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Numerical Simulation of Plasma Diffusion Across a Magnetic Field in Two Dimensions*
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Plasma computer simulation in two dimensions shows that there are three different
regions for plasma diffusion across a magnetic field. These regions may be called
collisional or classical, intermediate, and Bohm diffusions. In the intermediate re-
gion, which lies between the collisional and Bohm regions, the diffusion coefficient
is essentially independent of the magnetic field. We believe that diffusion in the inter-
mediate and the Bohm regions is caused by thermally excited convective motions.

It is well known that the classical collisional
diffusion of plasma (or of test particles) across
a magnetic field is proportional to 1/B', where
B is the strength of the magnetic field. The va-
lidity of this law is somewhat questionable for a
two-dimensional plasma (a plasma of charged
rods with B parallel to the rods) since particles
can repeatedly collide with each other and the as-
sumption of random independent collisions which
is used to derive the 1/B' law is called into ques-
tion. In addition, Taylor and McNamara' have
recently shown that diffusion in a two-dimension-
al plasma whose particles move only in accor-
dance with the cE x B/B' guiding center drifts
should be of the Bohm type, i.e., the diffusion
coefficient is proportional to 1/B.

Here we should like to report on some numeri-
cal simulation and some theoretical analysis of
the diffusion of test particles in a two-dimension-
al plasma. Both the simulation and the analysis
include the full dynamics of particles. We find
that there appear to be three regions. The first
is a purely classical regime with the diffusion
going as 1/B'. This situation occurs if the parti-
cles diffuse a distance equal to one Debye length
in executing one gyro-orbit. It is clear that when
this situation occurs, a particle encounters dif-
ferent particles on each orbit and the classical
theory should hold. The second regime is one in
which the diffusion is roughly independent of B.
We believe that the diffusion here is due to ran-
dom motion arising from thermally excited vor-
tices. We shall present a rough theory for this.
Finally, for very large B the diffusion appears
to take on a 1/B dependence in accordance with
the results of Taylor and McNamara. ' This re-
gion also probably involves eddy diffusion.

In a plasma, these three diffusion processes

take place simultaneously, and they can be class-
ified in the following way. The criterion that the
diffusion is dominantly due to collisions is given
by

d -=o.(xo/p, )(nxn')"' &1,

where A. n, p„and n are the Debye length, elec-
tron gyroradius, and the number density, respec-
tively, and a is a numerical coefficient of order
unity. This criterion is obtained as follows. If
a particle diffuses a distance greater then a De-
bye length in executing a gyration, then it will en-
counter different particles on each gyration. A11
encounters can then be treated as random, inde-
pendent events, and the classical 1/B' diffusion
should be obtained. The particle diffusion in ve-
locity is given by

hv =v, t/r„
where v, is the thermal velocity of the particle
under consideration and v, is its collision time.
Since for the cases we will consider the electron
and ion masses will not differ by a large factor,
we shall not distinguish between them in this
argument. The collision time is given by'

p7'c= 16n~D .
The finite size of the particles used (the half-
width of the particle size is equal to the grid
spacing) will increase 7, by perhaps 50%. The
distance a particle is deflected from its noninter-
acting orbit is roughly given by

If we set t = 2m~, ' and 4r =A. o= v, /&u~, then the
relation (1) is obtained. On the other hand, the
intermediate region starts at d & 1 and is followed
by the Bohm region when p, /Xoa 1 is satisfied.
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These conditions will be given later.
In the following we show results of numerical

simulation and comparison with theory. The com-
puter code used was a two-dimensional, electro-
static, dipole expansion code' with a uniform ex-
ternal magnetic field. Since the diffusion is due
to fluctuations, we measured the time-averaged
fluctuation spectrum in 0 space and compared it
with the equilibrium theory; excellent agreement
was observed for all calculations, confirming
that the plasma was indeed close to thermal equi-
librium.

Figure 1 shows results from four experiments
and their comparison with theoretical predic-
tions. In these experiments we used A. D= 5, p,
= 20, and the mass ratio m, /m, = 1.25 on a 64
x64 spatial grid. The number of particles varied
as nA. D =6.25, 25, 100, and 400, and correspond-
ingly d changes as 0.46, 0.73, 1.16, and 1.84.
(It is assumed that o. = 1.} Therefore, the first
two experiments are expected to be in the colli-
sional region, the third experiment is in a transi-
tion region, and the last experiment is in the in-
termediate region. The experiments indeed
agree well with the above criterion. The first
two follow closely the collisional theory' which
gives
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FIG. 1. Results of four experiments using different
numbers of particles. When d ~ 1, diffusion follows
close to classical theory. Q = 5, p, = 20, m&/me =1.25,
and 64 x 64 grid were used. Grid size was taken to be
1 throughout whole calculation. Unit of D& ~ is in
terms of grid size and electron plasma frequency.
Length of calculation was cu&et =400.
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termediate region sooner due to their smaller
Larmor radii.

Figure 3 shows the results of two different sets
of experiments including both the intermediate
and the Bohm regions. The Debye length was
kept at 10 and the electron gyroradius was changed

(2}
5.0-

THEORY

D, and D, are the ion and electron diffusion co-
efficients, respectively [((ir}«') = D«t]. Since
we are looking at test-particle diffusion, ion and
electron diffusion need not be equal. For the
third experiment the deviation becomes larger
and for the fourth experiment both collisional and
Bohm diffusion theory' show a large discrepancy
with the experiment. These experiments confirm
that in the collisional regime the diffusion is pro-
portional to the collision frequency.

Figure 2 shows results of two experiments in
the collisional region where the magnetic field
was changed by a factor of 2. The ion diffusion
follows closely the collision theory confirming
that the diffusion follows I/8' in this region.
However, the electron diffusion is somewhat
larger than the theory predicts, probably be-
cause the electrons make the transition to the in-
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FIG. 2. Results of two experiments with magnetic
field changing by factor of 2. Observed diffusion fol-
lows close to 1/B~ law in this classical diffusion re-
gion. A, D=v2, m~/me =9, +~g =2, and 64x64 grid
were used. Length of calculation was ~&,t =200.
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Here we consider our system to be doubly peri-
odic with periods L. The energy associated with
this transverse motion is
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Now, according to equilibrium statistical me-
chanics, each of these transverse modes should
have energy kBT/2. Thus, we have

g2 t-l

4~pc (3)
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FIG. S. Summary of two sets of experiments with
changing magnetic field covering three regions. In
first set of experiments 32 x32 particles and in second
64x64 particles were used on 64x64 grids. X&=10
and m &/m, = 1.25. Length of calculation was ~~,t =400.

In response to all these vortices a particle in the
plasma is executing a random walk and the re-
sult will be a diffusion. The diffusion caused by
any one mode is given by

where T,~ is the correlation time (or lifetime)
for mode k. The total diffusion rate is

(~r}'=g, I v„ I'r„&=af. (4)

from 30 to 1.5. The number of particles used
was 32x32 for each species in the first set of ex-
periments, while 64x64 for the second set. In
the intermediate region the diffusion coefficients
are independent of the magnetic field for both
cases. With the increase of the field the inter-
mediate region is followed by the Bohm region
where the diffusion goes as 1/B.

The p, = 30 case is close to the prediction of
the collision theory for the first set, while the
corresponding experiment for the second set is
larger than the prediction of this theory. This is
because of the larger value of d for the second
set and it does not belong to the collisional re-
gion. As is given below, the diffusion in both the
intermediate and the Bohm regions is close to
the theoretical predictions. We believe that the
diffusion in these regions is due to thermally ex-
cited vortices, plasma flow transverse to k.

The following is a rough theory and a semiquan-
titative discussion of the effect. In thermal equi-
librium all possible modes of the system are
thermally excited. One set of modes is associ-
ated with vortex-type motion of the plasma. As-
sociated with this transverse motion is a longi-
tudinal field E of such a magnitude that v~=cE
xB/B'. Let us Fourier analyze the transverse
motion of the plasma as follows:

vr=Qgvz, ~ exp(zlzz r), vr~ k=0.

k maxi
(6)

For B'/4&pc' small, this gives a diffusion coeffi-
cient which is independent of B. If this diffusion
coefficient, in the classical regime, is smaller
than that given by collisions, then collisions will

Now, each mode is continually being tom apart
by the motion produced by all other modes. If
this motion produces a diffusion then we may ex-
pect that the lifetime of mode k will be given by

T =(k'a} ' (5)

where D is the diffusion coefficient. Here per-
haps we should use only the diffusion caused by
modes with larger k's (shorter wavelengths) for
computing the lifetime of mode k since longer
wavelengths do not cause diffusion on the scale
of 1/k. However, this changes our result by only
a relatively minor numerical factor.

Substituting the results from Eqs. (3) and (5)
into Eq. (4) gives

kBT 1
pLz(1+Bz/4zzpc } -„kza

Converting the sum into an integral over k (the
density of modes is I.'kdk/2zz) gives

kBT
(2w) + n(m, . + m, )I1+B /4zzn(m;+m, )c ]
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dominate and mask this process. However, when
that process becomes too small, this vortex dif-
fusion will take over. The flat region in Fig. 3
is close to that predicted by Eq. (6).

This vortex diffusion is similar to the guiding-
center diffusion discussed by Taylor and Mc-
Namara. ' However, in this intermediate regime
the electric field associated with the vortex mo-
tion is just proportional to B, and so B cancels
out of the diffusion formula. One cannot use the
expectation value of ((EJ') ', as Taylor and Mc-
Namara did, for the following reason. While the
expected electric field energy is —,'k&T per k, for
kA o«1 (independent of B) this energy is shared
between the low-frequency vortex motion and
high-frequency oscillations at the hybrid frequen-
cy and at the cyclotron harmonics. It is not prop-
er to treat the motion of a particle as being a
guiding-center drift in the high-frequency fields.
This is permissible only for the low-frequency
(e = 0) vortex-type motion.

When B becomes large, the electric field fluc-
tuations are primarily associated with the vortex
motion. The magnetic field is responsible for
the high frequency of the hybrid fluctuations, and
they give rise to little charge-density or electric-
field fluctuations. In this regime the diffusion
goes as 1/B, which is Bohm-like. However, it
is proportional to ET rather than T. The diffu-
sion also depends logarithmically on the size of
the system because large vortices live a long
time and can convect particles a long way. This
dependence of the diffusion on T and B is the
same as that found by Taylor and McNamara. '

Experimentally we have confirmed that these
vortex modes play an essential role for the plas-
ma diffusion in both the intermediate and the
Bohm regions. When these modes were sup-

pressed artifically, then the diffusion decreased
drastically and tended to approach to the value
predicted by the collision theory.

Finally, we should like to discuss the relation
between two- and three-dimensional diffusions.
While it is not clear how important vortex diffu-
sion will be in three-dimensional plasma, it is
clear that it can occur there, and the classical
theory should be modified for large fields. Such
motion has been observed in a number of exper-
iments, ' ' and in these it appears to play an
important role in plasma transport. It appears
that if the vortex motions are only thermally ex-
cited, they will not cause a serious plasma loss;
however, if their excitation is much larger than
the thermal level, they could play a very impor-
tant role in plasma transport. A more complete
theory with detailed experimental results will be
published soon.

We should like to acknowledge useful discus-
sions with Dr. J. B. Taylor and his aid in sending
us his manuscript.
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