
VOLUME 27, NUMBER 6 PHYSICAL REVIEW LETTERS 9 AUGUsT 1971

relative smallness of the m P as compared to the
w'p backward elastic cross sections at the large
subenergies (s, -10 GeV ) results in the relative
depletion of the n with large P~.

The K' sPectra. —The relation imposed by this
model between fast meson secondaries and the
cross section for meson-proton backward elastic
scattering should be even more pronounced for
the E' spectra than the m' spectra since the K P

backward elastic cross section falls with increas-
ing energy much more rapidly than that for the
backward K'P. ' We find that the K spectrum of
Fig. 3(g) is described entirely by Fig. 1(c), while
the K' spectrum in Fig. 3(f) requires Fig. 1(c)
for slow mesons and Fig. 1(b) for fast mesons.
The lack of fast K relative to K' is apparent in
the measured spectra and is adequately described
by our model.

To summarize, we have compared the quantita-
tive predictions of a fairly restrictive inclusive
multiperipheral model to the meson and proton
spectra resulting from PP collisions at three mo-
menta from 12 to 30 GeV/c. There are some
discrepancies between the predictions of our
model and the measured spectra that could per-
haps be reduced by further adjustment of some
parameters, but the results taken together sug-
gest a consistent view of features of inclusive
data in terms of two-body data.
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SWe parametrize the backward differential cross sec-
tion as der/du =P (u)s ",and from the experimen-
tally measured cross sections in the energy range
3 & s & 6 GeV (Refs. 6, 7) we determine n(0) to be -2.0
for ~ p, -1.3 for 7i'p, and -0.25 for K'p. The shape
of ~(u) is taken from Ref. 8.

We find that the process of Fig. 1(c) accounts for
80% of the meson spectrum, while Fig. 1(b) gives rise
to the rema1»11g 20%. Figure l(a) accounts for about
50% of the proton spectrum and Fig. 1(b) for the rest.

For p& R 1.6 GeV, where t&=-4 GeV and the angle
of the emitted pion is greater than 60, the simple
Regge-pole representation of the two-body scattering
amplitudes becomes invalid and the model undercuts
the spectrum [Fig. 3(a)] .

We find that Fig. 1{c)also predicts a sharp Pz peak-
ing for pz & 0.3 GeV/c atpL, 0.
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A multichannel phase-shift analysis has been performed for the first time on the avail-
able experimental data of all the channels of XN interactions in the momentum region
0 to 1200 MeV jc. The Argand diagrams of the reaction amplitudes and the resonance
parameters within the momentum region are given. The results provide stronger evi-
dence for a number of previously suggested resonances and also indicate some new pos-
sible resonances.

The experimental data for the following reac-
tions below the incident E momentum of 1200
MeV/c have been accumulating very rapidly dur-
ing the last five years: KN interacting into KN,

Zv, Am, EN~, Z~7T, A~~, and Ag final channels.
It has become possible to make a meaningful
multichannel phase- shif t analysis incorporating
simultaneously the existing data of all the above
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reactions at the present time. ' '
In this first extensive multichannel phase-shift

analysis covering the wide momentum region
from 0 to 1200 MeV/c, the following K-matrix
parametrization has been used. The energy de-
pendence of the K matrix was parametrized by
the effective-range expansion of the inverse of
the K matrix due to Ross and Shaw. ' They de-
fined the M matrix which is essentially the in-
verse of the K matrix, except for the centrifugal
barrier factor,

K(E) =K'M(E) 'K .
The M matrix is expanded linearly in the mo-
mentum squared,

where k is the diagonal matrix of the center-of-
mass momenta and r is the effective-range ma-
trix. In this analysis, the matrix r is taken to
be the full matrix and it is not assumed to be di-
agonal as in the previous analysis. " The scat-
tering matrix in the Argand diagrams is given
in terms of theM matrix:

T(E) =k' ' '"[M(E) —ik" ' '] 'k' ' '"
The above expansion is essentially the linear ex-
pansion in the energy, and Ross and Shaw show
that this type of expansion is similar to the Breit-
Wigner multilevel resonance formula within the
same limited energy region. Thus, this parame-
trization can allow us to detect any urdcnown res-
onances present in any partial wave and in any
particular reaction channel.

Since the above linear expansion is not expect-
ed to be valid for the whole momentum region
from 0 to 1200 MeV/c, the separate effective-
range fits have been made for the following sev-
en momentum intervals: 0 to 534, 534 to 658,
658 to 806, 806 to 916, 916 to 1022, 1022 to 1117,
and 1117 to 1226. In doing these successive fits,
only the range parameters are varied to continue
the adjacent momentum intervals smoothly. The
M(E,) for the next momentum interval is calculat-
ed from the M(E) of the adjacent momentum-in-
terval fit and this M(EO) is fixed. The above mo-
mentum intervals of approximately 100 MeV/c
for the successive fits are decided on the basis
of goodness of fit. In the preliminary result, "
only Sg Py P3 and D, waves were parametrized
by the K matrix, but D, and E, waves were fixed
as the known Breit-Wigner amplitudes. In this
final result, all the above partial waves are pa-
rametrized by the K. matrix. Thus every partial

wave is freely varied except E». This wave cor-
responds to the Y, *(1915)and is fixed as the
known Breit-Wigner amplitude since this reso-
nance lies outside the momentum interval cov-
ered in this fit. The I=0 system is treated as
the three coupled channels, KN, Z&, and an ex-
tra channel for the three-particle productions.
The I=1 system is treated as the four coupled
channels, KN, Zm, Aw, and an extra channel for
the three-particle productions. Thus, altogether,
86 parameters are used for the expansion-energy
K-matrix elements and an additional 86 parame-
ters are used for the r-matrix elements. For
each successive expansion, only these 86 r-ma-
trix elements are fitted. The extra parameters
due to the three-particle productions were not
constrained in the preliminary result mentioned
above but these parameters are tightly constrained
in this final result using the total three-particle
production cross sections.

The experimental Legendre coefficients ob-
tained from the available data are compared with
the calculated values from the K-matrix parame-
ters and a X' function is formed using the experi-
mental errors on the coefficients. This function
is searched and minimized by using the search
program MINFUM and also using the local minin-
izing program, STEPIT ." Approximately 2500
data points are fitted in this analysis. The esti-
mate on the computer time used for this analysis
is approximately 100 h of CDC 6600 and 1000
h of Sigma-7. The ratio of the y' and the num-
ber of degrees of freedom is approximately 1.2
for the best solution obtained. The results of
this analysis are discussed in the remainder of
this Letter.

The Argand diagrams of the reaction ampli-
tudes in the total isospin-0 channels are shown
in Fig. 1. The S„amplitudes resonate at the
Y,*(1405) below the KN threshold and because of
this effect the amplitudes make the clockwise
motion in the Argand diagram above the KN
threshold. These amplitudes resonate again at
740 MeV/c and once more at 970 MeV/c. The
well-known Aw resonance at 740 MeV/c with a
mass 1670 MeV is strongly seen in all the chan-
nels KN, Zn, and Ag. The elasticity of this res-
onance is larger than the Berkeley table" value
and this reduces the branching ratio into the Ag
channel to the much smaller value. The reso-
nance at 970 MeV/c with a mass of 1780 MeV is
highly elastic but the small loop in the Zr chan-
nel is also clearly seen. This new large elastic
resonance is strongly required by the experimen-
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FIG. 2. The I= 1 partial-wave amplitudes of the
three reactions XN-ZN- Z~, and JTN- A~ are shown
in the Argand diagrams.
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FIG. 1. The I=0 partial-wave amplitudes of the two
reactions RN-ZN and XN-Z~ are shown in the Ar-
gand diagrams.

tal data on the elastic scattering in the polarized
target. The P„amplitudes seem to resonate
twice. The resonant effect at 920 MeV/c with a
mass of 1755 MeV is clearly seen both in the KN
and Z77 channels. The effect at 520 MeV/c with
a mass of 1570 MeV is not clear but the K matrix
has a pole at this energy. The P» amplitude
shows the small resonant loop in the Z& channel
at 820 MeV/c but its coupling to the KN channel
is very weak. This could be a possible resonant
effect with a mass of 1710 MeV. The D03 ampli-
tudes resonate twice, both at the masses of the
well-known resonance Yo*(1520) and Yo~(1690).
The resonance parameters obtained from this
analysis for the Y,*(1520) agree very well with
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the Berkeley table" value. However, the branch-
ing ratios of Y,*(1690) obtained from this analy-
sis are noticeably different from the table val=
ues. The branching ratio into the Z~ channel is
much larger and the three-body decay mode is
very small. The Do, amplitudes resonate clear-
ly at 1080 MeV/c and these also show some res-
onant effect mainly in the Z77 channel at 840 MeV/
c. The E» amplitudes resonate clearly at the
location of the well-known resonance Y,*(1815)
and the branching ratios are in good agreement
with the accepted values.

The Argand diagrams of the reaction ampli-
tudes in the total isospin-1 channel are shown in
Fig. 2. The 8» amplitudes first resonate at 620
MeV/c with small elasticity and this resonance
mainly branches into the Ar channel. Next this
wave resonates again at 990 MeV/c, tins time
mainly into the elastic KN channel. At both of
these momenta, the small loops in the Zn chan-
nels are also seen. The P» amplitudes have a
very strong resonant effect in the Zr channel and
also have a sizable half-loop in the KN channel,
both at the momentum of 740 MeV/c. The P»
amplitudes are in general very weak and do not
indicate any resonant structure. The D» ampli-
tudes also resonate at a momentum of 740 MeV/
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TABLE I. The resonance parameters obtained from the multich~~el phase-shift

analysis. E& is the resonant energy in MeV and I' is the width of the resonance in MeV.

x~ is the branch~~ ratio where AB indicates the decay ch~»el. Comments indicate

the status of the resonances.

Partial
Waves

R
X X X Comments

3 body

ol

Ol

P03

03

D13
D05

15
F05

15

1670
1780
1620
1790
1570
1755
1670
1710
1519
1690
1670
1720
1830
1765
1810
1910

.28;52
40 .80 .07
40 .05 .13
50 .80 .03
50 Seen Seen
35 .30 .10
50 .14 .42
20 Small Seen
16 .45 .46
55 .22 .73
40 .07 .32
20 Small Seen
80 .24 .09

100 .42 .02
70 .52 .13
60 .07 .25

.46

.01

.00

.08

.22

~ 10

.20(Aq)

.13

.36

.16

.60

.44

.09

.05

.53

.67
, 34
.35
.58

Established aPreviously suggested
Net@
Established
Possible (New)
previously suggested
Newe
Possible (New)
Established
Established
Established
Possible (New)
Es tab 1ished
Established
Established
Fixed (Breit-Wigner)

Refs. 11 and 13 observed independently.
There has been previous evidence for a resonance of this mass, width, and branch-

ing but of unknown spin and parity observed in production experiment. See Ref. 14.
The XN branching-ratio value is very different from that given in Ref. 15.

dRef. 1.
Previous evidence suggested a resonance about 100 MeV lower in energy. See

Ref. 1.

c. Both resonances at a mass of 1670 MeV in
Pj y and Dj, partial waves have very s imi lar re s-
onance parameters. The D„partial waves reso-
nate very strongly at the location of the well-
known resonance 1',*(1765) and the branching ra-
tios are in general in good agreement with the
accepted values, except that the Am branching
ratio is somewhat larger than the value given by
the Berkeley table. "

The summary of the resonance parameters ob-
tained from this multichannel analysis is given
in Table I. The following two conditions are
used in determining the resonant character of
the partial waves. (a) The resonant amplitude
should describe a good portion of a circle in the
Argand diagram and the speed of the amplitude
as a function of energy should pass through a
maximum. (b) The K matrix should have a pole
near the resonant energy and one of the eigen-
phases should pass through —,'n. Only those par-
tial waves which satisfy these two conditions are
listed in this table as resonances. In determin-
ing the resonance parameters, all the following
three methods have been used: superposition of

a best half-circle on the Argand diagrams, speed
criterion, and the diagonalization of the K ma-
trix. The resonance parameters given in Table
I are the averages of these three separate esti-
mates. The Comments column of the table indi-
cates the present status of these resonances.
The following concluding remarks can be made:
The KN system is very rich with hyperon reso-
nances, and much more data are needed to do
this type of analysis more conclusively.
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