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Solutlon of (9) for large A yields 0, =3A'2, while
=A'2 A plot of 0,, Oc, and the numerical re-

sults for case II, given in Fig. 3, shows that o,
slightly underestimates the observed conductivi-
ty, by a greater amount than in case I. The data
points for large A fall roughly on a straight line
in tlhls log-log plot, with a slope closer to 3 than
to z

The logarithmic distribution of case II arises
in a description of ionic transport by thermal ac-
tivation across barriers whose heights are dis-
tributed uniformly over a range + AE about some
average E,. In this case, we can factor out the
average conductance, 0,(T)xexp(~E,/kT), and
identify InA =AE/RT, 0,/0,(T)=3%exp(+AE /3kT),
and 0,./0,(T) < exp(+ AE /2kT) for low T. The ef-
fective activation energy AE/3, given by the ef-
fective-medium theory, is in agreement with the
calculated results of Fig. 3, while the prefactor
3 is too low by about 25%. The critical-path anal-
ysis gives too large an effective activation ener-
gy, and no information about the prefactor. We
conclude that the changes with T in the composi-
tion of the critical paths and the varying impor-
tance of currents along noncritical paths are suf-
ficiently great that o,(T') alone does not provide a
quantitative description of the conductivity, at
least for this simple example.

Discussions with D. J. Thouless, Morrel Co-
hen, and Vinay Ambegaokar are gratefully ac-
knowledged.

*Research supported by the U. S. Army Research Of-
fice (Durham) and by the Advanced Research Projects

Agency.

fPresent address: IBM Research Center, Yorktown
Heights, N. Y, 10598,

13. M. Ziman, J. Phys. C: Proc. Phys. Soc., London
1, 1532 (1968); M. H. Cohen, in Proceedings of the
Tenth International Confevence on the Physics of Semi-
conductors, Cambridge, Massachusetts, 1970, edited
by S. P. Keller, J. C. Hensel, and F, Stern, CONF-
700801 (U. S. AEC Division of Technical Information,
Springfield, Va., 1970), p. 645; R. Zallen and H. Scher,
Phys. Rev. B 4, 4471 (1971),

T, P, Eggarter and M. H. Cohen, Phys. Rev. Lett,
25 807 (1970), and 27, 129 (1971).

"N. F. Mott, Advan, Phys. 16, 49 (1967).

4y. Ambegaokar, B, I, Halperm, and J, S. Langer,
Phys, Rev. B 4, 2612 (1971).

M. Pollak, to be published.

%S. R. Broadbent and J, M, Hammersley, Proc. Cam-
bridge Phil. Soc. 53, 629 (1957); H. L. Frisch and
J. M. Hammersley, SIAM (Soc. Ind. Appl. Math.) J.
Appl. Math. 11, 894 (1963).

H. L. Frlsch J. M. Hammersley, and D, J. A.
Welsh, Phys. Rev. 126, 949 (1962).

8y. K. S. Shante and S. Kirkpatrick, Advan, Phys. 20,
325 (1971).

’D. A. G. Bruggeman, Ann, Phys. (Leipzig) 24, 636
(1985); R. Landauer, J. Appl. Phys. 23, 779 (1952),
and unpublished notes.

0B, J. Last and D. J. Thouless, preceding Letter
[Phys. Rev. Lett. 27, 1719 (1971)].

1y, Fritzsche, in n Electronic Properties of Materials,
edited by R, H. Bube (McGraw-Hill, New York, 1971),
Chap. 13.

2p, Soven, Phys. Rev. 156, 809 (1967); B. Velicky,
S. Kirkpatrick, and H. Ehrenreich Phys. Rev. 175,
747 (1968),

35, Miller and E. Abrahams, Phys. Rev. 120, 745
(1960).

'“N. F. Mott, Phil. Mag. 19, 835 (1969).

Lattice Dynamics of Nb;Sn-Type Compounds*

L. J. Sham
Depariment of Physics, University of California, San Diego, La Jolla, California 92037
(Received 28 October 1971)

It is shown that, in the cubic phase, the doubly degenerate I'y, mode is the only long-
wavelength optical mode which is temperature dependent in the harmonic approximation,
However, it does not become unstable on cooling because it would drive a shear acoustic
mode unstable first. The elastic constants are calculated by the method of long waves,

Only Cy; ~Cj, is temperature dependent.
agreement with experiment.

I have developed a method for the first-princi-
ples calculation of phonon frequencies in the in-
termetallic compounds of 3-W structure in the
harmonic approximation. I have examined the
temperature dependence, in the cubic phase, of

Its calculated values for NbySn are in fair

the long-wavelength optical modes and of the elas-
tic constants, from which can be deduced some
knowledge of the existence and the nature of the
martensitic transformation in these compounds.
To calculate the electronic polarization which
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modifies the ion-ion interaction,’ we start with a
model of the band structure of an unperturbed
crystal A,B, where the s and p electrons from
elements A and B are treated as nearly free and
where the d electrons from the transition ele-
ment A are treated in the tight-binding approxi-
mation.? The width of a d band is entirely due to
the overlap of nearest neighbors in the same
chain of A atoms. The Fermi level is near the
top or bottom of one set of these d bands. The
resultant high density of states has been used to
interpret the unusual temperature dependence of
the electronic and related properties. For sim-
plicity, we neglect the other d bands. The d-
electron wave function is taken to be the m=0
component with the radial part given in Slater
form.

The electronic polarization is calculated in the
random-phase approximation. We improve it a
little by removing from the polarization the term
which corresponds to two d electrons of the same
spin residing on the same atom. The polarization
due to d electrons is of separable form, and the
inversion of the dielectric function, including
also the s-electron screening, is easily carried
out.®> By the method of Ref. 1 we obtain the dy-
namical matrix. Further details will be given in
a separate article.

We examine the phonon modes at =0 in the
adiabatic approximation here. The d-electron
contribution to the dynamical matrix covers only
the elements ¢,,(1, 2), ¢,,(1,3), ¢,(1,1), and
others which can be obtained from these by sym-
metry operations. The atoms are numbered as
shown in Fig. 1. The nonzero force constant be-
tween A atoms of the same chain, e.g., (1, 2), is
an obvious consequence of the tight-binding mod-
el. We also have a nonvanishing d-electron con-
tribution to the force constant between A atoms
in different chains, e.g., (1, 3), because we have
included the electric forces of all electrons and
ions.

It follows that of all the optical modes at =0,
only the twofold degenerate branch® I';, depends
on the d bands. Hence, I, is the only mode
which is temperature dependent in the harmonic
approximation. We conclude that the low-temper-
ature structural transition in these compounds
A,B is not of the ferroelectric type.*® Klein and
Birman® have found that the I';, and I,; modes
can go soft. We believe that their use of the di-
agonal dielectric tensor gives incorrect d-elec-
tron contributions. TI'; and I',; modes involve
rigid displacements of the A-atom chains, which
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FIG. 1. Arrangements of the atoms of NbgSn in a
unit cell. Closed circles, Nb atoms; open circles, Sn
atoms. The arrows indicate the motion of the atoms in
one of the two optical modes of symmetry Iy,.

cannot excite d-electrons in the tight-binding
model used here. I',, modes involve atoms in the
same chain moving against each other (see Fig.
1), which can excite d electrons.

The elastic constants are obtained by the meth-
od of long waves.” One of the shear moduli is
given by

HCy~Cp) =Y +6W/(1 - 00)

- 3[t+6x/(1-060) Pw™¥T,). (1)

To obtain the frequency for small ¢, one expands
the dynamical matrix in powers of g. The term
of the order ¢® gives the first two terms on the
right. Y denotes the contribution from the ion-
ion interaction screened by s electrons. The sec-
ond term comes from d electrons. 0 is a polari-
zation term at zero wave vector and frequency.
W measures the d-electron—-ion interaction
(screened by the s electrons). U is the d-d
screening of the shear mode. The term of order
q in the dynamical matrix when included to sec-
ond order gives the last term on the right of Eq.
(1).

A long-wavelength shear wave produces a move-
ment of some sublattices against the others. By
symmetry, it turns out that the C,, - C,, shear is
coupled to the sublattice motion corresponding to
the T, optical mode. The contribution of this mo-
tion to the shear modulus is the last term on the
right of Eq. (1). In their calculation of the elastic
constants of V,Si from the free energy, Barisi¢
and Labbé® did not include this term (nor U).

This term shows that even the only temperature-
dependent optical mode I}, cannot become un-
stable because the shear modulus will vanish
when w?(T',,) is sufficiently small. We conclude
that no optical modes become unstable in the mar-
tensitic transformation of Nb,Sn-type compounds.
This was confirmed recently by the neutron-scat-



VOLUME 27, NUMBER 25

PHYSICAL REVIEW LETTERS

20 DECEMBER 1971

tering experiments of Shirane and Axe® on Nb,Sn.

The other shear modulus C,, is given by a form-
ula similar to Eq. (1). The optical mode coupled
to it is I,;’. It follows from the dynamical ma-
trix described above that there is no d-electron
contribution to C,, which is, therefore, tempera-
ture independent., The bulk modulus is not cou-
pled to any long-wave optical mode. Its d-elec-
tron contribution is small because of the large
density of states at the Fermi level. Thus, the
bulk modulus is very weakly temperature depen-
dent,

We give a rough evaluation of Eq. (1) for the
shear modulus of Nb,Sn. The constant-density-
of-states model of Cohen and co-workers' is
used to evaluate the polarization 6,

0=~ (8/Q)NF(T)
with
F(T)=1-exp(~ Tg/T).

Q, is the unit cell volume, N, the density of
states, and Ty the Fermi temperature. All other
quantities are evaluated assuming that all inter-
actions are Coulombic, screened by s electrons
in the Thomas- Fermi approximation, with the
screening vector given in terms of the s-electron
density of states, aN,, with «=0.04. We have
chosen two values'!! for N,, 5.6 and 3 states per
eV atom. The Slater coefficient of the d-electron
wave function is taken to be 0.74 f\", roughly the

atomic value. We have found that the value of
0.27 A" which Barisi¢ and Labbé used for V,Si
gives negligible d-electron contribution in our
theory.

The calculated frequency w(TI,) and elastic con-
stant C,; - C,, for Tr="70 and 85°K are plotted in
Figs. 2 and 3, respectively. The values of the
Fermi temperature were chosen by Rehwald.!

In view of the rather crude Yukawa potential we
used for the electron-electron and electron-ion
interaction, we regard the fair agreement of the
temperature dependence for N, =3 states per eV
atom as encouraging. A more careful evaluation
of the phonon spectrum for these compounds is
planned.

The d-electron screening U turns out to be quite
small (- 6U=0.21 at T=0°K and N, =3 states per
eV atom). The softening of the shear constant
C,;—C,; is due in a large part to the second term
on the right-hand side of Eq. (1). The coupling
to the TI',, mode is small but not negligible. The
temperature dependence of the rather high-fre-
quency I, mode is weak. Thus, the I, optical
mode does not go soft, nor is it wholly responsi-
ble for driving the acoustic mode unstable. How-
ever, the coupling of the shear mode to the I,
optical mode causes a tetragonal distortion of the
T',, type when the shear mode goes unstable. This
is experimentally confirmed.® Thus, we conclude
that the structural phase transition is of first or-
der,*1?
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FIG. 2. The calculated frequency of the optical mode I'y, versus Fy(T). Curve a, Ny=3 states per eV atom;
curve b, Ny=5.6 states per eV atom. The temperature scale on top corresponds to T'r="70°K.
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FIG. 3. Dashed curves, measured shear modulus Cy;—=C;, versus Fy(T) with T indicated. Solid curves, calcu-
lated shear modulus: curve a, Ny=3 states per eV atom; curve b, Ny=5.6 states eV atom. The temperature scale

shown on top corresponds to T'r=T70°K.
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