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We present the results on the two-particle production cross section for the process a+b
—x4+x, +anything at high energy predicted by the dual-resonance model. The distribution
functions for all the kinematic regions are shown to have the desired variable dependence

and properties. In particular, we find that the two-particle “correlation length” is of the
order of 1 GeV™1,

We would like to present in this paper the analy-
sis of two-particle productions in high-energy in-
clusive hadronic reactions

sion (4) is the number density for particles x, and
X,, and it is this formula that is conjectured to
approach the limiting distributions® or the scaling
) limits® at high energies. The work of Mueller3
suggests that a single leading Regge-pole exchange
is sufficient to explain such limiting behavior.

The dual-resonance model has the desired Regge
behavior and was successful for the qualitative
understanding of the single-particle distribution,! ?

a+b—x, +x,+anything,

within the framework of the dual-resonance mod-
el. Single-particle distributions in such context
have been studied previously.' 2

Following Mueller,”® we relate the cross sec-
tion for the process (1) to a discontinuity in the
missing-mass variable X X

M?=(pg+Dp+Dy +Dy) ()

of the standard eight-line dual amplitude (which
we denote as B,)* for the process (see Fig. 1)
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dog, ' 2
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a+b+X +X,~a+b+x +x,. (3)

ol

Then the distribution functions f,,'? defined by

EFE, do
O—QFZEdspldspz =fablz(sabaM2, Sgrs* ) (4) X X2

=Z - i =
can be evaluated from the discontinuity of By in ' *
M2, Here Sz, =(p,+P5)?, Say=(pa+Pq)?, etc. de-
note the independent variables. These variables
appear through trajectory functions via the rela-
tions a4, =S4+ gy, A4y=S4+as, etc. The expres-

5 50

FIG. 1. The generalized optical theorem to relate
the inclusive cross sections with disc,2 B;.
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Although there are 3(8 —1)! distinct diagrams
for B,, only 3 X 4!x 4! of them, having a, ¥,, %,
and b adjacent, contribute to the discontinuity in
M?. Furthermore, because of the symmetry
property of the dual amplitude noticed by Plahte,’
we can reduce, following the same procedure as
that of Ref. 1, the number of diagrams contribut-
ing to the discontinuity in M2, By adopting simi-
lar phase conventions as those of Ref. 1 for the
asymptotic limit along rays in complex Mandel-
stam variables, it is sufficient, for our present
purpose, to study only the single diagram (¢ 22 5
(see Fig. 1). It should be remarked that this
phase convention is reminiscent of any interpreta-
tion of the asymptotic behavior of the four-point
dual amplitude at fixed momentum transfer or
scattering angle and was shown in Ref. 1 to lead
to the Mueller analysis of inclusive reactions.

The identification of (4) with the discontinuity
of B, in M?, or in @ =M?+a(0), requires an ana-
Iytic continuation in @ while holding all other in-
variant variables at certain prescribed locations.®
Starting with the purely real integral representa-
tion for B, in which all the invariant variables
are held below their lowest singularities, we
first continue « to the region above its normal
threshold and obtain the discontinuity in o by sim-
ply calculating the imaginary part. We then con-
tinue the variables a4, @455, Xy, and a4 (@57,
Qz5y, Uz, and @),) in the discontinuity formula
back to their physical region with the +ie (- i€)
prescription. The remaining invariant variables
are all of the “crossed” type to M? and therefore
do not give rise to singularities in the discontinu
ity. In this way, we can avoid the danger of en-
closing any unwanted singularities in the analytic
continuation. We note that all the invariant vari-
ables are to be treated as independent in obtain-
ing the discontinuity which can be accomplished
by treating the general nonforward limit first;
and that any asymptotic kinematical constraint

ol

X % b

(a) (b)

a X, X, b

X X
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FIG. 2. Regge asymptotic limits (a) through (e) as
discussed in the text for two-particle production.

among the variables which may exist should »ot
be invoked before the discontinuity is taken.

We discuss the two-particle distribution func-
tions® in the kinematical regions of the single and
double fragmentations, the correlated and uncor-
related pionizations, and the ditriple Regge limit,
when Sg, ~+®© +i€, Szy—+0 —i€, and M2 — + o+ i€,

(1) The single fragmentation of . This is the
region [see Fig. 2(a)] in which the momenta of x,
and x, are fixed in the rest frame of b so that s,;
—~ — o With Sy, Sym, Se/M2=1 -s,5/M?, and

SE

~ _m"_i_n_z_—E +D ":'-l
- [1 El—pl

fixed. We obtain
fhlz(p1;p2)= Wz/sab)aasz(pppz)y (5)

where R,(p,,?,) is given by a fourfold integral
evaluated in the rest frame of b.

(2) The double fragmentation region. Here, the
momentum of, say x, is fixed in the rest frame
of a and that of x, in the rest frame of b, while
Sy~ +o+i€ and S, ~ +o —i€ with S,3, S,;, S
Ss and S,,/M? fixed [see Fig. 2(b)], so that

ars

Sarz Sorz/MS12= Sarz S o2/ M*S 015 ™= Sars Spa/M2S oz = 1. (8)

We find in the c.m. system of @ and b that

fablz(pppz; sab) =fal(p1L’p1" /‘/-snb)sz(levpzn /fsab)f

where

(M

N @y - %a1 " A7y
f,,‘(p,*,pl"Nsabh(l—5”"> <E 2L ) CTRAD, 0, M), @®)

2E, 1 +Py

R, being the twofold integral in Eq. (3.3) of Ref. 1 for the process a +target - x, +anything.’® «, de-
notes a@,;,;, the dominating trajectory for describing the total cross section.
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Note that (7) has the desired factorization property and that (7) and (8) are functions of the scaled
c.m. or Feynman variables (p,%,0," /VSap, 05" 05" /VSap)-

(3) The ditriple region. This is achieved when sg3, S,,, S.,/M?, and M? are all large with s,;, sz,
Sy, and s, fixed [see Fig. 2(c)]. Then both s,;/M? and s,/M? tend to — . By taking these limits in
(7), we find

o () )
where
Ras® =k (P, 5,0, " Wsaohh 2 (B2, 05" VS ab), a0
he'=T(=0;)T(=ag)T(1+a,)/T(-ag —ag+a,+1). a1

Note that (11) is precisely the triple-Regge vertex one obtains for the production of ¥, in inclusive
collisions, and that (9) is simply a product of two such triple-Regge expressions.!!

(4) The uncorrelated pionization region. This region corresponds to S,j, Syz— — ®©, and Sgz =+, with
Sqa/M? fixed so that

~ ~ BN
saﬁsbz/M2=m12+ (le.)zy sbfzsai/Mz':mgz"' (Pz )2,

and sagsm/M"’snE 1 [see Fig. 2(e)]. The distribution function has the correct factorization property
and depends only on p,* and p,*:

fan'® =1 (0, (p,7), (12)

where f!(p,") is the single-particle distribution function in the pionization region, i.e., Eq. (3.7) of
Ref. 1. In particular, it behaves as (p,*)?~ = like

SH(p, ") ~2%amrreaar 4% 2(p 1) 72978 exp — 4(p, 1)), (13)

Note that the distribution function (12) has the exponential cutoff in transverse momenta of the form
exp[— 4(p,*)2] exp[— 4(p2‘)2]. We add that this region can also be reached smoothly from the double-
fragmentation region: The transition is analogous to that between the fragmentation region and the cen-
tral region in the six-point function.

(5) The correlated pionization region. This situation is reached when x, and x, are produced with a
fixed invariant mass sy at high energies [see Fig. 2(d)]. We then have s,,/M?=1 and

SarSorp/MPs =1+ B, +5, ") /513,
while S;13,8,5~ — . The distribution function turns out to be!'?
fablz = (’aalaﬁz/aab)alez(a_ﬁypl vazl,ﬁl * 'ﬁzl)y (1 4)

where R, is given by a threefold integral.

It is clear that the momenta x, and x, must be parallel to each other as E, and E, are increased with
syy fixed. If we consider the p,",p," = limit, say with the choice of direction B,- B; =p,»;", while
keeping o, fixed, (14) approaches gradually the limit a,,~ - of the single fragmentation case (5).
On the other hand, for fixed ay;, as p,” and p," are increased (then, of course, B,* -, =p,"p,* ~ =),
(14) shows a remarkable cutoff in the transverse momentum of =, +5:

Far'®~ expl= dy ., (Vo + V7, 2] = exp(- 44.,2), 1o

where v, =5555/M?, v4=53,/S5~1, and v, =S5,,/S5,~ 1. In either case, we find that the two particles
behave like a single particle as E, and E, are increased so long as sy is fixed.

As sy is allowed to increase, however, the two particles x, and x, no longer have to come out with
parallel momenta. Consider the case in which E| and E, are increased by increasing the longitudinal
momenta but with the transverse momenta fixed. To allow sy to increase would imply that the two lon-
gitudinal momenta are antiparallel to each other so that, say, x, approaches a while x, approaches b.
Then (14) goes over smoothly to the factorized distribution function of the uncorrelated pionization re-
gion (12), thus showing the exponential cutoff in each transverse momentum.
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The transition from the correlated pionization region to the uncorrelated pionization region occurs
when S, Sy = Sz M? as sy is increased. This allows us to define the “correlation length”: As sy is
increased by increasing the longitudinal momenta with the transverse momenta fixed, the two particles
become uncorrelated when a value of the invariant mass sy, is reached such that (§,*+p,")* <sp. By
making use of the experimental average value of p* for the pion distributions, i.e., {p*)=300-500 MeV,
we estimate then that the two particles are correlated as long as the invariant mass is not significantly
larger than 1 BeV,

For the case in which sy is increased by increasing p,* and p,* along arbitrary directions in the
transverse plane with p," and p," fixed, we find that the two particles are always correlated and the dis-
tribution is a function of cos¢ =p,*-p,*, which shows a cutoff in the form

Far2~expi-alp, 2 +p,"2+2p,"p," cos30 +p,"p,* (1 - cose)In tanze]}. (16)

'The details of this paper and other related topics will be discussed elsewhere.
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We examine the large-order behavior of perturbation theory for the anharmonic oscil-
lator, a simple quantum-field-theory model. New analytical techniques are exhibited
and used to derive formulas giving the precise rate of divergence of perturbation theory
for all energy levels of the x*¥ oscillator. We compute higher-order corrections to
these formulas for the x* oscillator with and without Wick ordering.

A Rayleigh-Schrddinger perturbation series is a power series ;A ,A", where A is the coupling con-
stant, n is the order of perturbation theory, and A, is a Rayleigh-Schrdinger coefficient. We are
concerned here with the Rayleigh-Schrodinger coefficients in the perturbation expansions of the ener-
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