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where 50 is the level spacing for a particle of
size a,„ In both the lom- and high-temperature
regions the particle-size distribution modifies
only the coefficient of the leading temperature-
dependent term and not the form of the power-law
dependence,
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The multiple-scattering approach with strong inelastic damping has been used to for-
mulate low-energy electron-diffraction intensity curves without the use of adjustable pa-
rameters. The results have been applied to the interpretation of spectra for the clean
(001) face of aluminum with good agreement. Inclusion of energy-dependent higher order
phase shifts obtained from a realistic potential, of energy-dependent strong inelastic
damping, and of temperature effects contributes significantly to the agreement of the cal-
culation with experiment.

The elastic and inelastic scattering of low-en-
ergy electrons provides a powerful approach to
the study of the atomic structure and electron
properties of crystal surfaces. Encouraging pr o-
gress has been made recently in the development
of theoretical approaches to the problem. ' 9

Recognition of the importance of strong inelastic
damping contributed significantly to this develop-
ment. ' ' Duke and Tucker' mere the first to pro-
vide effectively for this contribution in a phe-
nomenologica1. may in terms of the multiple-scat-
tering approach. Using an s-wave model, they
expressed the scattering and damping factors in
terms of adjustable parameters, and they were
able to interpret important qualitative features

of the intensity profiles observed in lom-energy
electron diffraction (LEED). '

In this Letter, me wish to report on the first
complete calculation of LEED spectra for a free-
electron metal in terms of the multiple-scatter-
ing approach involving strong inelastic damping
with no adjustable parameters. The significance
of this work is that within the constraints inher-
ent to the approach it produces spectral curves
in meaningful agreement with specific details of
experimental results obtained by Jona'0 for a
relatively simple metal, aluminum, when we
compare to the detailed conditions of his mea-
surement. Specifically, resonance effects as-
sociated with strong intraplanar scattering mere
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found to make a major contribution to the rnulti-
ple-scattering features. It is indicated that
LEED spectra for which the above considerations
are applicable present the distinct possibility of
providing meaningful information on the atomic
geometry of the surface layer. This is probably
one of the most important single objectives of
current studies in the application of the LEED
approach to the surface physics of crystals.

The inelastic-scattering approach of Duke and
Tucker" is used with the following three major
modifications. First, in addition to using the
s-wave phase shift, characteristic of their cal-
culations, the higher order phase shifts are in-
cluded. The contribution of the higher order
phase shifts to the scattering potential is of great
importance in a realistic calculation. Known
calculations on some metals (e.g. , tungsten"
and iron') show a strong d-type (l = 2) resonance
dominating the ion-core scatterings at energies
20 eV and above. Second, emphasis is placed
on using energy-dependent phase shifts derived
from the Pendry-Capart scattering potential '
constructed in the muffin-tin approximation for
the LEED energy range. Third, the strong in-
elastic damping due to single-particle and bulk-
plasmon excitations is explicitly provided for
by use of the self-energies" calculated for an
interacting homogeneous electron gas. The loss
mechanism due to surface-plasmon excitations"
is not included in this work. The inclusion of
such an absorption term due to surface-plasmon
losses into our present scattering model calls
for introducing a position- and angle-dependent
parameter. We chose to exclude the use of such
a parameter in our present calculation. Finally,
essential temperature corrections to the results
calculated at absolute zero are put in by use of
the vertex renormalization approach of Duke and
Laramore. " In summary, the objective of this
Letter is to show that within the context of the
multiple-scattering model it is necessary to pro-
vide explicitly for the higher order phase shifts
and the strong inelastic damping to obtain good
agreement between the calculated spectra and
details of the measured spectra. When this is
done, meaningful interpretation of the contribu-
tion of multiple scattering to the primary and

secondary spectral structures ean be achieved.
In an interacting electron gas, a quasiparticle

satisfies the dispersion relation

5'k'/2m = E-Z +(k, 5'k'/2m, Z(k)),

where"

Z*(k, k'k'/2m, Z(k)) = Z(k)Z(k, E= I'k'/2m)

+ ~,[1-Z(k)]. (2)

Z(k, E= k'k'/2m) is the electron self-energy cal-
culated in an effective (random-phase approxima-
tion} interaction between the electrons, and Z(k)
= [1—BZ(k, 5'k /2m)/BE] ' is a complex renormal-
ization factor. e, =Z(k„, k'k„"/2m) is a shift in
energy related to the chemical potential level. "
The self-consistent solution of Eq. (1), solved by
always putting the real part of the solution k on
tbe right-band side of (1), leads to the complex
term k, + ik, . The imaginary part Z, * of Z* rep-
resents the total damping effects due to bulk-
plasmon and single-particle exeitations. It in-
creases rapidly at the bulk-plasmon threshold,
reaches quickly a value of 5 eV, and stays almost
constant from then on. In the region where Z, *
stays almost constant (50-200 eV),"the electron
mean free path" x = (k'/2m)(2k, /~ Z, *~) varies ap-
proximately as F.'~'.

The effects of ion-core scattering in the multi-
ple-scattering method are expressed in terms of
energy-dependent phase shifts. " In the s-wave
model, "the consideration that the ion cores are
simply s-wave scatterers is perhaps one of the
more limiting assumptions of their model. Be-
sides the fact that real potentials are not isotrop-
ic scatterers, an important defect is that the
scattering amplitudes calculated in the s-wave
approximation are much too small. Previous
calculations using s-wave phase shift" found it
necessary to multiply the s-wave scattering am-
plitude by a constant in order to account for the
strong ion-core effect. The importance of the
higher order phase shifts is augmented by the
fact that each Lth-order scattering matrix is
weighed by the multiplicity factor 2L+ 1. Because
of the lack of a good scattering potential expressed
in terms of phase shifts applicable in the LEED
energy region, previous phase-shift calculations
were either based on neutral atom models' or
restricted to near the Fermi level. ' The first
scattering potential to our knowledge that is con-
structed for the LEED energy region and is
explicitly expressed in terms of energy-depen-
dent phase shifts was proposed by Pendry" and
Capart. ' In this work we have calculated the
first six phase shifts for aluminum in the ener-
gy range 0-180 eV based on a program by Pen-
dry. " At about 24 eV, the l = 2 (d-type) partial
wave becomes highly dominant. A recent aug-
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mented plane-wave calculation by Connoll "on alum'o y on a uminum reported a d-band resonance
ergy. In Fig. 1, we show the first four phase h'ft f

resonance at the same en-

ergy. The l ~4 phase shifts are n t h
' th

ase s z s of aluminum as functions of
re no s own in the figure.

o incident electron en-

The elastic intensity of a given reflected beam for ie earn or given incident energy and directio b "ion is given by

1(k, k') =X(Z)(2m/ft )(4m)'Igr (k)Y' *(k')p~ exp[i(k-k')'d ][T ()
lf~ ll Sll ~

where N(F) is an energy-dependent normalization
coefficient, "1.(l, m) is the index of the partial-
wave expansion, and d„ is the vertical distance of
the vth layer from the surface plane. The ma-
trices [T„]»,satisfy a set of coupled equations"
and are related to the planar-scattering matrices
[~„]»., which for a single site is t, (v) = (h'-/2m)

[exp(2', )-1]/2iK via structural propagators
[G""(k)]», and [G""(k)]»,, respectively. We
evaluate the elements of [T,]», by perturbation
theory. ' The use of this approach greatly sim-
plifies the computation and increases its speed,
and its accuracy is within the limits imposed
by the interpretation of the experimental data.
Our use of the perturbation method is adequate
for the main purpose of this Letter which is to
interpret the primary and secondary features of
the LEED spectra with peak widths of order
10-18 eV. Interpretation of the fine structure
of individual peaks, for example, requires fur-
ther investigation of higher-order perturbation
and will be considered elsewhere. " The tem-
perature effects are put in by multiplying the
ion-core scattering matrix t, (~) by the "Debye-
Waller" factor defined in Ref. 13. As a first-
order approximation, only the s-wave ex ansxpans ion
o the Debye-Wailer" factor is used.

The LEED spectra for the (00) beam at normal
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FIG. 1. The first four phase shifts of aluminum ex-
pressed modulo m.e mo u o ~, plotted in the energy range 0-180 eV.

FIG. 2. (a)-(d) The calculated LEED
{001). The cur

e spectra for Al
e curves are drawn by joining the calculated

values {dots) with a smooth line. {e),{f) The experi-
mental results of Jona, Hef. 10.
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(due mostly to thermal expansion) and large de-
creases in peak intensities with increasing tem-
perature. The decrease in peak intensities is
larger at higher energies. Putting in the factor
N(E) = I/(Ao's'), "where A, is the area of the two-
dimensional unit cell, the main peak heights
ag~ee ~~ughly with the formula e 'slfl'/E. "

The (00)-beam spectral curves for two other
angles of incidence are shown in Figs. 2(c) and

2(d). The curves were calculated at 20 C and
these mere compared with the normalized data
of Jona, "shown in Figs. 2(e) and 2{f), taken at
rooxn temperature. The calculated intensities
are given in absolute ref lectivities. The surface
of the electron gas is placed at a distance a,
=a, /2 (a, =lattice constant) from the centers of
the surface-row atoms. Absorption of the inci-
dent beam passing through this layer of electron
gas was taken into account. Approximately,
this surface-layer absorption reduces the final
x'eflectlv1ty by a factor of p. The absolute x'e-

flectivities of most of the spectral peaks axe of
the order of 1.5% or less. The peak widths are
in the range 10-18 eT. This is in marked con-
trast with results based on a purely elastic cal-
culation. Both the smallness (of order no larger
than a few percent) of the absolute ref lectivities
and the very wide half-widths are direct con-
sequences of the strong inelastic damping.

The effects of the intraplanar scattering in

terms of [v„]~~,are illustrated in Fig. 3. In the
case of s-wave scattering lr»l' has minima at the
threshold energies of new lom-index beams"'
[Fig. 3(b)]. l[G""(k)]„lhas maxima at these ener-
gies [and in the case of purely elastic theory,
l[G""(k)]ool ].." In the case of higher-order
phase shifts, the elements of the complex matrix
[G""(k)]»,have different phase factors according .

to the values L, , I.'. When the sum of their in-

verses is taken in the factor lQ~~ ~1~.F~(k)F~P(k')l',
the different phase factors tend to cancel the
terms in the sum. The net effect is that most
minima are smoothed out and broad regions of
strong intraplanar resonances are produced as
indicated in Fig. 3(a). A study of the I.EED spec-
tra in Fig. 2(b) and of the planar-scattering fea-
tures in Fig. 3(a) shows that by mapping the sim-
ple kinematic Bragg peaks at their proper ener-
gies onto the intraplanar features in Fig. 3(a),
one can account for most of the primary and

secondary spectral structures. The planax -scat-
tering structures are very sensitive to the atomic

geometry of a single layer of atoms. The broad
regions of strong intraplanar resonance due to
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FIG. B. The magnitudes of the intraplanar scattering
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8-wave phase shifts. The vertical arrows indicate the
emergence energies of the index beams shown in pa-
renthesis. The dotted lines indicate the kinematical
Bragg-peak energies.

higher-oxder phase shifts and the fact that these
planar structux'es are mostly determined by the
atomic geometry of a single layer suggest that
this is a very useful may to predict surface atom-
ic geometry from LEED intensity spectra.

In summary„ it is shomn, for a simple metal,
that good agreement can be obtained in the multi-
ple-scattering approach mith proper inclusion of
higher-order phase shifts and of inelastic damp-
ing. No adjustable parameters need to be includ-
ed, This nom provides an effective approach for
structure analysis of surface layers and overlay-
exs and of effects of temperature from LEED
spectra for simple metals.
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It has been brought to our attention, since this
paper mas submitted„ that independent calcula-
tions of comparable I EED spectra by D. Jepsen,
P, Marcus, and F. Jona, using a different ap-
pxoach, are in good agreement with these results.
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A simple theory for the magnetism of the rare-earth metals is presented. It is based
on assuming strongly correlated, well-defined f-electron states of an atomiclike charac-
ter which are weakly hybridized with conduction-band states. This hybridization plays
the role of an indirect exchange interaction. A model calculation is presented: It yie1ds
for various values of the two relevant parameters ferromagnetic, antiferromagnetic,
and helical arrangements. These arrangements are strongly dependent on the features
of the conduction-electron band structure (Fermi surface). Order of magnitude esti-
mates give reasonable agreement for physical parameters as determined from unrelat-
ed experiments.

We report here a simple theoretical model
which explains qualitatively the many possible
magnetic arrangements of the rare-earth metals. '
In this model the usual roles of hybridization be-
tween f-like and conduction-band wave functions
and correlation effects between f-like electrons
are reversed, i.e., the correlation effects are
taken into account as the important, zeroth-or-
der contribution to the energy and the f-state-
conduction-band hybridization terms are included
as a perturbation.

The same zeroth-order Hamiltonian has been
used successfully' to explain the n-y phase tran-
sition in cerium metal. It assumes that the f lev-
els and the conduction band are not hybridized.

The conduction states are essentially noninteract-
ing Bloch states derived from the 6s and 5d states
of the atom. The localized f states are atomic-
like (or ioniclike to be more precise) in charac-
ter and are strongly correlated to one another,
constituting on the mhole a well-defined many-
electron structure with mell-defined total angular
momentum J. The energetics of this structure is
such that, for all phenomena involved here, only
one electron can be either removed from an f
shell and placed (really or virtually) in a conduc-
tion state or vice versa. If, for the sake of def-
initeness and simplicity, me assume that only
occupations with zero or one f electron are per-
mitted, or zero or one f hole as well, corre-
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