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Ideas from Griffin's exciton mode1 are combined with those from the nucleon-nucleon
scattering approach to nuclear transition times to provide a simple closed-form expres-
sion for predicting pre-equilibrium decay phenomena, including variation of pre-equi-
librium emission with target mass, excitation energy, and initial particle and hole num-
bers. Time estimates for pre-equilibrium emission are given at several excitations.

The question of the attainment of equilibrium
in medium-energy nuclear reactions is very old
and of great importance to statistical models.
Recent approaches to models which may in time
provide answers to this question have been the
very simple exciton model proposed by Griffin'
and the more elaborate master-equation approach
due to Miller and co-workers. "%'e propose a
model which in some ways provides a marriage
between the simple exciton model and the more
elaborate model of Refs. 2 and 3. The result
maintains the simple closed-form simplicity of
the model of Griffin and may be used to predict
such properties as the variation of fraction pre-
equilibrium emission (hereafter referred to as
fpe) as a function of excitation energy, compound-
state mass number, and initial particle and hole
numbers. This may be done either on an a Priori
basis, or by a normalization of a "mean free
path" (mfp) constant at one excitation. State-
ments may also be made as to the length of time
during which pre-equilibrium emission occurs,
as well as to other lifetime averages.

As in high-energy cascade calculations and in
Befs. I-6, it will be assumed that a reaction
proceeds through a series of particle-particle or
particle-hole interactions, in which the total par-
ticle and hole numbers chara. cterizing the nu-
c)ear state may either increase by two, decrease
by two, or remain unchanged. As in earlier
work, we assume that the transitions in which

the particle and hole (p-h) or exciton (n) number
increases by two dominate in the early stages of
the equilibration process. As in Griffin's model,
we assume that the intermediate states are char-
acterized by appropriate level density formulas
and that all levels may be populated with equal
a priori probability (within limitations of energy
conservation and the Pauli principle) during the
equilibration process, at least insofar as they
"count" the number of ways different transitions
may lead to the various final states. However,
as in the model of Ref. 2 we recognize that wheth-
er or not one particle in a virtual level is emit-
ted into the continuum or undergoes a transition
to a more complicated (n + 2)-exciton state de-
pends upon the appropriate particle decay rates
A. ,(e) and X„+,(e) for the particle of interest and
not for the average over the n-exciton state. The
level densities as used therefore represent a
bookkeeping procedure for the number of ways
excitons from a simple state may populate a giv-
en energy range in a more complex state, aver-
aged over time, not at a specific time. As in
earlier treatments of the exciton model the total
particle-emission probability in a given channel
energy range P,(e)de is given as a sum over the
contributions of the intermediate states, although
here this has significance as a statistical book-
keeping operation rather than on an absolute
time basis. The sum is taken from some initial
number of excitons n, to the equilibrium number
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n. We write the decay probability as

P.()d = Z „f. "'
(

II (I-P„,)= E.P.()d,p„,( U) &.(~)
n= no P„E Xn e +~n+2 ~ n'-"n&+2 — n=n

+f3= tip

where E is the compound state and U the residual nucleus excitation. The symbols of (1) which have
not been previously defined will be defined further on in the text.

The expression in the first set of brackets is the fraction of the population of the n-exciton state
which has one particle in a virtual level which would have energy between c and e+dz in the continuum.
The expression in the second set of brackets is the ratio of transition rates into the continuum to total
transition rate. It is similar in form to that given in Ref. 3 except that the transition rate is taken
here to depend on a particular particle, and this will be simplified to the transition rate X„,,(e) of the
particle of interest by a nucleon-nucleon interaction with a particle below the Fermi energy to give a
state with an additional excited particle plus hole. To evaluate A„, ,(e) we will use the average mfp
for nucleons scattering in nuclear matter as calculated in Kikuchi and Kawai, ' dividing these into the
classical particle velocities to generate transition rates. In the range of energies up to 100 MeV
above the Fermi energy this result is very well approximated by

X„,,(e) = [1.4 x 10"(e + B,) —6.0 && 10"(e +B,)']/k sec '. (2)

where e and B, are given in MeV. In (2) a value
of k =1 corresponds to mfp values as calculated
in Ref. 7; in the subsequent discussion k will be
treated as a parameter. The rates for emission
into the continuum, A,(e), of (1) are calculated as
in Ref. 3,

Xn(e) =0(E)(2e/m'') Pn(&)/gfl)

where o(e) is the inverse cross section, m the
nucleon mass, p,(e) the free-particle translation-
al state density, g the single-particle density in
the nucleus, and Q the laboratory volume.

The term in the third set of brackets of (1) is
the depletion factor, which reduces the popula-
tion of each state according to the amount of par-
ticle emission from simpler states. With this
definition P„, is given by

P„,= Q n —2P„(e)de, (4)
x= n, P

where P„, is zero for the first term in the sum-
mation of (1).

The level densities used in (7) were those given
by Williams, '

P.(E) =P, (&) =g( gE ,
—8)" '/[p!k!(~ -I)!], (6)

where e =f(P, k) is a correction term for the
Paul. i principle.

The density of n-exciton states having one par-
ticle in the energy range e+B„ to e +B,+de
(where B, is the nucleon binding energy) above
the Fermi energy, leaving P —1 particles and h
holes to share the residual energy U, is

p -, (U) =g(gU —8) gdc/[ p!k!( —2)!] (6)

! The denominator of (6) differs from earlier re-
sults in that it is recognized that the particle at
e +B„as well as the other P —1 excited particles
are all indistinguishable.

Using Eq. (1) we have calculated (a, p) particle
spectra for reactions on "Nb corresponding to
bombarding energies of 30.5 and 42 MeV. The
published spectra"" were integrated over angles
and are compared with these calculations in Fig.
1. The experimental cross sections are each
divided by the calculated total reaction cross sec-
tions. " The error bars given on the experimen-
tal results are our own estimates, based on the
number of angles for which results were avail-
able, accuracy of reading graphical data, etc.
A value of 6 MeV ' was used for g and optical-
model results were used for neutron and proton
inverse cross sections. " A value of n, =4 was
required to give the proper spectral distribution,
and in this sense it was not a free parameter. It
was assumed that the initial distribution was a
2-proton, 2-neutron state, increasing on the av-
erage by one hole, half proton and half neutron
in each subsequent transition [in order to evalu-
ate g, . the fraction of particles of type x in an
n-exciton state of Eq. (1)].

Considerably better agreement is shown in Fig.
1 for the result with k = 5, which implies a mfp
for nucleon-nucleon scattering which is 5 times
the value given in Ref. 7. There are several rea-
sons as to why mfp values larger than those cal-
culated in (7) may be reasonable. First, it is
thought that pre- equilibrium emission results
mainly from high-impact-parameter, peripheral
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FIG. 1. Experimental (Hefs. 9 and 10) and calculated
spectra for the Nb{0.',P) reaction at E„=80.5 and 42
MeV. Calculated results for k =1 are given by the thin
solid lines and for k = 5 by the heavy solid lines.

target-projectile interactions. The lower nu-
clear density in the nuclear surface should re-
sult in a longer mfp for scattering. Secondly,
the calculations of Ref. 7 were based on free-
scattering cross sections, with only the require-
ment for scattering within the nucleus that ener-
gy be conserved and that no scattering be allowed
into levels below the Fermi energy. However, if
the nucleons involved in the scattering process
have mell-defined quantum states before and af-
ter the transition in question, then the final
states must be accessible from the initial states
through coupling with the angular momentum as-
sociated with the scattering process. Clearly
only a fraction of the total states at a given ener-
gy are accessible within this restriction of angu-
lar momentum conservation, and this additional
restriction should result in longer mfp for nu-
cleons in nuclear matter.

In Fig. 2 the predicted variation of fpe is shown
as a function of excitation energy for the first
particle emitted in the a-induced reaction of
"Nb. For all curves shown it may be seen that
the fpe initially increases very rapidly with an
increase in excitation energy and then at a much
lower rate. This implies a difficulty in extract-

E (MeV)

FIG. 2. Predicted variation of the fpe with excitation
energy for the u-induced reaction of Nb. Calcula-
tions are for k values [Eq. (2)] of 1, 5, and 10. For k
= 5 the separate neutron and proton contributions are
shown as dashed lines.

ing the fpe from experimental data at lower exci-
tations since calculated values for comparison
will have huge uncertainties due to uncertainties
in the intermediate state level densities on ac-
count of, for example, pairing and shell effects.
What are very much needed to test the predic-
tions set forth by this model are data at a range
of excitations and on a selection of several tar-
gets. Nontheless, the values given in Fig. 2 are
in qualitative to semiquantitative agreement with
values determined from normalizations to the
spectral shapes predicted by the exciton model. '"

A mass dependence for pre-equilibrium emis-
sion is also predicted by substitution into (1).
Qne can get a rough estimate of the variation by
considering high-energy particle emission as re-
sulting from pre-equilibrium emission. The
mass dependence is then given by the quantity in
the second set of brackets in (1); it cancels in
the quantity in the first set of brackets. Taking
o(e) ~A'", g~A, and assuming X„+,»X, (which
is only a fair approximation), a mass dependence
of A '" is indicated for the fpe. This is in very
good agreement with the values of fpe of 0.35 for
A =201 and 0.50 for A =60 in Ref. 6. The analy-
ses of Ref. 6 were fairly crude, however, and
once again firm conclusions await the acquisition
of more and better data. The mass dependence
discussed here is, with suitable approximations,
present in the exciton-model formulation of Ref.

339



Vol.UMF. 27, NUMBKR 6 PHYSICA L REVIEW LETTERS 9 AUGUST 1971

3 although the authors did not choose to discuss it.
Averages over time may be calculated in vari-

ous ways for Eq. (1). We present only a few num-
bers for the lifetimes during which pre-equilib-
rium emission occurs (in excess of 0.1/p of the
total cross section), based on (2) with k = 5. For
the example cited in Figs. 1 and 2, typical val-
ues are T = 1.2 &10 " sec at an excitation ener-
gy E =32 MeV; 7 =1.4&10 " sec at E =42 MeV;
and 7= 2&10 "sec at E =80 MeV.

By the marriage prescribed in this Letter be-
tween the exciton model and higher-energy cas-
cade models we are able to calculate the varia-
tion of pre-equilibrium emission with excitation
energy and mass number of the compound state.
Statements can also be made as to the time dur-
ing which pre-equilibrium emission occurs and

the variation of time with excitation energy. The
first two quantities cited (E and A dependence)
are in reasonable agreement with analyses of ex-
isting data on a qualitative to semiquantiative
basis. '" Equation (1) is also ideal for use in
calculations involving multiple particle emission,
as for excitation functions, since the gross ap-
proximations previously required need no longer
be made. ' The data may be used to test the mod-
el implied by Eq. (1) rather than the inadequacy
of the approximations as was largely the case in
the past. The need for more and better data is
clearly indicated before the validity or inadequa-
cy of (1) is clearly defined, but we feel that (1)
offers very distinct advantages over earlier
treatments of the exciton model, while preserv-

ing the simplicity of formulation. Surely addi-
tional questions are raised by this formulation
and the approximations implied by it. It is a
first approach, which must be confirmed in first
order before it is worthwhile to worry about
higher- order effects.

The author is grateful to Professor Walter
Greiner for calling to his attention the impor-
tance of angular momentum to spreading widths.
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The concentric spherical cavity is used as a vehicle for study of the complete break-
down of the "relativistic particle in a box" formula for the photon rest-mass effect.
The results are applied to a determination of the limit on the photon's rest mass which
can be inferred from the Schumann resonances.

We consider a cavity consisting of the space
between two concentric conducting spheres and
study the dependence of its resonant frequencies
upon an assumed photon rest mass for various
values of the ratio of inner to outer radius. Our
interest arises, on the one hand, from its rele-
vance to a suggestion of Kendall' that the Schu-
mann resonances in the cavity formed by Earth

and its ionosphere' be used to set a limit in the
photon's rest mass, and on the other, from its
utility as a vehicle for exploring in detail the
breakdown of the "relativistic particle in a box"
formula for the photon rest-mass effect.

For the case of a Klein-Gordon particIe whose
wave function is required to vanish at the bound-
ary of a closed cavity, it is easy to show that:
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