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parent, is compatible with our data on account
of its width (see Table I). This is demonstrated
in Fig. 3 which shows the contributions of each
term to the best fit to our data. The higher-mass
region is fitted with a general polynomial in mass
squared; only the linear and cubic terms were
needed.

(3) The combination of the good resolution of
the apparatus and the high statistics of the data
makes it possible to place limits on the cross
sections of bumps which were not seen. From
an examination of the mass plot of our data, it is
clear that we have no evidence for any narrow
resonances (except those listed in Table I) pro-
duced with cross sections comparable to 25/o that
of the $(953) [i.e. , with (dv/dG), greater than
5& 10 "cm'/sr] in the mass region to 1.1 GeV'.
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We present a new technique for analyzing multibody states. This analysis makes pos-
sible the selection of samples of events that contain only resonances, particle correla-
tions, or phase space. A unique feature of this analysis is that every event in the data is
assigned to a particular sample. The three-body final state n++p P+z++z is ana]yzed
as an example.

In this Letter we present a technique for analyz-
ing multibody final states. The bases of this anal-
sis are the Van Hove' angular variables and an
N-dimensional energy simplex. The underlying
concept is an attempt to utilize a complete set of
parameters to analyze the final states. Given an
unpolarized beam and target and an N-body final
state, there are 3N —5 free parameters required
to specify that final state completely. We define
2N —2 parameters that form a generalized equi-
lateral rectangular prism. In addition, we define
the remaining N —3 required parameters in a
manner useful for specific problems.

We will use the previously published v'+p data'
at 3.9 GeV/c as an example. For N =3 we need
four parameters. The first parameter which we
choose is the well-known Van Hove angle. ' Fig-

ure 1(a) gives our representation of this angle in
a manner useful for generalizing to higher dimen-
sions; namely, the N unit longitudinal momentum
vectors lie in (N —1)-dimensional space in such a
way that any two of them form an angle with each
other such that the cosine of this angle is equal
to —1/(N —1). Therefore, we have defined the
Van Hove angle (8) so that baryons produced with
positive center-of-mass longitudinal momenta
are in the angular region 0 &0 (180 .

Our second parameter is R/R, „, which is the
ratio of the length of the radius vector in the Van
Hove plot to the maximum length that vector
could have at the given Van Hove angle [Fig. 1(b)j.
If R/R, „=O, the event lies in a plane perpendi-
cular to the incident direction, and if R/R, „=I,
the event is collinear with the incident direction.
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FIG. 1. (a) Definition of three-body Van Hove angle.
(b) Van Hove hexagon and definition of R ~. (c) Dalitz-
Fabri plot; tw'o-dimensional energy simplex. The num-
bers 1, 2, and 8 identify each edge.

Our final two variables are the total energy of the
proton and ~'. These energy variables can best
be represented by a point in an energy equilater-
al triangle (two-dimensional simplex) as was
done by Fabri and Da, litz [Fig. 1(c)]. If we use
the Van Hove angle as a coordinate together with
the two-dimensional energy simplex, we can con-
struct a data plot bounded by a rectangular equi-
lateral prism. The outline of such a prism is
shown in Fig. 2(a), illustrating the reason for
calling this method prism plot analysis. Howev-
er, the complete prism includes R/R

Each event will appear in this plot as a single
point. Figures 2(a) and 2(b) show the complete
prism plot populated with Monte Carlo phase-
space events, and Figs. 2(c) and 2(d) populated
with the 3.9-GeV/c m'+P data. . Figures 2(b) and
2(d) are the respective R/R» distributions.
The striking features of the 3.9-GeV data are the
peaking of R/R, „near 0.9, and the accumula-
tion of the data into three distinct tubes in the up-
per half of the prism. As we will demonstrate,
each tube contains a single resonance, or two-
body correlation. One can show that this cluster-
ing is a reflection of the following two empirical
observations: (1) The transverse momentum of
any individual particle is limited (-0.4 GeV/c).
(2) The Q value in the center of mass is of the

0 .5 1.0
R/ R mox.

.5
R/R max.

1.0

FIG. 2. (a) Three-body prism plot for 8.9-GeV/c
x++p invariant phase-space Monte Carlo events. The
numbers 1, 2, hnd 8 are the same as in Fig. 1(c). The
x and y axes are the same as Fig. 1(c). The z axis is
the Van Hove angle 0. (b) R/R~~ distribution for 8.9-
GeV/c ~++p invariant phase-space Monte Carlo events.
(c) Three-body prism plot for 8.9-6eV/c m.++p p+x+
+xo data. Various portions of prism plot represent dif-
ferent physical processes. (d) R/R ~ distribution for
8.9-GeV/c w++p —p+%r++%to data.

v +p- 4 +no,

+m

(1)

(2)

—( pv ) +v+ (diffraction dissociation), (4)

—p + v+ + rr 0 (phase space) .

Comparing R/R, „ in Figs. 2(b) and 2(d), one
sees immediately that three-body phase space
plays almost no role in this reaction.

In the following discussion we limit ourselves
to these events in Fig. 2(c) which make up the up-
per half of the prism. These events are con-
tained in three distinct tubes —the upper tube,
the central tube, and the lower tube. Although it
is not clear in this figure, the lower tube is actu-

same order as the mass of any correlated sys-
tem in the final state. If these two conditions are
met for any multibody final state, kinematics re-
quire this clustering.

The three-body final state can be any of the fol-
lowing:

1482



VOLUME 27, NUMBER 21 PHYSICAL REVIEW LETTERS 22 NovEMBER 1971

150- (e ) 2707 EVENTS
150 (b )

TAGGED &

527 E VENTS

TAI)LE I. Cross sections for 3.9-6eV/c r++p p
+ &+ + &0 (2291 events) .

100-
C)

I—

) 50-

100—

LIJ) 50-

1200

200-
(c)

150—)
C)
Z.
I—~I 00—
LLI

LeJ

50

1600 2000 2400 2800
M&„+(MeV)

2707 EVENTS
200—

)150-

C)

I—100-
IJJ

LLJ

50

1200 1600 2000 2400 2800
M p7t'+ (MeV)

TAGGED p
1008 EVENTS

400 800 1200 1600 2000 400 800 1200 1600 2000
M7t+ zo(MeV) M, +„0(Mev)

(~)

100 —
(e)

80-

~~ 60-
I—
LIJ) 40-

20--

2707 EVENTS

50-

~ 40-
C)
~~ 50-

z: 20-
LLI

IOg

1200
50—)

cD 40-
50—

20—

TAGGED b,+

298 EVENTS

1600 2000 2400 2800

I EVENTS

1"
1200 1600 2000 2400 2800

M»o (MeV)

10—

1200 1600 2000 2400 2800
M p7Ip (MeV)

ally two tubes which can be distinguished from
each other by properly rotating the prism.

Figure 3(a) gives the pr' invariant mass distri-
bution for our total sample and Fig. 3(b) that for
the upper tube in the prism plot. The curve in
Fig. 3(b) is the resonance shape giving the best
fit. This is only one indication that this tube is
populated only by the reaction r'+p- ~"+r'.
Figure 3(c) gives the r'r' invariant-mass distri-
bution for all our data and Fig. 3(d), that for the
central tube of the prism plot. The curve in Fig.
3(d) is the resonance shape giving the best fit.

FIG. 3. (a) Invariant mass of Pr', all events
(b) M(Pr') {A ) from prism plot analysis. The solid
curve is the best resonance fit. (c) Invariant mass of
r'ro, all events. (d) M{r'ro) (p+) from prism plot anal-
ysis. The solid curve is the best resonance fit. (e) In-
variant mass of pro, all events. (f) M(pro) {A~) from
prism plot analysis. The solid curve is the best reso-
nance fit. (g) M(Pro)~ from prism plot analysis. The
adjective "tagged" on some plots indicate that the
events displayed are contained in specific regions of
the prism plot.
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This is only one indication that this tube is popu-
lated only by the reaction r '+ p -p+ p . Figure
3(e) is the pr' invariant mass distribution for all
our data, Fig. 3(f), that for one of the lower
tubes, and Fig. 3(g), that for the second of the
lower tubes in the prism plot. The curve in Fig.
3(f) is the best-fit resonance shape while Fig.
3(g) is a histogram of events which we call dif-
fraction dissociation (dd). This is only one indi-
cation that the lower tubes contain only the two
reactions

r++p b, ++r+, r++p (pr )dd+r

In all the above samples, the "wrong pairing"
of particles shows no resonances, and all Gott-
fried- Jackson distributions are smooth and sym-
metrical. The production and decay angular dis-
tributions for the 6" and the 6' are the same.
The ratio b, "'/b '=

a4 is as required by isospin
invariance. The cross sections for the final
states are given in Table I. The errors are sta-
tistical only and do not include possible systemat-
ic uncertainties of the prism plot method. Table
I shows that the final state r '+p -p+r' +r' is all
quasi two-body. There have been indications of
this in previous work. '

We will now generalize this technique to the
four-body final state. Figure 4(a) gives our four-
body Van Hove plot while Fig. 4(b) is the three-
dimensional energy simplex, a tetrahedron. One
of the properties of an N-dimensional simplex is
that the sum of the perpendicular distances from
an internal point to all faces is a constant. The
three-dimensional simplex plus the two Van Hove
angles 8, and 8, generate a five-dimensional
prism. The three kinetic energies, the two Van
Hove angles, and R/R, „specify our 2N- 2 vari-
ables for this four-body case. All two-body final-
state correlations will populate planes in the en-
ergy simplex. This is again a consequence of the
two empirical observations mentioned above.
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FIG. 5. (a) Four-body kinetic-energy simplex for
3.9-6eV/c x++p —p+2'+ x++ x invariant phase-space
Monte Carlo events. The numbers 1, 2, 3, and 4 and
the x, y, and z axes are the same as in Fig. 4(b).
(b) Four-body Van Hove angular plot for invariant
phase-space Monte Carlo events. (c) R/R „distribu-
tion for invariant phase-space Monte Carlo events.
(d) Four-body kinetic-energy simplex for 3.9-6eV/c
o.++p—p+x'+2++2 data. (e) Four-body Van Hove an-
gular plot for 3.9-6eV/c 2++p p+x++x++x data
(f) R/R~ distribution for 3.9-6eV/c Ir+ +p p + x+ +x'
+7r data.
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FIG. 4. (a} Definition and convention of four-body

Van Hove angles. (b) Four-body kinetic-energy sim-
plex. The numbers 1, 2, 8, and 4 identify each face.
For example, the ~ plane is the 4-face as the three
edges of this face are labeled 4.

Figures 5(a)—5(c) show the prism plot populat-
ed by invariant phase space, while Figs. 5(d)—
5(f) show the prism plot populated by our four-
body II'+p data at 3.9 GeV/c. Again, a glance at
R/R, „ indicates that phase space plays a small
role in this reaction, and other regions of the
prism plot show definite clusterings. Again, as
stated above, these elusterings must contain fi-
nal-state correlations. As we will show in a
more complete paper, the separation of the con-
stituents of these final states is just as dramatic
as in the three-body case. In the four-body ease,
the prism plot lacks one variable of the number
required to form a complete set. We have found
it convenient to use an invariant mass for this
variable. In particular, for this final state, we

use the w'm' invariant mass since we find this in-

*Work supported in part through funds provided by the
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AT(30-1) 2098.

)Present address: Ho11oman Air Force Base, N.

Mex. 88330.
IL. Van Hove, Phys. Lett. 288, 429 (1969}, and Nucl.
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variant mass contains no resonant shapes and,
therefore, cannot be a source of bias in the analy-
s1s.

The generalization to N bodies is straightfor-
ward. ' The N-dimensional Van Hove angles are
characterized by N equally spaced unit vectors
in an (N —1)-dimensional simplex. We have found
it convenient to use invariant masses to complete
the set of parameters.

We would like to thank Dr. Vera Kistiakowsky
for stimulating discussions and helpful sugges-
tions on this work.
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SELECTION RULE FOR Z Z TRANSITIONS
IN ELECTRON-MOLECULE COLLISIONS.
D. C. Cartwright, S. Trajmar, %. Williams, and

D. L. Huestis [Phys. Rev. Lett. 27, 704 (1971)].

The scattered electrons were collected in an
angular region of 4, not 40', as incorrectly
printed in the fifth line, first column, of page
705.

ELECTRONIC RECOMBINATION COEFFICIENT
OF MOLECULAR HELIUM IONS. A. Wayne John-
son and J. B. Gerardo [Phys. Rev. Lett. 27, 835
(1971)].

The smaller sized numbers listed under n in
Table I and in the two equations on page 838
should not have + and —signs. These numbers
are the upper and lower limits of our measure-
ments. Immediately following the equations on

page 838, please read, "where the limits quoted
~ ~ ~
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