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Anomalous Skin Effect of Microwaves Incident on Magnetoplasmas
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The anomalous skin effect of microwaves is experimentally investigated for a high-
density gaseous plasma near the electron cyclotron resonance and is compared with a
theoretical prediction.

c/(Up for (d )) v~ (2)

where the thermal motion of electrons is neglect-
ed for plasmas and the plasma frequency ~~ is
much higher than co. This ease is called the cold-
plasma theory. Equation (1) is the same as the
well-known classical skin depth in metals. For
Eq. (2), the plasma behaves like a dielectric

The increase of the penetration depth of the
electromagnetic field in a gaseous plasma due to
the thermal electron motion is called the anoma-
lous skin effect' just as in metals. ' Shafranov~

analyzed the penetration of a wave into a colli-
sion-free, magnetized plasma uniformly distrib-
uted in a half-space. Platzman and Buchsbaum'
extended the analysis, showing some numerical
results. Weibel' also strictly analyzed the anom-
alous skin effect in a uniform, nonmagnetized
plasma, referring to a previous experiment. '
Drummond' extended Weibel's theory to a plasma
with a magnetic field. The experimental works"'
were limited to plasmas where the collision fre-
quency v was higher than the applied frequency
C0.

The classical penetration depth of the electro-
magnetic field into high-density plasmas in a
cutoff region d defined by 1/Im (k) is derived from
the dielectric constant of the plasma, 1-(~~/~)'
x(1+iv/(u) ', as

d —
( 2v ~/)'"c /(u~ for cu «v

material with respect to the electromagnetic
field.

When d is smaller than v, ~„/v for ~ «v, the
thermal velocity of electrons v, „should be taken
into account for the calculation of the skin depth.
For ~ » v, v, „/v should be replaced by v, „/~.
These results are expected from the theoretical
analysis. " The effect of a magnetic field is
quite different for the case ~ » v from that for
the case ~ «v. In the latter, the magnetic field
is not too sensitive to the skin depth because the
plasma, is collision dominated. On the other
hand, for ~ » v, the characteristic of the plasma
medium is generally expected to be strongly af-
fected by the magnetic field, particularly near
the electron cyclotron resonance.

As the gas pressure in the positive column,
where (. «v, decreases, the skin depth is found"
:o become larger than the classical value because
&f the increased v, „/v. However, no experi-
a.ents have been reported on a plasma with a

magnetic field for ~ » v. Thus, the detection of
the anomalous skin effect for w» v by using a
microwave reflection technique' is tried here.

A right-hand circularly polarized wave (R wave)
is used, since the anomalous skin effect is ex-
pected' to be dominant near the resonance even
for relatively low electron tempera, tures. When
the B wave is normally incident on a plasma
boundary with perpendicular magnetic field, the
wave reflection coefficient is calculated from the
electric field expressed in Eq. (14) of Ref. 2.
From the coefficient, we obtain a refractive in-
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dexn, as

de,.(n)

n=n,

(~,/~)' )" (, g &-~, /cu iv/(u 'd7.
(~i)"'v, „/c Jo '=&2 ' i), )„/c

where

(~, /~)' i—ru, /~+ iv/~)
tV ()i/C tV (h/c

(w, /w)' i-z. /u&+iv/z)
tV (h/c tV ~h/C

for an R wave. By equating Eqs. (3) and (4), the

apparent plasma and collision frequencies ~~,
and v, are defined instead of ~~ and v. The pa-
rameter (a)„/a))'/((d, /(d)' thus calculated is
shown in Fig. 1, for different temperatures near
the resonance. The Coulomb collision frequency
of electrons with ions, given by Spitzer, "is
used in the calculation. The apparent normalized
plasma, density (( ~, /(d) is smaller than the true
normalized density ((d~/~u)', since the penetra-
tion of microwaves increases as a result of the
anomalous skin effect.

The value of co~, becomes smaller than that
shown in Fig. 1 if the anomalous skin effect is
simply calculated from the inverse value of

I I I IIIII) I I I IIIII) I I I IIIII) I I I IIIII

3
. I.O=

T,=s,o (ev)—
5

Ol IO
0.5—

20 50

0 I I I llllll I &~I I I I I IIIII I I I IIIII

I I 0 I 0 IO I0
DENSITY (cu&/&u)

FIG. 1. Calculation of (~p, /~) /(~~/~)' at ~, /~
=0.95 for various values of T, (eV) .

Z is the plasma dispersion function tabulated by
Fried and Conte' and &, is the electron cyclo-
tron frequency. The plasma electrons, which
are distributed uniformly in the half-space, are
assumed to reflect specularly when they are in-
cident on the boundary. The second term in the

curly braces of Eq. (3) is due to this effect. Then
the electromagnetic field in the plasma does not

decay exponentially from the boundary.
If the effect of the thermal electrons is neglect-

ed, n is expressed by the cold-plasma theory as
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FIG. 2. Electron density decay measured by the A
and 4 waves;, (a) ~, /~ =0.5, (b) ~, /~ =0.8, and (c) ~, /
~ =0.95.

Im(k). Here k is the wave number obtained from
the dispersion equation e, (n) =0, in an infinite
plasma where the thermal motion of electrons is
taken into account.

The experimental apparatus and procedure are
the same a.s those previously reported. " The
measurements were performed during the decay-
ing period of a plasma in a 9-GHz circular wave-
guide. The electron density changes from 10"
cm 3 to 10'3 cm ' within the time of 50 IL(, sec.
The electron temperature is around 1 eV through-
out this decay time. The reflection coefficients
were independently measured for the 8 wave and
the I. wave (left-hand circularly polarized wave).
The electron density determined from the micro-
wave reflection of the R wave corresponds to

On the other hand, the plasma density de-
termined by the J. wave is considered to be exact,
since the correction by the anomalous skin effect
is not necessary for the I. wave because of the
absence of the resonance. Figure 2(a) shows the
density decay for off resonance. The result for
the B wave agrees very well with that for the I.
wave. In Figs. 2(b) and 2(c) the density is plotted
for two different values of ~, /cu. The discrep-
ancy between two lines of each figure increases
as the resonance condition is approached. This
results from the fact that (d~„measured by the
reflection of the R wave, should be smaller than
the real value c ~, as is shown in Fig. 1. How-
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ever, the quantitative comparison cannot entire-
ly explain the discrepancy. Somewhat surprising-
ly, ~~, simply calculated from Im(h) is closer to
the experimental result than the rigorous theo-
retical results shown in Fig. (1).

The density, which might not be uniformly dis-
tributed near the boundary, may deviate some-
what from measured density. The distribution
is governed by the diffusion and recombination
loss processes during the decaying period, The
exact estimation of the recombination coefficient,
which determines the possible nonuniformity of
the plasma, and an improved theoretical treat-
ment would be necessary to explain quantitative-
ly the experimental results under the present
condition.

Helpful discussions by Dr. Hirshfield and Dr.
Hooper are appreciated. Also, the authors are
indebted to Dr. Collins for reading the manu-
script.

M. J. Kofoid and J. M. Dawson, Phys. Bev. Lett. 17,

1086 (1966); M. J. Kofoid, Phys. Fluids 12, 1290 (1969).
E. S. Weibel, Phys. Fluids 10, 741 (1967).
A. B. Pippard, Proc. Boy. Soc., Ser. A 191, 385

(1947) .
V. D. Shafranov, Zh. Eksp. Teor. Fiz. 34, 1475

(1958) [Sov. Phys. JETP 7, 1019 (1958)).
5P. M. Platzman and S. J. Buchsbaum, Phys. Bev.

128, 1004 (1962) .
R. A. Demirkhanov, I. Ya. Kadysh, and Yu. S.

Khodyrev, Zh. Eksp. Teor. Fiz. 46, 1169 (1964) [Sov.
Phys. JETP 19, 791 (1964)].

J. E. Drummond, Phys. Fluids ll, 1196 (1968).
J. A. Reynolds, H. A. Blevin, and P. C. Thonemann,

Phys. Hev. Lett. 22, 762 (1969).
S. Takeda and M. Boux, J. Phys. Soc. Jap. 16, 95

(1961); S. Takeda and T. Tsukishima, Mic~ozoave Re-
flection Techniques foz' Dense Plasma Dzagnostics,
U. S. National Bureau of Standards Technical Note No.
256 (U.S.G.P.O. , Washington, D. C., 1965).

B. D. Fried and S. D. Conte, P/asma Dispersion
Punctzon (Academic, New York1, 961) .

L. Spitzer, Physics of Fully ionized Gases (Inter-
science, New York, 1962), Eq. (5-31).

K. Minami and S. Takeda, Phys. Fluids 12, 1089
(1969).

Critical P for Toroidal Equilibrium

H. R. Strauss
Center' foz Plasma Physics and Thezmonucleaz Reseaz ch, The Univezsity of Texas at Austin, Austin, Texas 78T$2

(Received 1 February 1971)

Toroidal, ideal magnetohydrodynamic equilibrium, with magnetic surfaces enclosing a
single magnetic axis, is possibly for arbitrary P (plasma pressure/poloidal magnetic
pressure). When P exceeds about one-half the aspect ratio, the toroidal current reverses
on the inner edge of the plasma. The poloidal current balances the pressure gradient.

We study a class of high-p, axisymmetric, to-
roidal, ideal magnetohydrodyna, mic (MHD) equi-
libria, to see if there is a "critical p" at which
the equilibrium either ceases to exist or be-
comes bad for confinement. (By p we mea. n the
ratio of the plasma pressure to the pressure of
the poloidal magnetic field. ) We find that an
equilibrium exists for all p, with magnetic sur-
faces enclosing a single magnetic axis. The sur-
faces are displaced outwards and change shape
as they displace. When P exceeds about one-half
the aspect ratio, the toroidal current reverses
on the inner edge of the plasma. The pressure
gradient is balanced by the poloidal current and
the toroidal magnetic field.

We first consider the scaling of the equation
governing equilibrium. We can remove p, e,
and all other free parameters from the equation

by changes of scale. All the properties of the

j &B=cVp,

V. B= V j =0,

g x B= 4zII/c.

Assuming symmetry in the cp direction of a
cylindrical coordinate system (R, z, cp), it has
been shown' that

B= (2I/cR) cp+ (Vg x y)/2',
I =J' p+ (p'lx p)/2zzR,

(2)

, dp 1 df'
Zg = — 2zzcR' —+-

c dg c dg

where

8 1 8 8'g=—R - — +
BAR BA 8

8m'
— -Rj (4)

solutions can then be seen from a single graph.
The equations of ideal MHD equilibrium are
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