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parisons are shown in Fig, 1. We made also di-
rect comparisons of our calculations with experi-
mental observations of p-p scattering at 0.67,
0.97, and 1,4 GeV and found qualitative agree-
ment. Examples are in Fig. 2, In the calcula-
tions of the observed quantities, real phase shifts
for states with / &2 are approximated by those
from the first-order calculation of the QBE con-
tribution corrected for unitarity by the damping
relation. ' As for the '8„'Dg23 'P„and 'I'3
states, comparison of our calculation with the
Kantor amplitudes is shown in Fig. 3 and satis-
factory agreement is found. However, the com-
parisons in the left-hand-cut integral terms for
the transitions between the 'D, states and between
the 'S, and 'D, states suffer from considerable
uncertainty of the deuteron-pole contributions,
since the contributions to the transitions between
the 'D, states and between the 'S, and 'D, states
depend on asymptotic D- to 8-wave ratio of the
deuteron wave functions quadratically and linear-
ly, respectively, and this ratio has considerable
uncertainty at present.

Thus we summarize our results: The OBEM
involving the n, &u, p, qv, o, and f with a nu-
cleon-meson form factor and a high-energy cut-
off describes satisfactorily all the N-N elastic
data and the fp-fr scattering at 0.67, 0.97, and 1.4
GeV, and also is not inconsistent with the data
at 2 and 2.85 GeV. It is noted that the f does not
destroy the repulsive interaction in the 'S, state
at high energies. More details will be published
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A symmetry argument is presented that gives a relation between the small-momentum
limits of the reactions y+y —odd number of pions, as calculated explicitly from a single
nucleon (or quark) loop in a theory with a formally conserved axial-vector current.
These limits are nonvanishing as a consequence of the Adler anomalies in the divergence
of the axial-vector current. It is argued that the relationship derived should be true in
any chiral model. The cross section for y+y- m++~ +7t is calculated in terms of the
measured 7to- 2y decay rate.

The assumptions of cur r ent Rlgebr R Rnd partial
conservation of axial-vector current (PCAC) lead
to a number of predictions about emission of soft
pions in hadronic processes. ' However in certain
electromagnetic processes, notably Tt' -2y, there
have been found both theoretical and experimen-
tal deviations from the predictions of PCAC and

current algebra applied in an uncritical way. ''
On the experimental side the 7T'-2y rate is com-
parable to that estimated on the basis of coupling
constants and phase space alone, and not sup-
pressed as predicted by R naive application of
current algebra. On the theoretical side Adler
and others have argued that the PCAC equation
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requires modification in the presence of electro-
magnetism, in order to take into account the con-
tributions of some baryon-loop graphs. '' We
shall hereafter refer to such terms as the anoma-
lous terms.

The actual coefficient of the anomalous term
responsible for Tt. -2y has been found to be quite
model dependent; thus there is no reliable quan-
titative explanation of the decay rate. ' The pres-
ent work is concerned with reactions such as y
+ y- 3m which also should be suppressed accord-
ing to naive PCAC (actually forbidden to the low-

est order of the pion momenta), but for which

one can expect an anomalous contribution similar
to that for m'-2y.

Although a baryon-loop calculation of this am-
plitude would be model dependent, as is the cal-
culation for 7t'- 2y, we find that the ratio between
the two amplitudes can be determined in a model-
independent way, as long as the dynamical frame-
work is one in which the Adler anomaly has a
definite meaning. ' We thus can predict the cross
sections for the reaction y+y —71'+v +Tt' for
production at fairly low invariant masses [say,
for M (37) ) & 5p. ].

Brodsky, Kinoshita. , and Terazawa. have recent-
ly pointed out the possibility of measuring cross
sections such as y+y- Bv in electron colliding-
beam experiments', we therefore regard this
prediction as providing a conceivable (and per-
haps unique) experimental test of the Adler mech-
anism.

Our results are based on the consideration of

the vacuum-to-vacuum S-matrix element in ex-
ternal, neutral, c-number pion fields r3 and in
external electromagnetic fields +&,. Both n3 and

I'„, will be taken as constant in space and in
time. ' Temporarily (and only for expository rea-
sons) we shall add an external scalar field o.
This field will be required to transform with n3

as a two-dimensional vector under the restricted
chiral symmetry preserved by the electromagnet-
ic coupling, in a theory with charged Dirac parti-
cles. '

Now we consider a contribution to the vacuum

S-matrix element arising from a closed loop,
with arbitrary radiative corrections. We demand

only (a) that the graphs be constructed in a theory
with the restricted chiral symmetry, with the
electromagnetic current an invariant under the

Q, '~ transformation, and with )), and o' transform-
ing as stated above; and that (b) the graphs can-
not be cut in two pieces by cutting only ~„|Y, or
photon lines. The quantity (O~S—1~0) determined

from the sum of such graphs, and considered now

as a function of the external fields, can be thought
of as giving rise to an effective interaction La-
grangian density' Z, for reactions involving only
7T s, 0 s, and y' s.

The conclusion of previous authors is that $1
itself is too divergent a quantity for the argument
that 2& is a chiral invariant to be justified. We
circumvent this problem by considering instead
the derivatives of 21 with respect to external
fields, BZ, /Bo and B2,/Bm, . These are the quanti-
ties which are most directly computed in a spe-
cific model" and which, in a proton-loop calcula-
tion, " turn out to be sufficiently convergent to ex-
hibit the chiral symmetry of the theory. We con-
clude that the pair (BZ„/B)T, BZ,/Bo) should trans-
form as a two-vector under the Q, (" rotation [un-
der which ()T„o) rotates in the same way as (x, y)
does under a rotation around the z axis]. "

At first sight this would seem to imply that Z,
is invariant under the restricted chiral transfor-
mation. " However this is not the case, as we

see from the following considerations: The pair
(o, —n, ) is a vector which transforms exactly as
does (w„o). Thus for the derivatives of 2, we
have the covariant structure

B&,/B~, =)T,A(w, '+ o', F„,)+oB(n,'+o', F,),
BZ /Bo=oA(w''+ O', F„,) nB(p '+ o'—,F„,) (1).

The direct calculation of the nucleon loop con-
firms the fact that the functional B is not general-
ly zero.

As a condition of the integrability of Eq. (1), we
find immediately that

B =R(F„,)/[w, '+ o't (&)

and

7l 32' G2)' = —f ' dxA(x, P„,)+R(F„„))Rn '( ). (3)

In this expression for Z & the second term on the
right-hand side does not display the chiral sym-
metry of the underlying Lagrangian. This nonin-
variant part of 2, is precisely the Adler anomaly.
In a model with a single nucleon or quark loop we
have verified the form of this anomalous term (in
its dependence on ~, and o) explicitly; only the
coefficient R depends upon which model is em-
ployed. From the above we see that the possibili-
ty for such an anomaly stems from the fact that
in two dimensions a vector function of x and y
may be the gradient of a function which is not ro-
ta,tionally invariant.

To obtain the effective Lagrangian for m'- y+ y
we expand the tan ' function in (3) to first order
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in the pion field. As will be made clear below,
for single-pion emission 0 should be replaced by
f= M,—/G „. In the proton-loop example we find

R(F„,)=(—I/rr)(E B)n. Thus we obtain

i.,«= ( or/-~)(G, /M. )~, (E B), (4)

in agreement with Schwinger. "
Next we repeat the above considerations with 0

eliminated as a field. We consider the vacuum S
matrix as a function of external pion and electro-
magnetic fields alone. The models to be consid-
ered are those with a conserved axial current,
+p3, and with a m as s les s pion. " This is the
most general class of models relevant to the Ad-
ler anomaly, that is, in which a nonvanishing
~„.J» ' would be classed as anomalous. It is al-
so the framework which best explains the suc-
cesses of current algebra.

The pion transformation in such models is non-
linear. " %'e choose the simplest nonlinear trans-
formation for n3 under the restricted chiral rota-
tion,

hrr2 = (f2-rr22)'/'&~.

In principle f' here should be replaced by f '
rr,'—

-r, ', where m, and ~, are the real components of
the m, and m fields, invariant under the restrict-
ed chiral rotation. However, to calculate effec-
tive Lagrangians for ~' emission only, we may
set the external m, and r, fields equal to zero
from the beginning.

Under this transformation we can form two two-
vector functions of 7t3:

(f 2
rr 2)1/2

and

(f 2 ~ 2)1/2

We can also write a differential form which trans-
forms as a two-vector:

D„=(f ' rr,2)d/d7r„—

D, = 7r2( f 2
7r,2)'/2d—/d7r, . -

We then consider the pair (D„Z„DP,) and, as
previously, demand that it transform like a two-
vector:

Dgr = rr2 A (F q, ) + (f '
rr, 2)'/'B (F q,),-

D,Zr = (f ' 7r22)'/2A(F „,) rr+(—F„,). —

In this construction we eliminate the ~, depen-
dence of A and B by noting that there exists no in-
variant function of ~3 alone, except for a constant.

The integral for 2 is

2, = [sin '(rr, /f)]B(F„,)+C(F„,). (8)

In Erl. (8) we now take B(F&,) =a(E B), where a
is chosen to fit the m'- y+y lifetime. " Equation
(8) can be immediately generalized to include the
possibility of the process @+y-n'+ v +~' by
changing (rr2)2 on the right-hand side to (rr rr)rr2

Here we have used the complete orbital symme-
try of the 3r state in question, plus the ~I&3 se-
lection rule of second-order electromagnetism,
to conclude that the three-pion state must have
I =1."

To calculate y+y-3v' or r'+~ + ~' we must
add to the direct contribution from (8) a term
which comes from y+y- r, followed by 7t'-37t'.
The v -3n vertex comes from the kinematical
term of the total Lagrangian required to give in-
variance under the particular nonlinear transfor-
mation law chosen; in this case,

2, = 2(8 rr)2+2[& (f2 rr )'rr/ -]2. 2

Our final result, combining both terms, is inde-
pendent of the particular nonlinear transforma-
tion law chosen.

From the two terms together we get matrix ele-
ments (for all pions massless):

m(yy-3w') =0,

%(yy - rr'rr rr')

Here f = (~2@') 'f„, where f, is defined as in
Ref. 1 and has the numerical value 0.96@.'; k„

, and k, are the pion four-momenta; and I' is
the m -y+y width. Thus we find a contribution
from an Adler anomaly to the process y+y- r'
+m +m'. "

Although for the purposes of calculating a num-
ber it is tempting to insert a pion mass at least
into the denominator of Erl. (10), the effects of
pion mass on the matrix element are in fact com-
pletely model dependent. For, say, s =4@,', we
estimate an uncertainty from this source of up to
20%. For the phase-space integral we have taken
into account the pion mass. As an example, we
find the cross section for y+y —7t'+7t +m' at s
=4@, to be 0.6 &10 cm .

Our main predictions are thus the cross section
implied by (10), a.nd the prediction that y+y- 37ro

is greatly suppressed compared to y+y —7t'+7t
+~'. Although the y+y —r'+r +7t' cross section
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predicted by (10) is very small, we estimate the
background, coming from terms which have the
normal (rather than anomalous) behavior as the
pion momenta approach zero, to be smaller by a
factor of (p, /M)' or (~k„~/M)', where M is some
inverse range of interaction.
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That is to say, in all models for which the axial cur-
rent is conserved in the absence of anomalous terms,
taking here the conserved axial current, zero-mass
pion view of PCAC which we shall henceforth adopt.

6S. Brodsky, T. Kinoshita, and H. Terazawa, to be
published.

YMeaning that we will work only to first order in pho-
ton frequencies and to zeroth order in pion frequencies.

This is the rotation generated by the third component
of the axial charge Q&~5). 7(. and 0 will transform as 6m

=0.5~, 60.=-«~. If we have isospin —
2 Dirae particles,

they transform according to &(I) = 27@56~$ ~ ~, etc.
This kind of model was first applied to 7r —y+y by
Bell and Jackiw, Ref. 3.

-i (S-1) is the interaction Lagrangian density inte-
grated over all space-time. We remove the integral
to obtain the Lagrangian density.

For example BZI IBzz& in a y5 coupling theory, for the
baryon-loop graphs, is G, Try&G(x, x) where G(x, x) is
the baryon propagator in a11 external fields.

The calculation was performed using Schwinger's
gauge-invariant Green's function for the baryon, modi-
fied to include external ~3 and 0. fields. The results
will be published elsewhere. See J. Schwinger, Phys.
Rev. 82, 664 (1951).

For a detailed model embodying the restricted ehiral
rotation see Hell and Jackiw, Ref. 3.

Schwinger, Ref. 11, Eq. {5.12).
If the symmetry is broken by a pion-mass term,

then we get a PCAC theory; and all of our results
would be obtainable in an extrapolation to zero pion
four-momenta.
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That is, we pick out the part quadratic in E» which
has to do with the 2y processes. A peculiarity of the
baryon-loop calculation is that processes with more
than two photons do not appear in the anomalous terms.
In our approach, this follows from Eq. (8) and dimen-
sional arguments only. An additional general conclu-
sion we can draw from Eq. (8) is the absence of anom-
alous terms for even numbers of pions emitted, as al-
ready noted by Adler, Ref. 2.

See, for example, K. C. Wali, Phys. Rev. Lett. 9,
120 (1962).

Precisely, this means the following: In a theory
with massless pions and conserved axial current, the
matrix element for y+p —z +~ +m does not vanish
for vanishing m() momentum, as demanded by a formal
application of current algebra.
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Using the T(N phase shifts and fixed-t dispersion relations we have calculated (to first
order in symmetry breaking) the nucleon matrix element of the current algebra "sigma"

term, and found a value of about 110 MeV. This is an order of magnitude larger than

the prediction of the (3, 3~) (3",3) model for chiral symmetry breaking and it indicates

that SU(2) S SU(2) breaking is comparable to SU(8) breaking.

The basic idea of chiral symmetry is that the

strong Hamiltonian (density) can be meaningfully

written as the sum of a SU(3) SSU(3)-invariant
piece Ho, plus a correction (small in some sense)
JJ'. It has become popular to look at H' itself as
the sum H'=H, +H, IJ, breaks bot. h SU(3) @SU(3)
and SU(3) but conserves SU(2) SSU(2); H, then

breaks SU(2) txISU(2) down to SU(2). It seems

safe to assume that SU(2) @SU(2) is at least as
good a symmetry as SU(3). Thus there are two

interesting cases: (i) SU(2) (xl SU(2) and SU(3)
breakings are comparable in magnitude, i.e. ,
H, - H„and (ii) SU(2) 8 SU(2) is a much better
symmetry than SU(3), i.e. , H, »H, . Case (ii) is
suggested but not required' by the smallness of
the pion mass.


