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It is shown that vibration-rotation interaction terms in the Hamiltonian of tetrahedra].
molecules like CH4 permit transitions, in the ground vibrational and electronic states,
in which only the rotational quantum numbers change. Selection rules, spectral line po-
sitions, and absolute intensities are calculated. Effects of tetrahedral fine-structure
splittings and nuclear-spin statistical weights are considered. Possible competing tran-
sitions are discussed.

Methane, the prototype of molecules with tetrahedral symmetry, is known to have a complicated vi-
bration-rotation spectrum in the electronic ground state. Pure rotational transitions from excited vi-
brational states of tetrahedral molecules have been predicted, "but these transitions have not been ob-
served in methane. ' Similar transitions from the vibronic ground state have not been considered un-
til now because tetrahedral molecules, by virtue of their high symmetry in this state, have no perma-
nent dipole moment. ' The purpose of this Letter is to establish that such transitions are possible via
vibration-rotation interactions. Sufficient details of the predicted spectrum will be provided so that
suitable experiments may be considered.

In the following quantum-mechanical calculations, only the electronic ground state will be consid-
ered. The perturbed vibronic ground-state wave function is

4'(RKz) = g(g; RKz) —(h(u, )
' Q w, (R "Kz";RKz)g(v~;R "Kz")

—(h&u, )
' Q w, (R"Kz";RK„)g(v,;R"K„")+~ ~,

where

w;(R "K„";RKz) = fg*(v,; R "Kz")o[x;(J,J, +J,J',)+y,.(J,J,+J„J,) +z, (J,J,+J,J, )]((g;RKz)d7';dA, (2)

in which o; =I~,P„v 2(B,/&;)' ' and i = 3 or 4. The rotational quantum numbers R and K„specify the-'2'
eigenvalues of R and R„where R= J —1; J and 1 are, respectively, the total and the vibrational angu-
lar momentum, the latter taking the values 0 for the ground state and 1 for the infrared-active funda-
mentals v, and v4 at frequencies ~3 and ~4. The vibrational fundamentals v3 and v4 are mixed into the
ground state by the vibration-rotation interaction term whose coefficient is o;, wherein P„ is the Cori-
o is coupling constant. ' The vectors r, = (x„y„z,) and r, = (x„y„z,) are the normal coordinates for v,
and v4. The differential dT; is dx;dy;dz; and d~ corresponds to the differential for the Euler angles.
The ground-state rotational constant is +p.

The space-fixed Z component of the dipole-moment operator may be expressed conveniently as

where Az is the direction cosine between the space-fixed Z axis and the molecule-fixed n axis, and
is the molecule-fixed e component of the dipole-moment operator. To second order in the normal

coordinates, '

p, , = A3Z3+A4 84+A3 X3y3+ A4'X4 y + ~ ~ ~, (4)
with similar expressions for p, and g„; here A, = (&p,,/&z, )„A,' = (s'p, ,/sz, ')„etc. In addition to the
cubic and higher-order terms implied by Eq. (4), there are terms bilinear in the normal coordinates
in which components of r, and r4 occur only linearly.

Selection rules and absolute intensities for transitions in the vibronic ground state are determined
by integrals of the form

(gz) = f4*(R'K„')gzC (RK„)d7,dv,dA.
4

(+(u, ) '[w;(R" K„";RKz)f/*(g R'K„')yg(v R"K„")d7'd. A'
+ w;'(R" K„";R'Kz') fg'(v;;R "K„")izzP(g;RKs)dT;d«]. (6)
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Terms proportional to ~ ', and higher vibrational states than those explicit in Eq. (1) which would pro-
duce, at most, terms proportional to A /2&@;, contribute S I%% and are therefore neglected in Eq. (6).

Evaluation of the integrals in Eqs. (2) and (6) is most efficiently done by expressing all operators in
spherical tensor form, ' and by using angular-momentum-coupled wave functions. Then the formalism
of Racah algebra and the Wigner-Eckart theorem' can be used to obtain

fg*(g;R'K„')gzg(v;;R "K„')drd&= —(A, /v 2)(J' 1 M' OIJ' 1 J"M")6„-z 6z„-z„.,
where M' and M are the projections of J' and J", respectively, on the space-fixed Z axis, and & is
the Kronecker 6 function; and

R /I

w; (R"K„";RK„)= (is, /4)[V (2J —1)(2J')(2J+ l)(2J+ 2)(2J+ 3)]'~'

x[(R 3 K„2IR 3 R" K„")—(R 3 K„—2IR 3 R K"„")]6~-~, (8)

where the 6-j symbol' has been used. Selection rules resulting from Eqs. (5)-(8) are R' =R, R + 1,
R + 2, and R + 3, subject to the triangle inequality; K„'= Kz + 2; J' =J, J+ 1; and K' =K + 2 (K' and K are
the projections of J and J, respectively, on the molecule-fixed z axis). In the remainder of this Let-
ter, only transitions 4J=+1 will be considered. ' Then, for J-J' =J+1,

(gz}= —(i/2)[(R(o, ) '(r, A, +(hen, ) 'u, A, ][(2Z —1)(2Z)(2J+1)&2Z+4)(2J+5)/5(2J+3)]' '

x f(«)(J 1 M OIJ 1 J+1 M), (9)

where

f(JK)= (J 3 K 2—IJ 3 J'+1 K+2) —(J 3 K —2IJ 3 J+1 K —2).

Finally, from the average and sum, respectively, over the initial- and final-state M values of I(pz)i
+ l(Wr)I'+ t(gz) I', the following transition dipole moment is obtained:

(p, ~z)' = C,~'(2J —1)(2J)(2J'+ 3)(2J+ 4)(2J+ 5}[f(JK)]z,

where

CS4 -=~(o'zAz/A(d~+(74A4/R(d~)

The intensity of an absorption line is given by

a,b, ——(8v'/3hc)(N/8 )[Bo(J+1)(Z+ 2) —Bg(J+ 1)](p~z)'e Jz
x (exp[- BoJ(J+1)hc/kT] '—exp[ Bo(J+1)(J—+ 2)hc/kT]j,

(12)

(13)

where N is the number of molecules per cm',
is the partition function, and e« is the nuclear-
spin statistical weight factor which takes the val-
ues 5, 2, and 3 for rotational wave functions be-
longing to the irreducible representations A, (or
A, ), E, and F, (or F,}, respectively, of the tetra-
hedral point group T,. Tetrahedral fine-struc-
ture splittings, as well as centrifugal distortion
effects have been neglected so far since they con-
tribute at most a few percent to Eq. (13). The T,
splittings in the vibronic ground state amount to
only about 0.01 to 0.1 cm ', out of principal spac-
ing of 28p 10 5 cm for J&10. Moreover, to
a good approximation, these splittings do not
shift the "center of gravity" of the absorption fea-
tures. Therefore, Eq. (13) will be summed over
all E values to obtain a,&, for each J. It has been
shown, from the orthonormality of the vector-

Ze-[f(«)]'= ' .4 Z [f(«)l', «4}

where K-A implies a sum over only those K val-
ues corresponding to Ay or +2 This result sim-
plifies the intensity calculations considerably. A
calculation of the intensity of each of the T, com-
ponents of the absorption lines considered here
will be presented elsewhere. The rotational par-
tition function 8„, a good approximation to 8 for
temperatures T ~ 300'K, may be written"

s„= ', z'~'(B, hc/kT) '~' -exp(Bohc/4kT), (15)

which is accurate to 1/o for T &40'K, for CH, .
To obtain absolute intensities, the numerical

value of the coefficient C„' in Eq. (11) must be
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E(J —J+ 1)= 2Bo(J+ 1)- 4D, (J + 1)3, (17)

with" B0=5.24059 cm ' and D, =1.0855 ~10 '
cm ', the latter being the coefficient of the sca-
lar centrifugal stretching term in the Hamiltoni-
an. The T~ splittings (produced by a fourth-rank
spherical-tensor operator also corresponding to
centrifugal effects') discussed above have been
neglected. The spectral-line positions, in the ap-
proximation Eq. (17), are given in Table I. For
Z&10, the intensities +~ n,b,P ' decrease rapid-
ly, and the T, splittings are on the order of a few
tenths to one cm ' and greater. Therefore, these
intensities will be distributed over many relative-
ly widely spaced absorption lines.

It is significant to compare the intensities cal-
culated here with those of possible competing
transitions in the frequency range below 120 cm '
(see Table 1). The lowest-lying vibrational state
of CH4 from which pure rotational transitions
could arise is' "at (d4=1306 cm '. At T =273 K,
the Boltzmann factor exp(- e,hc/kT) is roughly
1 &10 ~; the intensity is also proportional to A4"
instead of A, ' [see Eq. (4)j. The product of these
two factors still leaves this effect several orders
of magnitude greater than the transitions predict-
ed in this Letter. However, at T = 120'K, the ef-
fects become comparable. These two types of
transitions should be readily distinguishable by
means of (1) the strong temperature dependence,
i.e. , a doubling of intensity for a 10' change in T,

determined. From Eq. (12) and the definition of

v, following Eq. (2) we have

The relative sign of the f„A;~; ' ' terms is im-
portant because these two terms are roughly
equal. From the definition of the &„, as func-
tions of masses and force constants, ' it follows
that g»g„&0. It has also been inferred, " from
low-resolution infrared spectra and several cal-
culations, that A~A, &0. Thus the two terms in
Eq. (16) are additive, which is favorable for the
observation of the transitions. The values Bo
= 5.24059 cm '," ~g») =0.795 and )f„~=0.605, """
(A, (

= 0.07 and )A, [
= 0.05 D,""

cu, = 3019.48
cm ',"and ~, =1305.95 cm ' "were used to ob-
tain C„=4&10 ' D.

Equations (11)-(15)have been evaluated for T
=273'K, with N replaced by Nop, wherein N, is
Avogadro's number and P is the pressure in ama-
gats. " The quantity Q~n, b, P

' is given in Table
I for J=O 1 ~ ~ - 10. The corresponding spectral-
line positions have been calculated from'

TABLE I. Spectral line positions and absolute inten-
sities for pure rotational transitions J—J+ 1 from the
vibronic ground state of CH4. The rotational constants
B()=5.24059 cm ' and D =1.0855&10 cm [see Eq.
(17)] were used; tetrahedral splittings were neglected.
The value F34 4»0 D in the transition dipole mo-
ment tsee Eqs. (11) and (16)] was used.

Transition
(J—J+ 1)

Position
(cm ')

Intensity
(10 cm amagat ')

0 1
1—2
2 3
3 —4
4~ 5
5 6
6 7
7 8
8 9
9—10

10 11

none'
20.959
31.432
41.897
52.352
62.793
73.219
83.627
94.014

104.378
114.715

none
0.000 43
0.017
0.30
0.76
2.4
7.3

13
19
31
33

'See Ref. 12.
See Ref. 15.

'The rotational wave functions for J=0 and 1 do not
permit a transition satisfying the selectron rule AK
= +2.

of only one, and (2) markedly different rotational
line spacings. (A vibration-rotation "hot band"
may be expected to occur' at co, —co4=220 cm '.
This band, in addition to its strong temperature
dependence, is about an order of magnitude weak-
er than the other possible competing transition
considered above. Furthermore, its rotational
line spacing should also be much different from
that in Table 1.)

The other important possible competing effect
is the collision-induced absorption spectrum of
CH4. This spectrum consists" of a large number
of rotational lines corresponding to transitions
with ~J =0, 1, 2, 3; each of the lines is many tens
of cm ' broad. The collision-induced absorption
would constitute a kind of continuum background
for the effect calculated in this Letter. From
the room-temperature spectrum measured" at
24.1 amagat it may be inferred that at 1 amagat
the peak absorption ~ 4 &10 ' cm '. Peak ab-
sorptions may be deduced from Table I, provided
that a line shape is assumed. In this Letter, a
triangular line shape having a half-intensity
width" of 0.17 cm ' at STP was used to obtain
peaks estimated to be 14, 43, and 78 &10 cm '
for the transitions 5-6, 6-'7, and 7-8, respec-
tively. These peaks are well above those of the
collision-induced absorption spectrum.
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Finally, from the experimental standpoint, it
is worth considering what the absorption path is
required to produce, e.g. , a 10% decrease in the
intensity of radiation transmitted according to
Lambert's law. For 4=7-8, from the intensity
in Table I it may be inferred that at T = 120'K,
200 m amagat is required. At 1 amagat this val-
ue implies a path of 200 m, which is attainable in
a multitraversal tube with base length of several
meters. It is also possible that the phenomenon
described in this Letter may produce effects de-
tectable" by molecular-beam resonance tech-
niques.
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