
VOLUME 27 18 OCTOBER 1971 NUMBER 16

Direct Sum-of-States Calculations of the Frequency-Dependent Polarizability of H2

A. Dalgarno
IIa~ea~d College Obse~vato~y, Cambridge, Massachusetts 02138

and

A. Lewis Ford
Department of Chemistry, University of Texas, Austin, Texas 78718

and

J. C. Browne
Departments of Physics and Computer Sciences, Unioersity of Texas, Austin, Texas 78718

(Heceived 19 July 1971)

The direct sum-over-states method of calculation of dynamic polarizabilities is used
to compute the most accurate values for the frequency-dependent polarizability of the
ground state yet obtained by ab initio calculations. Accurate values of Rayleigh depolari-
zation ratios are also obtained. A Hayleigh depolarization ratio for Lyman-u radiation
(unpolarized light) of 0.0562 is obtained. The feasibility of direct computation of the
electric dipole components of the resolvent operator for molecules is established.

We report in this paper calculations for the
frequency-dependent polarizability of H, based
on the direct use of the sum-over-states defini-
tions,

proximate resolvent operator

(3)

Comparison can be made with experimental val-
ues of refractive indices' and Rayleigh depolariza-
tion ratios. " The n(cu) values reported here ap-
pear to be the most accurate yet obtained for H,
by direct calculation. For Lyman-n radiation w' e
calculate a Rayleigh depolarization ratio (for un-
polarized light, p defined by Eq. (9)] of 0.0562,
in comparison with a previous semiempirical
value' of 0.055, and a Rayleigh scattering cross
section of 2.28 cm'. The significance of the work
reported here, however, lies more in the impli-
cation that an accurate representation of an ap-

can be obtained for molecules, rather than in the
actual results for H, presented. The availability
of accurate approximate resolvent operators will
allow calculations of the interaction of molecules
with radiation, nuclear spin-spin interaction,
magnetic susceptibility, and other molecular
properties.

The set of wave functions used in these calcula-
tions was obtained by the use of standard config-
uration interaction programs for molecular wave
functions, and extension of this work to other
systems is straightforward. Note that the set of
molecular wave functions 4, used in Egs. (1)-(3)
are, in this formulation, the N-particle total
wave functions, not one-particle orbitals. Sim-
ilarly the E, are total electronic energies rather
than orbital energies.
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Previous ab initio calculations of the dynamic
polarizabilities of H, have used time-dependent
Hartree-Fock perturbation theory' ' or many-
body perturbation theory. '" Dalgarno and Wil-
liams" and, more accurately and extensively,
Dalgarno and Victor' have constructed a semi-
empirical model of the dipole spectrum from
which they obtain polarizabilities using equations
similar to (1) and (2). Langhoff and Karplus"
have used a technique based on Pade approxi-
mants to extrapolate long-wavelength refractivity
data into the far ultraviolet. Accurate variational
calculations of the static polarizability have been
reported by Kokos and Wolniewicz. "

The crux of the method reported here lies in
the calculation of a set of molecular states which
is numerically complete in the domain spanned
by the set of states connected to the ground state
of H, by dipole transitions. A knowledge of these
states and energies is equivalent to the calcula-
tion of the 'II„and 'Z „' components of the resol-
vent operator in a particular domain. It has been
shown by Dalgarno and Epstein" that on constrain-
ing the form of an expansion basis for a set of
wave functions

O', =pc, , c,, i=1 n,

such that the set C,. contains the product of the
perturbing operator and the ground-state wave
function 4„sum rules analogous to and including
the oscillator-strength sum rule are satisfied
by sets of wave functions derived by convention-
al variationa1 calculations. This provides us
with a means of obtaining a set of molecular-
state wave functions that satisfy sum rules close-
ly related to the sum rules of (1) and (2). Our
results suggest that near exact satisfaction of a
few sum rules leads to others such as (1) and (2)

and the anisotropy

y((o) = o. ,i((u) —oi ((u). (6)

The depolarization ratio for polarized incident
light and observation in a direction perpendicular
to the incident light of Rayleigh-scattered (inci-
dent and scattered frequency identical) light only
1s

while p„, the depolarization ratio for observation

being well satisfied. The effective oscillator
strengths f,„( Z '-n Z„'), f,„( Z '-n II„) used
in our application of Egs. (1) and (2) were calc-
lated with various sets of expansion functions for
the 'Z„' and 'II„states ranging up to 52 configura-
tions and ground-state ('Z ')-state wave functions

8
of from 14 to 24 configurations. Taking the per-
turbing operator to be the dipole length transition
operator and using for 4, the accurate variation-
ally computed approximation to the ground-state
wave function, we find that the oscillator-strength
sum rule and several other sum rules are very
accurately satisfied by our approximate set of
wave functions. Table I compares calculated
values for some sum rules, the exact values,
and accurate values from related expectation
values computed by Kokos and Wolniewicz. "~'
The calculated values shown in Table I were ob-
tained using a 14-configuration ground-state
wave function together with a 26-configuration
'Z„'-state wave function and a 28-configuration
'II„-state wave function.

The parallel and perpendicular polar izabilities
are related to experiment via the average polar-
izability

o'((u) = ~[uii((u)+ 2o,i((u)]

TABLE I. Sum rules: S (4) =8+„f„'(E„-EO),S (k) =2+„f„(E„-Eo)

R =1.0ap R =1.4ap R =2.0ap

S"(0) =number of electrons
Sii(-1) =2/, I(s, +sf'lyo)
S (-2) =o."(u) =0)
~0) = number of electrons
S (-1) =2/, l(, +~,)'lwIQ
S (-2) =a (u =0)

2.00 (2.00) ~

1.37 (1 36)b
4.10 (4.09)
2.00 (2.00) ~

1.20 (1.20)
3.34 (3.34)

1.99 (2.00) ~

1.72 (1.73)b
6.35 (6.38)
2.00 (2.00)
1.70 (1.70)
6.53 (6.51}'

2.00 (2.00)
2.28 (2.28)

10.9 (11.0)
2 00 (2 00)R
1.98 (1.98)
8.84 (8.85)

The value in parenthesis is the exact value.
The value in parenthesis is the value obtained by W. Kokos and L. Wolniewicz,

Ref. 15.
The value in parenthesis is the value obtained by W. Kokos and L. Wolniewicz,

Ref. 13.
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TABLE II. Polarizability and refractive index.

o.'{a) {n —j) x 10 (n —1) x 104 u (cu) a (u)

6328.0
2968.1
1854.6
1215.7

5.414
5.519
5.929
7.010

12.556

5.437
5.554
5.960
7.035

12.2

1.355
1.381
1.483
1.754
3.141

1.360
1.390
1.491
1.760
3.05

5.372
5.472
5.856
6.846

12.07

5.226
5.322
5.698
6.667

11.167

TDs calculation.
Experimental, as quoted in Ref. l.
These are values for a single internuclear separation, R =1.40, Ref. 9.
These are values for a single internuclear separation, 8 =1.40, Ref. 7.

of Rayleigh- and rotational Raman-scattered
li.nes, is'

p.'( )=3~'/C45 '( ) 4 '( )l. (8)

= 293'K) values of n(4880 A) and y(4880 A), p„'
=0.024 and p„'=0.009 52. Bridge and Bucking-
ham' (BB) obtain a formula for p„' corrected for
experimental conditions as

n = 2mNo. (a&) + 1, (10)

where N is Avogadro's number.
Table II compares our calculated indices of

xefraction with the experimental values as quoted
by Dalgax'no and Victor' and some previous cal-
culations for several wavelengths. The calculated
values of o.(cu) and y(&u) quoted in Table II and
elsewhere in this paper are averaged over vibra-
tlonRl Rnd x'otRtlonRl motion with weight fRctors
for a temperature of T= 293 K. The value of the
index of refraction quoted here for I yman-a
radiation is that of Gill and Heddle' (GH). The
experiments of GH yield n through R px'opox'tlon-
ality to the depolarization ratio

(~ —1)'"f6 —7p(~)V(6+6p(~)l;

GH used p = 0.014. Vfe have corrected the n value
of GH by using our value of p(1217.5 A) = 0.0562.
The agreement between calculation and experi-
ment here is not as precise as at other frequen-
cies. This may be because the absolute values
quoted by GH depend on a rather old value of p
for N2.

Rowell, Aval, and Barrett' (RAB) have made
what appear to be extremely px'ecise measure-
ments of p„' and p„' for H, and other gases at
4880 A. They find p„' =0.0025 and p„'=0.0095.
We calculate, using the thermally averaged (T

The depolarization ratio fox' unpolarized incident
light is'

p( )=6~'( )/F45 '( )+»'( )).
The index of refraction n(&u) of a gas is related to
the average polarizability by

p„'((o) = 3~'((u)/15. 3+ 4~',

where

~((u) =y(ar)/3o. ((u). (12)

They find p„'= 0,0032, in precise agreement with
the value obtained by using our calculated o.(3628
A) and y(6328 A) in Eq. (11). RAB, in suggesting
that the BB results for p„' are too large, have
apparently overlooked the fact that the value of
p„'(6328 A) =0.0032 obtained by BB refers to Eq.
(11). The use of the y(6328 A) resulting from the
measurements of BB in the correct theoretical
expression, Eq. (7), gives p„'(6328 A) = 0.0024 in
precise agreement with RAB. %e calculate using
the theoretical expression of Eq. (7) p„'(6328 A)
= 0.002 36 in excellent agreement with both BB
and HAB. The excellence of our agreement for
p„' and p„' with both the BB (A. = 6328 A) and RAB
(X = 4880 A) experiments suggests to us that our
computed value for the depolarization ratio fox
unpolarized light at I yman-o. wavelength is prob-
ably quite accurate although rather elaborate
wave functions are required to obtain comparable
consistency in the o.(~) at higher frequencies.

An extended vex sion of this manuscript includ-
ing more extensive tables of polarizability, de-
polarization ratios, Verdet constants, Rayleigh
Rnd Raman scattering cross sections, etc., is
being prepared for publication. This manuscript
will include a detailed discussion of the process
of developing the wave functions used to calculate
the oscillator strengths.
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Cascade transitions have been used to produce polarized atoms in optically inaccessi-
ble excited states. The polarized fluorescent light which is emitted when the atoms de-
cay can be used to measure hyperfine structures, lifetimes, and other atomic parame-
ters of these inaccessible states. Preliminary measurements of the hyperfine interval
for the second excited S states of K~9, Hb, Hb, d Csi~~ are (in MHz) 46(2), 271(15),
565{40), and 684(50), respectively. To our knowledge, these are the first measurements
of excited 8-state hyperfine intervals in alkali atoms.

The alkalis form a particularly interesting
group of atoms since their low-lying energy spec-
tra are due principally to the motion of a single
valence electron under the influence of the nucle-
us and closed shells of inner electrons. However,
excitations of the core do have a significant in-
fluence on many atomic parameters such as hy-
perfine coupling constants, fine structure, and
oscillator strengths. Thus, the properties of
alkali atoms form natural test cases for modern
many-body computational techniques. In par-
ticular, considerable theoretical work has been
done on the hyperfine structure of alkali atoms
in the past few years. ' Precision measurements
of hyperfine structures in these atoms are avail-
able only for the ground states and the excited
P states. It would be very interesting to obtain
hyperfine-structure measurements for other ex-
cited states such as S states, D states, I' states,
etc. For instance, the low-lying D- and E-state
fine-structure intervals are often inverted. This
inversion is believed to be due to core excita-
tions. ~ Precision hyperfine- structure measure-

ments in these inverted doublets would help to
pinpoint the cause of the anomaly. In this Letter
we report on a simple new experimental tech-
nique which will make it possible to measure
the hyperfine structures of many previously in-
accessible excited states.

With few exceptions the excited-state hyper-
fine structure of alkali atoms is smaller than
the Doppier width of optical lines. Thus, tech-
niques such as optical double-resonances or lev-
el-crossing spectroscopy are necessary for
precision measurements, since these methods
are limited only by the natural linewidths of the
excited states. However, excited 8 states, D
states, I' states, etc. , have not yet been studied
by level-crossing or double-resonance techniques
because one cannot excite the states by allowed
electric dipole transitions from the ground state.
The optically inaccessible states can, however,
be excited by electrons, and an electron beam
can produce alignment in non-S states. Archam-
bault et al. ' have investigated some of the D
states in sodium and cesium, but they were only
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