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6We assume that the system consists of finite numbers of nuclei and electrons enclosed in a box of finite volume.

"To simplify the algebra we assume here that the nuclei are all protons, and in fact that the system is composed
of free protons, free electrons, and hydrogen atoms. The method is, however, easily generalized.

8This simplifies the commutation relations between these fields and the bound-atom operators A, and A(,:r which
will presently be defined.

To obtain a complete set, the continuum atomic states would have to be included.

we use the same symbol to denote the vacuum state in § and that in @; no confusion should arise thereby.

HUThe generator F is closely related to the operator @ occurring in the “quasichemical equilibrium” theory of
J. M. Blatt and T. Matsubara, Progr. Theor. Phys. 20, 553 (1958).

2The derivation involves summation of the multiple commutator expansion to infinite order or solution of appro-
priate “equations of motion.”

1BA more systematic treatment of these constraints by use of a projection operator, as in Refs. 1 and 4, will be
discussed elsewhere, along with details of the present derivation.

UThe terms T gt gt WTaa and their conjugates, representing complete real or virtual breakup of colliding atoms in-
to their constituent protons and electrons and the inverse recombination process, do not yet appear in the approxi-
mation described by Stolt and Brittin, In our atom-atom interaction matrix element (¢g|H}ys), the direct Coulomb
and Coulomb-exchange contributions appear with opposite signs, as in the theory of ferromagnetism, whereas they
both appear with positive signs in the Stolt-Brittin matrix element. The same matrix element already contains ki=-
netic energy-exchange coupling contributions in the approximation of Stolt and Brittin, whereas in our treatment
they do not appear until the expansion (10) is carried to the next order. Note, however, that the terms exhibited in
(10) already involve selective summation of the multiple commutator expansion to infinite order. There are some
additional sign differences which can be removed by a change of phase of the electron field operators and hence
have no observable effect.

Kubo Conductivity of a Strongly Magnetized Two-Dimensional Plasma
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The Kubo formula is used to evaluate the bulk electrical conductivity of a two-dimen-
sional guiding-center plasma in a strong dc magnetic field. The particles interact only
electrostatically. An “anomalous” electrical conductivity is derived for this system,
which parallels a recent result of Taylor and McNamara for the coefficient of spatial dif-
fusion.

That a two-dimensional magnetized plasma can
exhibit apparently “anomalous” transport proper-
ties largely because of its two-dimensional char-
acter has recently been shown by Taylor and Mc-
Namara.'! In a guiding-center plasma with only
electrostatic interactions, they have calculated
the thermal-equilibrium spatial diffusion coeffi~
cient and have shown it to fall off as IBI™!, where
B is the (constant) de magnetic field, confirming
a now classical conjecture of Bohm.? Additional
results for the kinetic theory of a two-dimension-
al plasma, both with and without the guiding-cen-
ter approximation, have been reported by Vahala
and Montgomery.® This Letter describes a calcu-

lation of the electrical conductivity for the Tay-
lor-McNamara model.! It, too, is shown to fall
off as the inverse first power of B.

In this model, the ith charge moves under the
influence of the electric field E(x t) according to
v,¢)= cE(x,,t) ><B/B2 where B is constant and
normal to the plane of the motion., Both E and
V,(t) =dX,/dt are two-dimensional vectors normal
to B. E is generated from Poisson’s equation ac-
cording to

S =4 Z}—o(x -X,). 1)
The ith charge ¢, is a rod of length /, with e; and
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I =, The sum in Eq. (1) runs over N rods of
charge +e and N of charge —e inside a square
boundary of edge L. The initial values of the X;
are understood to be statistically distributed ac-
cording to the canonical distribution of Gibbs.
The static conductivity for thermal equilibrium
is calculated by the Kubo* technique. The Liou-

ville equation for the system® is

aD BXx09;,/0%, o <
- . —_ D=
or +c§j} 5 o%, D= 8t+H 0, (2)

i , [

where D =D(X,,X,, - - +, t) is the probability distri-
bution in the phase space X, X,, * -+ of the guiding
centers; @;; =§0“-/e ;» and the interaction potential
of charges i and j is ¢;;=-(2¢,e,/1)InIX,; -X,!.

The thermal-equilibrium solution of the Liou-
ville equation is the Gibbs distribution,

DO =nexp(- 2, ¢,,/kT),

i<j
where 7 is a normalizing constant. If a weak ex-
ternal electric field E,e” is added, Liouville’s
equation becomes

(3/8t +H)D® == H,DO = - [c(Ee"xB)/B?] -3,8D O /0%,. &)

In this expression, D is the linear response of the probability distribution function generated by the
external field according to Liouville’s equation. The solution for D® can be obtained from Eq. (3)
since it is linear. The limit €~ 0 is taken at the end of the calculation.

From the expression for D@, we can calculate* expectation values of any dynamic variable A(%,, %,

-+). We indicate an ensemble average with respect to the Gibbs distribution by ().
ensemble average with respect to the perturbed probability distribution D@ +D®,

By ()’ we mean an
If (A) vanishes in

the absence of the external field, the following relation is readily established:

(A) =1lim

€0

dTe”<A(x1, )? g,_Vﬂ> *E,.

(4)

Here, 2T is the temperature in energy units that characterizes the Gibbs distribution represented

by ().

To determine the conductivity tensor from Eq. (4) we must choose for A a function that will make
(A)’ equal to the electric-current volume density in the bulk of the plasma, (j) (we must be careful
not to apply the result at the edge of the plasma, however). Such a function is

eV < ceBX;,t)xB
AL T

i

where the sum runs over all charges of both signs.

€iei 1  —cr/> (e
T= ]E.Ll'([)]lz; L—_Lzlka dt e” (v (0)¥ (7).

The conductivity tensor is then

(5)

The contributions of the terms with i#j are negligible for large L compared to those with ¢=j, which

are all equal.

2

f FO)yW(r)dT= 2L2 lkT BT

=23 0T

The autocorrelations in (6) are those for any
single particle, and the autocorrelation (E(0)E(7))
= Q(T)T is what was calculated in connection with
spatial diffusion in Ref. 1. Evaluating the cross
products in (6), we see that T is diagonal and that
=01, where the conductivity

N 2

_2___

IE kT B2 Y0 f Q(ndr.

Inserting the thermal-equilibrium value for [Q d7
from Ref. 1,° the result is

nee® |

_ ckT[ 1 L\
T 1"5 eB [47mox zln <2ﬂ>\ Dﬂ } @
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To a good approximation, (5) is therefore

Bx [, dr (E(0)E(r))xB. (6)

Here, n,=N/L? and A 2=8me?/Ik T =(Debye
length) "2, Equation (7) is written as it is to show
the proportionality between o and the Bohm? diffu-
sion coefficient. As with Taylor and McNamara’s
spatial diffusion coefficient, a weak (logarithmic)
divergence with increasing size of the system is
apparent in Eq. (7). (This is a phenomenon which
has also been noted recently in connection with
transport properties in neutral two-dimensional
gases.b)

The question of the degree of applicability of
the two-dimensional results to three-dimensional
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plasmas remains open. But in those circumstanc-
es, if any exist, in which a strongly magnetized
plasma can be considered to move in two dimen-
sions, Eq. (7) provides a possible route for esti-
mating a substantially higher resistivity than the
conventional expression based on binary encoun-
ters in three dimensions.

We give for reference purposes a formal ex-
pression for the ac conductivity as well:

N ¢?2 c¢?

T T g b € QT (8)

0, e(w) =2
though the actual value of 0,.(w) depends upon
numerical evaluation of the definite integral in
(8), which we have done and shall report in detail
elsewhere. Equation (7) is a satisfactory approx-
imate expression for frequencies less than 4nec/
A ZBI.

Equations (7) and (8) are examples of what Kubo
terms a “generalized Einstein relation,” though
it was not a p7viovi obvious that such relations

would exist for the guiding-center plasma.
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We report the first measurements of the specific heat of a metastable, superheated,
pure liquid (He®). The specific heat shows no evidence of any singularity near the onset
of metastability. We have also observed the lifetimes of metastable states as the He? is
cooled at constant density. For densities near the critical density, lifetimes decrease
abruptly in an extremely narrow, reproducible temperature interval. This may indi-

cate the onset of an “intrinsic” instability.

We report the first measurements of the specif-
ic heat (C,) of a liquid in states which are meta-
stable with respect to formation of bubbles of va-
por. Since these measurements were made near
the critical point of He®, they are of interest from
several points of view. First, the “equilibrium”
properties of the metastable states can be com-
pared with those model equations of state which
may be continued into a metastable region within
the liquid-vapor coexistence curve. Such com-
parison will be particularly valuable near the
singularity at the critical point. Secondly, the
observation of lifetimes of metastable states will
enable the testing of theories which predict the
rate of homogeneous nucleation of instability by
local thermodynamic fluctuations. Finally, it is
conceivable that observations on metastable
states may demonstrate the existence of a fre-
quently conjectured spinodal line, where “intrin-

sic” or large-scale instability occurs.

Since measurements of the “equilibrium” prop-
erties of metastable states of fluids are quite
rare,"? we now describe our apparatus and quali-
tative observations. We also mention the diffi-
culty encountered in attempting to extrapolate the
“linear model” equation of state® to the observed
limit of stability. Detailed comparison of the
specific-heat data with model equations of state
will be described elsewhere. Detailed compari-
son of lifetimes with nucleation calculations will
require additional experiments, some of which
are in progress.

An idealized sketch of our calorimeter is shown
in Fig. 1. Most of the 1.06-cm® sample of He?
was contained in an accurately horizontal cylin-
drical volume 3.97 cm in diameter and 0.087 cm
high. A vertical fill hole 0.72 cm long and 0.035
cm in diameter leads up from the main volume
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