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The results of a calculation of the properties of a dirty superconductor near the transi-
tion temperature are described. The density of states and conductivity are obtained with-
in an approximation that corresponds to BCS theory above T,. In two dimensions or less
no singularity is encountered at T,; instead, the conventional BCS results are obtained
for T «T„even though the order parameter is strictly zero. The anomalous contribu-
tion to the conductivity reported by Maki is found to be well behaved and finite in the ab-
sence of external pair breaking.

In this Letter we give a simplified derivation
of several results of a self-consistent micro-
scopic calculation' of the effects of fluctuations
on the properties of a superconducting alloy near
the transition. The electrons are taken to in-
teract via the usual pairing term V(k —k') = —

l V l

and with a random distribution of impurities.
The proper inclusion of the finite lifetime of the
interacting electrons leads to a finit;e dc con-
ductivity, in contrast to a previous calculation. 2

Just above the transition, resonance scatter-
ing occurs between electrons of opposite spin
and momentum, foreshadowing the formation of
bound pair states. The anomalously large con-
tribution of such repeated scattering must be
included from the outset by replacing the bare
interaction V with the t matrix, which within
mean-field theory has the form

t '(p, v) =N, [e+(v I vl/8T+Dp')j,

where e =In(T/T, ), D =v Fl/3 is the diffusion con-
stant, and N, is the density of states at the Fermi
surface. As an effective electron-electron in-

teraction, the t matrix leads to the following
decay rate for the electron states (h = kB = 1,
d = dimensionality):

The decay rate (2) may be regarded as the rate
at which electrons leave a "normal fluid" to
combine in a "superfluid" of virtual pair states
at an energy above the Fermi surface. The in-
verse rate at which electrons decay from the
superfluid back to the Fermi surface is given
by the time-dependent Ginzburg-Landau equa-
tion 1/7, = 8Te/m. A simple detailed-balance
argument gives the (small) change in the density
of states N(0) at the Fermi surface

N(0)-N, T i~ ~
"4"

We use Eq. (3) to define a characteristic reduced
temperature ~„at which the relative change in
N(0) becomes of order unity. The temperature
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~e «e~ «1. (4)

For e & e„, the density of states N(~) deviates
only slightly from that in the normal state, but
for e &~„, strong electron correlations exist
and N(~) is similar to that of a gapless super-
conductor. The microscopic result' for N((u)
in zero dimensions (e.g. , a tungsten film 1 pm
square) is shown in Fig. 1, and has the simple
form'

N(&u) b, 2

(ar + i/2 v; )'

The parameter 4, which represents an effective
gap when 4w, »1, satisfies the equations

~' = T/N, nv),

v)
= e+—,'&(3)~'/(mT)',

(6a)

(6b)

where 0 is the volume of the sample.
From Eqs. (6) it is clear that the renormalized

temperature difference g never vanishes. ' How-

ever, as v)-0, Eq. (6b) becomes the BCS gap

eg = 2xIO ~

&„ is much larger than that. of the Ginzburg cri-
terion, ' ~, , for the validity of mean-field fluctua-
tion theory: ~„=~, , where e = 3, 2, —', , and —',
in three, two, one, and zero dimensions, re-
spectively. The result is the existence of two
distinct regions within mean-field theory above
the transition

equation, and (5) the BCS density of states. A
typical transition (Fig. 1) appears sharp as a
function of e, even though the width in the peak
of the density of states remains finite (1/T,
~ v)&0).

The decay (2) of the normal states is particular-
ly important in the conductivity process inves-
tigated by Maki, which is shown in Fig. 2 in
the time ordering giving the anomalous contribu-
tion. The wavy line denotes a t matrix, the di-
rected lines electrons and holes. The evaluation
of the conductivity proceeds from the linear re-
sponse expression (valid for ~ «T)

i ( )= J «O (0)i (~)&
' '& ( '),

where j is the current operator. In the pres-
ence of impurities, an isolated particle propa-
gates as exp[(iE —1/2 v;. —1/2 v„)t] and a hole as
exp[(-iE —1/2v, . —1/2v„)t], where 1/T, is the
electron-impurity scattering rate. However, be-
cause the virtual pair state has a small total
momentum P, the process of Fig. 2 has the prop-
erty that, in a system with many impurities, the
pair decays into a long-wavelength diffusion mode
rather than single particles. A diffusion mode
in the normal state has the decay rate DP', which
would lead to infinite conductivity in two or fewer
dimensions because of the large phase space at
small P.' However, the diffusion mode can last
no longer than the individual states whose decay
rate is given by (2), and thus has the effective
lifetime (DP'+1/v„) '.

Pigure 2. then results in the following expres-

-4
510 &=0
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FIG. 1. The density of states N(~) for a zero-dimen-
sional superconductor [((T)»L q, L 2, L ~) as a function
of temperature. Both the renormalized temperature
given by Eqs. (6) and e = (T —TP/T are shown. For

FIG. 2. The physical process giving rise to the anom-
alous contribution to the conductivity. %'avy line de-
notes t-matrix interaction, directed lines electrons.
The three time intervals are summed over to give
Eq. (8).
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sion:
2N0e VF

" dE 1Zi(P)f d&, exp —2iZ-Dt'- —t, f df, exp ~-2iE-Dp2-—
3 „cosh'(E/2T) ~

0 ' T & 0

I ) - . . 1x exp 2iE + 2i4) Dp I i2 dfs exp iE + f+ — — i exp
~

—iE—7„)' o ' 2~, 2T„' ~ 2~, 2~„

1 —i&a~, 4.Q ~
' —i~+ 1/~„+DP' '

In the limit ~„-~, Eq. (8) gives the expression
obtained by Maki. ' It is clear that the appear-
ance of the decay rate (2) in the denominator in
Eq. (8) can not be obtained by a perturbation ex-
pansion in the interaction t. The nature of the
result (8) has been confirmed by a complete
microscopic calculation' in which fluctuations
and impurities are treated self-consistently. '

The general microscopic result for the con-
ductivity has the form

L formula interpolates between the two regions
(4) for which Eq. (9) is valid:

o, g 1- 6/7) (6 1+3'/q,
1= 1

+ -"I
5 2.9/g, l. lgo'

g0=1.52x10 'Fi',

(8)

(13)

(T(M) = o AL((d) + discs(M) +(T'((d), (9)

In one and two dimensions, respectively, Eq. (6a)
is replaced by

2= T
2NOS((0) vpi

T 1

4n'Nod/ (0)2

(11a)

(11b)

In one dimension the following formula is obtained
for the region & & ~„:

-'((o)
16o 80

(12)

and 8 is the cross-sectional area.
Satisfactory agreement with experiment has

been found. In two dimensions the following

where o AL is the Aslamazov-Larkin contribution, "
and vBcs+0' includes the normal conductivity
plus Maki's terms; OBCS is the contribution one
would calculate within the BCS theory using the
density of states (5), and o' is an anomalous
term whose nature is similar to that found by
Gor'kov and Eliashberg with the time-dependent
Ginzburg-Landau equation. " For e & e„, 0' re-
duces to Eq. (8) and provides the largest correc-
tion to the normal conductivity O„while for
«e„, o'' is smaller than both oAL and 0&cs. In
the latter region oBCS is given by

discs (0) b,

R,q is the resistance of a square film sample.
Comparison with experiment" reveals essential

agreement over four decades of R3q for E' &0.1.
Apart from T„ there are no adjustable param-
eters. For ~ &0.1, the experimental conductivi-
ties uniformly drop below the predicted values,
as might be expected because of the instability
of the Quctuation mode far from T, .

The prediction of Eq. (10) is also made for the
spin-lattice relaxation rate R, /B„, in which the
decay rate 1/7, leads to a finite logrithmic singu-
larity below the transition in restricted dimen-
sions.

The author is indebted to V. Ambegaokar for
suggesting the problem and for many discussions,
as well as to G. Eilenberger and J. W. %ilkins
for many useful comments.
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We report detailed measurements of the fluctuation conductivity above T, of one-dimen-
sional aluminum microstrips. These results support a new theory by Patton which ap-
parently resolves the recent puzzle concerning the anomalous contribution to the Quctua-
tion conductivity reported by Maki and Thompson. Comparison of experiment with theory
indicates that the samples studied are the first characterized by lifetime effects closely
approaching the intrinsic limit for a BCS superconductor.

The results of a new calculation by Patton' of
the fluctuation conductivity above T, in a BCS
superconductor are presented in the preceding
Letter. ' This approach, which utilizes nonequi-
librium electron propagators in the calculation
of the electromagnetic response, indicates that
the paraconductivity in one- and two-dimensional
superconductors is finite even in the absence of
pair breaking, contrary to previous results. '
We have studied the temperature and magnetic-
field dependence of the paraconductivity in one-
dimensional Al microstrips [with one dimension
larger than the temperature-dependent coher-
ence length $(T)], and we find agreement with
Patton's predictions,

Patton's calculation implies that the excess
conductivity cr'= cr —o„, where 0~ is the normal
conductivity, can be written as

O AL ++BCS ++A

Vfe have probed the temperature region where
c„' dominates the other terms in Eq. (l), i.e. ,
in the region where the single-fluctuation (Maki)
diagrams' dominate the two-fluctuation [Aslama. —

zov-Larkin (AL)] diagrams' and the Cooper pairs

are sufficiently sparse and short-lived to make
the fluctuation-induced change in the density of
states and hence 0Bcs' relatively small. For a
one-dimensional sample this temperature region
is defined by

R~ is the normal- state resistance and L the
length of the one-dimensional sample. Patton's
result for this regime may be written

& = &At. 'ft(&~ &c~ Tc)~ (4a)

where OAL' is the Aslamazov-Larkin' contribu-
tion,

&At. /~tt =(&g/&) (4b)

with e = (T —T,)/T„, T„and T, being the transi-
tion temperatures in the absence and presence of
pair breaking, respectively. The increase over

where c, is the reduced temperature associated
with the Ginzburg criterion for the validity of
the mean-field theory:

, 2/3
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