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In the free-electron model one finds agreement
with the result of 1/r deduced from experiment
[Eq. (10)] if I/I=0. l eV. This value of 4 is in
reasonable agreement with results of a free-elec-
tron model interpretation of the superconducting
transition temperature suppression ( IO'I = 0.073
eV) found by Maple'~ in magnetically dilute

Lax - c AI2.
We believe that this is the first observation of

the asymptotic t'" limit of diffusionless relaxa-
tion in a metal. The simplifying factors we have
discussed enable us to identify unambiguously
the impurity-process relaxation as arising from
longitudinal dipolar Quctuations. Although the
functional dependence is complicated in previous
studies' 4 by the possible temperature variation
of r„we find that the magnitude and functional
dependence of the high-field (&o r„&1)data in

each of these cases can be accounted for by the
same mechanism. "
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A way to dea1 with cluster effects in disordered alloys is given through an extension of
the coherent-potential-approximation theory. An explicit expression is derived for pair
effects and is shown to give the exact c' term in the lower concentration limit.

The coherent-potential approximation (CPA) is
known to be what might be called the best single-
site approximation in the disordered-alloy prob-
lem. Our purpose here is to generate higher ap-
proximations which give self-consistent solutions
for pairs, triplets, etc. Some attempts along
these lines have recently been made through
various techniques' ', as we shall notice later
on, they have failed to give the correct behavior
in the low-concentration limit. This point will
be fuQy discussed elsewhere.

Here we give an extension of the formalism

developed by Velickf, Kirkpatrick, and Ehren-
reich in the single-site approximation to take
into account pairs of atoms or larger clusters.
We start from the usual Hamiltonian II describ-
ing an alloy A, +,:

H=H, +V,

with

n&m

429



VOLUME 27, NUMBER 7 PHYSICAL REVIEW LETTERS 16 AuGUST 1971

where ~„ is the random atomic level, the value
of which is e„or ee; the overlap integral P„ is
assumed to be translationally invariant.

The Green's function G is

Let us write

Q„=T„+ Q R„„

with

(18)

c=(z-a)-'= (z-H, —v)-'.

The problem is to calculate the average of G

over all the configurations of the alloy,

(G&=&(z-8 '&.

(4)

(5)

R„=T„(G&Q .
We have

R„=T„(G&(T + Q T (G)Q, )

(19)

The self-energy Z is then defined by

(c)=(z-H, -z)-'. (6)

=T„(G)T (1+ Q (G)Q, )+ T„(G&R (20)
l &m, n

Using a notation similar to that of Velickf, Kirk-
patrick, and Ehrenreich, ' G can be related to
(G& through the T matrix:

In the same way

R „=T„(G&T„(1+ Q (G&Q,)+ T„(G&R„„. (21)
l &m, n

G= «&+ «»«&,
where

T=(V —Z)[1 —(G)(V-Z)] '.

(7)

(8)

The system (20)-(21) is easily solved:

R„.= P„.[1+ Z «&Q, ]
l &m, n

with

(22)

(T) =0. (9)

Hence, we obtain the self-consistent relationship
for Z, P„.= [1 —T.(G»„«&] '

xT„(G&T [1+(G) T„). (23)
Let us also define V„, Z„, T„, and Q„by

v„= I.&..( I.

z„= In&(nIz,

Q„= In&(nIT.

T„= (V„-Z„)[1—(G&(V„-Z„)] '.

We may then write

(10)

(11)

(12)

(13)

(R„.&=(P.J(1. Z (G&&Q,&),
l num, n

and from (15) and (18), one gets

(24)

(25)

Decoupling the average in (R„g, one then gets a
pair approximation, as P„describes the scatter-
ing by the pair n-m'.

Q.=T.[1+(G& 5 Q ]. (14)
n&m

(26)

From (9) and (12) we have the exact relation

(Q„&=0. (15)

The CPA is given by decoupling the average on
the right-hand side of (14), that is,

(Q„&=(T.&[1 (c&E(Qg], (16)

which gives

(T.&=o. (17)

The neglecting of fluctuations such as (T„(C)Q &

—(T„&(G&(Q & is obviously equivalent to taking
account of only repeated scattering by a single
site. ' To go further, we iterate (14) in such a
way that repeated scattering by all pairs of
atoms appears explicitly. (c& = c'+ co(~c& (27)

Equation (26) represents the self-consistent re-
lationship for the pair approximation, the analog
to (17) for the CPA.

Let us now briefly comment on this pair ap-
proximation. The self-energy Z and hence the
T„matrix are no longer diagonal in the site rep-
resentation as they were in the CPA. This off-
diagonality leads to much more difficult numer-
ical computations which are currently being
studied.

Next, we discuss the low-concentration limit.
In this limit it is rather easy to get the exact
form of Z up to second-order terms in c, the
concentration of B impurities. If G' is the pure
A-metal Green's function, we have
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with

v =mls&(~. -& }& I

= E„(v„-v„"), (28)

Defining new operators W and t„by
V'=v(1 —G v) ',

t„= (V„—V„")[1—G (V„—V„"}]',

(29)

(3o)

(31}

we can expand V' just like T. The decoupling
procedure (24) is exact up to second-order terms
in c. Thus

previously by various authors, it is found that
they failed to give the correct behavior at low
concentration for various reasons which will be
examined elsewhere. '

A similar discussion can be given for other
limits. For example, it has been verified that
pair terms are exact in our approximation for
the atomic and virtual crystal limits, p„„-O,
and e~ —e„-O, respectively. It can also be
shown that the eleven first moments of the den-

sity of states are exact in this pair approxima-
tion, while in the CPA case only the seven first
moments are exact. ' There is no basic difficulty
in generating approximations of any higher order.
For example, for triplets we write

&K&=cQt„+c Q (1 —t„G t„GO) '
n

m&n

x t„G't„(1+G't„)+O(c'}.

Q„=T+QR + Q s
m&n m&n

1& m, n

with

(36)

&K& is related to Z by

Z=&&&(1+G'&T&)-'.

Thus

&n)zis& = &o)zoo&

+ 2 2 O+ g
3 0 0o&n G'

cto+c tP GPP Q 1 2G OG 0
n&0 0 On nO

(33)

s„„,= I'„„&c,&q, . (37)

Thus we obtain a system of six equations for
the six S matrices corresponding to the six per-
mutations of n, m, and l. The solution is straight-
forward but rather tedious, and we shall not
write its expression here. A self-consistent
relationship for triplets follows in the same way
as for pairs.

&o(z) -) 2 0 'l Ai ) io goI-~'C 'G "
O Oi io

where

G, ,'= &ilGolB for all i,j

(34)

&O (Z~i& = ct,6„+O(c'). (35)

Further, by expanding the expression (26) as a
function of c, it is easily verified that the exact
expression (32) is obtained.

If we examine the pair approximations given

In the CPA Z, which is site diagonal, is exact to
first order in c, that is,
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