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our hypothesis about the constancy of p. is cor-
rect, there must be at least a small contribution
from a term of the form (7) at any temperature
above T„showing that the actual density has a
more complicated structure than Suzuki proposed.

In summary, numerical investigations of the
density of zeros on the Lee- Yang circle for a
two-dimensional and a three-dimensional Ising
model indicate few surprises for T «T„but sug-
gest that above T, the behavior near OG is domi-
nated by a singularity with an exponent p, whose
connection with other "critical" exponents is at
present not clear. Also, g(8) is not a monotone
function of 0 for T substantially greater than T„
unlike the situation in the one-dimensional Ising
and mean-field models. Finally, for the two-di-
mensional lattice there is strong evidence of
some sort of singular behavior at 6}=m for T&T, .
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Magnetic excitations in several single crystals of the systems K(Co, Mn)F& and (Co,
Mn}F& have been studied by neutron inelastic scattering. It is found that two branches of
well-defined magnetic excitations, both of which exhibit propagating character, occur at
certain compositions. The dispersion relation for two branches of propagating excita-
tions cannot be adequately described by current theories, but an extension of Anderson's
criterion for localization in disordered alloys gives approximate agreement with the ob-
served character.

The excitations in randomly disordered systems
may have either localized or nonlocalized charac-
ter. Although Anderson' first investigated the
conditions for localization in 195S, there is still
considerable disagreement' about the detailed be-
havior. The theoretical work has dealt mainly
with electron states; but, in principle, the prob-
lem is the same for a wide class of excitations
and in particular for spin waves, which have the
advantage that they can be studied directly by neu-
tron inelastic scattering. We report here mea-

surements on disordered antiferromagnets that
for the first time show the existence of two branch-
es of propagating excitations in a disordered qua-
sibinary system. Current Green-function theo-
ries for antiferromagnets cannot describe the re-
sults, but the character of the excitations is rea-
sonably well described by a localization criterion
of the Anderson form.

The measurements were carried out by means
of neutron inelastic scattering using a triple-axis
crystal spectrometer controlled so that the wave-
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FIG. 1. Typical scattered-neutron distributions for
(a) KCop )gMnp 29F3 and (b), (c) Cop 7Mnp 3F2, Each dis-
tribution is labeled with the value of the wave-vector
transfer Q at which the measurement was carried out.
Solid lines are simply a guide to the eye. Statistical
counting errors are shown. Arrows indicate predic-
tions of molecular-field theory (see text).

vector transfer Q was held constant throughout
each scan. Typical scattered-neutron distribu-
tions, each of which exhibits two well-defined in-
elastic peaks corresponding to magnetic excita-
tions, are shown in Fig. 1. All peaks except the
higher-frequency peaks for Co, ,Mn, ,F, have
widths that are essentially determined by the ex-
perimental resolution. The latter peaks are
much wider than the experimental resolution and
often exhibit asymmetric line shapes with tails
extending to higher frequencies. In addition, the
total variation with wave vector of their assigned
frequencies is only about half their average width
[full width at half-maximum (FWHM)], and their
integrated intensities only vary by a factor of = 3
and are greatest near zone boundaries. In con-
trast, the intensities of the lower-frequency
peaks vary by a factor of = 20 and are greatest at
magnetic reciprocal-lattice points.

The results for KCop 7yMnp»F3 and KCo, ,Mnp

F, are summarized in Fig. 2. For comparison,
we also show the dispersion curves'' for KCOF3
and KMnFB. When 20/p of the manganese ions in
KMnF, are replaced by cobalt ions, the perturba-
tion of the "host" modes is small and a flat branch
of excitations localized on the cobalt "impurities"
appears at a frequency of 6.55+ 0.15 THz. (For
details see Svensson et al. ') However, when 29%

FIG. 2. The dispersion relations for magnetic exci-
tations propagating along the three major symmetry di-
rections in KCop 2Mnp 8F3 KCop VfMnp 29Fg and the two
pure materials. Solid curves are simply a guide to the
eye. Arrows at the right indicate predictions of molec-
ular-field theory.

of the cobalt ions in KCoF, are replaced by man-
ganese ions, the perturbation of the "host" modes
is extremely large (the zone-center frequency in-
creases from 1.12+ 0.06 to 4.36+ 0.15 THz) and a
branch of excitations having a marked frequency
variation appears at lower frequencies. (For this
material, low-concentration Gree-function theory
predicts a flat lower branch at a frequency of 0.8
THz corresponding to excitations localized on the
manganese ions. ) Since both branches of excita-
tions are observed to have intrinsic widths (in-
verse lifetimes) that are small compared with
their frequency variation, both correspond to
propagating excitations. The behavior is obvious-
ly quite different near opposite ends of the K(Co,
Mn)F, system. KCo, ,Mn, ,F, exhibits the behav-
ior (local impurity mode plus weakly perturbed
band modes) typical of low impurity concentra-
tions, but for KCop 7yMnp RgF3 the band modes are
greatly perturbed and the "impurity" modes are
propagating excitations.

The results for Cop 7Mn, ,F, are summarized in
Fig. 3. For comparison we also show the disper-
sion curves' ' for CoF, and MnF, . Note that both
branches for Co, ,Mn, ,F, differ markedly from
those for the pure materials. The lower branch
corresponds to propagating excitations since the
intrinsic widths of the excitations are small rela-
tive to the total frequency variation. The frequen-
cy variation for the upper branch is only about
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half the width (FWHM) of the observed peaks (see
Fig. 1). Because of this and the unusual intensity
variation mentioned above, it is possible that the
higher-f requency peaks in Cop 7MnQ 3F2 corre-
spond to scattering by several modes of excita-
tions, some or all of which might be local modes
having rather similar frequencies but different
structure factors. Alternatively, there could
simply be a single mode of excitation with appre-
ciable damping and an unusual structure factor.
The exact nature of the higher-frequency excita-
tions in Co, ,Mn, ,F, is not unambiguously deter-
mined by the measurements. Possibly they cor-
respond to the random structure of discrete poles
recently discussed by Anderson. '

In contrast to the results for CoQ 7Mn, ,F„ear-
lier measurements' on Co, »Mnp g5F, showed a
lower branch negligibly different from that for
pure MnF„and a flat upper branch at 3.57 + 0.05
THz corresponding to excitations localized on the
cobalt "impurities. "

No detailed theory for the magnetic excitations
in substitutionally disordered antif erromagnets
containing large concentrations of impurities has
yet been developed. However, some progress in
understanding the above results may be made by

applying molecular-field theory and low-concen-
tration Green-function theory. Using molecular-
field theory together with the known exchange

FIG. B. The dispersion relations for magnetic exci-
tations propagating along the a and c directions in

Cop yMnp 3F2, CoF2, and MnF2. Different symbols re-
fer to measurements in Brillouin zones centered on dif-
ferent reciprocal-lattice points as indicated. Typical
errors are shown. Solid curves are a guide to the eye
for the results in (001) zone. Arrows are predictions
of molecular-field theory,

constants and wave functions for the pure materi-
als, ''" and taking 4~„c,from the experimen-
tal local-mode frequencies, '' the energies re-
quired to create a spin deviation on Mn" and Co"
ions in the materials of interest can readily be
calculated. The resulting Ising frequencies of
course depend on the composition of the cluster
of ions surrounding the reference ion. When the
known probabilities of occurrence of the different
clusters are plotted against the corresponding Is-
ing frequencies, one obtains two well-separated
peaks for each material. The lower-frequency
peak corresponds to Mn" ions and the higher-fre-
quency peak to Co" ions. The centers of gravity
of these calculated peaks are indicated by arrows
in Figs. 1-3. The agreement with the observed
zone-boundary frequencies is reasonably good in
view of the approximation involved and suggests
that, at least at these wave vectors, the excita-
tions of lower (higher) frequency are associated
mainly with manganese (cobalt) ions. (In carrying
out the calculations, we have allowed approxi-
mately for the change in the exchange mixing of
the cobalt levels with cluster composition. )

A further result of the calculations is that the
Ising frequencies are quite insensitive to cluster
composition for the K(Co, Mn)F, system, but are
critically dependent on cluster composition for
the (Co, Mn)F, system. In particular, for Co, ,—

Mnp 3F» where several compositions occur with

comparable probability, the calculated widths
(FWHM) are 0.22 and 0.72 THz for the peaks of
lower and higher frequency, respectively. When
allowance is made for experimental resolution,
these values are in good agreement with the ob-
served widths at the zone boundary [Fig. 1(c)].
Molecular-field theory thus gives a simple expla-
nation of the large width of the higher-frequency
peaks for Co, ,Mn, ,F,.

Green-function theories have the advantage that
they give results for all wave vectors, but, un-
fortunately, they are strictly applicable only at
very low concentrations of impurities where they
give excellent descriptions. ' " This type of theo-
ry cannot give rise to two branches of propagat-
ing excitations. This has been confirmed by de-
tailed calculations for the materials studied. As
expected, the theory adequately describes the re-
sults when a localized excitation is present as in
Co, „Mnp gsF, and KCo, 2Mnp, F„but for KCo, »-
Mn, »F3 and CoQ 7Mn»F, it fails completely to
describe the propagating behavior of the lower
branch.

In the absence of a detailed theory, it is inter-
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esting to consider if one can even describe the
character (localized or propagating) of the excita-
tions in our specimens. Although the general
method of Anderson'' should in principle be ap-
plicable to any disordered system, it is not clear
how to extend the formalism (which has been de-
veloped mainly for electron bands in disordered
alloys) to spin waves in an antiferromagnet. We

suggest that a plausible, although somewhat over-
simplified, form of the localization condition is

v) 12Iv —v I'Iv —v I' '
cB,+ (l —c)B,

antiferromagnets of the Anderson type of theory.
The results presented in this Letter have dem-

onstrated the occurrence of two branches of prop-
agating magnetic excitations in disordered anti-
ferromagnets. This behavior cannot be described
even qualitatively by current Green-function theo-
ry, and emphasizes the need for a different type
of theory for antiferromagnets containing large
concentrations of impurities.

The authors would like to acknowledge helpful
discussions with Dr. R. J. Elliott, E. A. Glaser
and R. Campbell provided valuable technical as-
sistance.

where c and 1 —c are the respective concentra-
tions of magnetic ions of types 1 and 2, and v,
and v, are the centers of the spin-wave bands (of
widths B, and B~) in the pure materials. The cri-
terion for localization at frequency v is ){(v)& l.
Apart from spurious behavior near v, or v» Eq.
(l) correctly predicts that, as c —0 or c - l, ex-
citations will be localized if outside the "host"
band.

For Co, „Mn, »F, and Kco, ,Mn, ,F„Eq. (1)
predicts that the lower and upper branches should
correspond, respectively, to propagating and lo-
calized excitations as observed (see Fig. 2 and
Refs. 5 and 9). For KCo, »Mn, »F„ it predicts
nonlocalized excitations for 0.4» &~ 6.0 THz, and
localized excitations otherwise. This agrees with
the observed behavior (Fig. 2) except for part of
the upper branch. For Coo, Mn, ,F„Eq. (1) pre-
dicts propagating character when 0.75~ vs 1.9.
This is correct for the lower branch except close
to the zone center. The prediction that the upper
branch corresponds to localized excitations can-
not be checked since the character is not unam-
biguously determined by the measurements.
From the general agreement between the calcu-
lated and observed character we conclude that a
localization criterion similar to that proposed ex-
ists for magnetic excitations in substitutionally
disordered antif erromagnets. These results lend
support to the ideas of Anderson on localization
in disordered systems, but these ideas can only
be further confirmed by a rigorous extension to
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