I+kr'/k') '~',

&7I' K„kv ((0„—W)
2kPr k' &u

FIG. 2. {a) Example of observed fluctuations. Scale,
5 nsec/cm. (b) Power spectrum of the fluctuation
averaged over eight oscillograms taken under the same
conditions: m=2&&10 m, V~=8.5 kV, B=1.5 kG,

Fluctuations in the plasma have been investigat-
ed by using two independent, movable probes
(tungsten wires of 0.3 mm radius and 1.5 mm
length). Figure 2(a) shows a sample oscillogram
taken with one of the probes 0.1 p, sec after the
application of the electric field. The fluctuations
grow rapidly (y = 10' sec ') until t-0.05 psec,
and slowly thereafter. In Fig. 2(b), a power-
spectrum analysis is shown. The dominant fre-
quency component (= 200 MHz) is much higher
than the ion plasma frequency (= 17 MHz) and the
so-called Buneman frequency' (= 30 MHz), but
much lower than the electron plasma frequency
(= 4.5 GHz). It is also observed that (1) the
waves propagate nearly parallel to the toroidal
magnetic field in the direction of the electron
drift velocity, and (2) the wave number k„ofthe
dominant modes satisfies ki~= &u~, /u.

Because of the high frequency (~» &u~;) of the
instability, the plasma ions can hardly partici-
pate in it. Let us assume, as stated earlier, two
electron groups, one trapped with zero average
drift velocity and the other drifting. Such a

For both cases, the growth rates peak when the
resonance condition (k= ~~,/u) is satisfied, and
the wave frequency cu„is much less than the elec-
tron plasma frequency.

Figure 3 shows the time variations of the fluc-
tuation, electron drift, and thermal energies.
It can be seen that when the drift velocity exceeds
the initial thermal velocity, a rapid increase in
the fluctuation energy occurs, and the electrons
no longer accelerate freely. The thermal energy
starts increasing somewhat later but rapidly
catches up with the drift energy and finally ex-
ceeds it.

The absolute magnitude of the fluctuation en-
ergy shown in Fig. 3 is subject to considerable
uncertainty due to a poor knowledge of the probe
impedance. An independent method of estimating
the fluctuation level is to use the observed mo-
mentum-transfer collision frequency v,«, which
is related to the fluctuation energy density through"
v, &~= 2T 's, lEI'/nmu', where T is the correlation
time of the fluctuations. A typical value of ~ (at
t-0.1—0.2 p sec) is about 5 nsec, and the experi-
mentally observed collision frequency v, ff=
(eE —I du/df)/m~ is about 5x10' sec '. Thus,
the actual Quctuation energy is estimated to be
only about —,

' of the drift energy, and the fluctua-
tion potential V(~) determined with the probes is
consequently too large by a factor of 2. The
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short correlation time of the instability also ex-
plains the observed rapid electron heating.

Although electron trapping in the present exper-
iment is attributed to magnetic field bumpiness,
it could have other origins, for example, a small
density inhomogeneity initially present in the
plasma. Thus the instability may occur widely
and could explain the early departure" from, or
apparent absence" of, free acceleration in other
toroidal experiments. It may also provide an
initial boost in the level of turbulence, from
which ion wave fluctuations can grow to notice-
able levels surprisingly soon" after the applica. —

tion of an electric field.
Helpful discussions with I. Schott, G. Poco-

belli, and I. Alexeff, as well as technical assis-
tance from W. Rovers and S. W. Ratzlaff, are

t(ps)
FEG. 9. Turbulence energy (squares), electron drift

energy (circles) and one-dimensional thermal energy
gKT+ (open triangles, from diamagnetic measurements;
closed triangles, from orbit-analyzer probe) as func-
tions of time. The fluctuation energy is calculated
from eg&,k (cu)V (~)/n, taking I~l«»=re&, into account.
V(tu} is the observed potential fluctuation.
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