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Experiments on the Relation Between Radiation and Fluctuation Spectrum
of a Turbulent Plasma*

I.D. Bollinger and H. Bohmer
Department of Physics and Coordinated Science Laboratory, University of Illinois, Urbana, IIBnois GI802

(Received 21 December 1970)

The experimentally observed radiation from unstable plasma waves generated by the
interaction of an electron beam with a plasma is compared with the longitudinal fluctua-
tion spectrum, determined by incoherent microwave scattering. The results are in
agreement with a theory by Ichimaru and Starr for the electromagnetic radiation from
anisotropic turbulent plasmas.

The conversion of longitudinal plasma waves to
transverse waves has become an important phe-
nomenon for laboratory plasmas and plasmas of
astrophysical origin because, in principle, the
received radiation permits one to obtain informa-
tion about the collective plasma behavior. Sever-
al mechanisms for the process have been pro-
posed in the past. ' '

Recently, Iehimaru and Starr' proposed a sim-
ple model for radiation from a turbulent aniso-
tropic plasma based on the fact that in the disper-
sion relation the longitudinal part cannot be un-
coupled from the transverse part. The anisotro-
py may be caused by a particle stream or a mag-
netic field. The transverse part of these quasi-
longitudinal waves can propagate out of the plas-
ma and subsequently be observed as radiation.
Consequently, the frequency and direction of
propagation of radiation are the same as those of
the plasma waves from which they were emitted
and the radiated power is determined by the dy-
namic form factor for the plasma fluctuations,
S(k, e). k and &u are the plasma-wave wave num-
ber and frequency.

In this experiment we simultaneously measure
the radiation and the incoherent microwave scat-
tering from longitudinal electron-plasma waves
generated by an electron beam passing through a
plasma (Fig. l). The microwave scattering gives
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FIG. 1. Schematic for simultaneous measurement of
radiation and microwave scattering. k; and k, are the
incident- and scattered-microwave numbers, and k the
plasma-wave wave number. E;, E, , and E„are the
electric-field vectors of the incident, scattered, and
radiated microwaves.

a direct measure of S(k, v). ' k and v are deter-
mined by k =K,-k,. and &u = re; &u, , and k, and k,.
are the scattered- and incident-microwave wave
numbers, and ~, and ~; the scattered- and inci-
dent-microwave frequencies. By varying the di-
rections of the microwaves incident on and the
scattered microwaves received from the plasma,
plasma waves of different magnitudes of k and
different directions 0 of propagation relative to
the beam axis can be selected. In the experiment
we select for each direction 0 the most unstable
plasma wave whose frequency ~, ~, and wave
number h, , are given by ru, &,

—-&e~, h, , =&@~/
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FIG. 2. Microwave power scattered and power radi-
ated from plasma waves propagating at various angles
0 with respect to the beam direction. Observation of
scattering is experimentally limited to 0 & 40' and radi-
ation to 0& 20'. Electron-beam current =250 mA.

cosg. 'o ~ = (4pyge'/m)'~', n = electron plasma
density, and v, =electron beam velocity.

The incident microwaves are focused onto and

the scattered microwaves received from the plas-
ma by means of dielectric-lens corrected horns
of 3' angular resolution. The radiation receiving
horn is a dielectric-rod horn combination with 5

angular resolution. The scattering horn system
and the radiation horn can be moved along the
axis of the beam to look at different stages of the
spatial plasma-wave development.

The plasma is the afterglow of a low-pressure
discharge in neon, having a decay time constant
of about 200 p, sec and a repetition frequency of
15 Hz. The electron beam, with 20 keV energy,
current variable up to 1 A, 1 cm diam, and a
duration of 2 psec, can be exposed to effectively
constant plasma densities of 10" to 10 cm '.
The plasma densities are determined with a mi-
crowave interferometer. Additional ionization
during the interaction of the beam with the plas-
ma was found to be negligible under the experi-
mental conditions considered here. There is no

external magnetic field present in the plasma.
The rectified outputs of the K„-band scattering
receiver and the X-band radiation receiver are
each detected by separate lock-in amplifiers syn-
chronized to the 15-Hz reference frequency.

To investigate the relation between the direc-
tion of propagation of the longitudinal plasma
waves and the direction of the emitted radiation,
we make use of the plasma-wave intensity being
strongly peaked for wave numbers in the direc-
tion of 35-40' to the beam axis in the initial stage
of the plasma-wave development, a finite-beam
effect. %e find that the radiation intensity is
strongly peaked in the same direction (Fig. 2).

In our measurements the radiation frequency is
the same as the plasma-wave frequency, deter-
mined by scattering, within the experimental ac-
curacy of 1%. The emitted radiation is strongly
polarized parallel to the plane given by R and v, .
These observations confirm the frequency, direc-
tion of propagation, and polarization of the radia-
tion predicted by Ichimaru and Starr.

To evaluate the radiation process quantitative-

ly, we experimentally measure the ratio of the
power radiated at an angle 0 to the beam axis per
unit solid angle to the power scattered from plas-
ma waves propagating at the same angle ~ per
unit solid angle. The corresponding ratio, pre-
dicted by the Ichimaru-Starr theory, ' is

dP„ /d Q„k,4m, vo'

dP, /dQ, 2w2r I

W(k) Aa„A„
k' A(0 VS S

where k,' =4wn, e'/m, (~v)', n, =electron beam
density, 4e =beam velocity spread, and I= inci-
dent microwave intensity=1. 0 W/cm'. W(k) is a
normalized weighting function strongly peaked at
k, , which gives the shape of the k spectrum at
the plasma-wave frequency w, . Av„/2m and D&u, /
27t are the bandwidths of the radiation and scat-
tering receivers, both mal to 8 MHz. A„ is de-
fined by A„=X„k/ik i, i ere A„ is the beam-sur-
face vector area seen by he r adiation horn. V,
is the scattering volume.

Because of the lack of spatial resolution along
the beam axis of the radiation receiving horn,
comparison of Eq. (1) with the experiment was
done in the saturation stage of the instability
where the plasma-wave amplitude does not change
rapidly in space (Fig. 3, curve a). Using a, shape
for W(k) measured experimentally for 9=0, and

assuming that its shape remains the same for
other |I, we find for Eq. (1)

&& sin 8cos 8+30%.

The error is mainly due to the uncertainty in the
determination of the beam diameter. The factor
cos'~ reflects the l9 dependence of k, pt.

This equation has three experimentally observ-
able aspects: the absolute value of this ratio,
the dependence on 0, and the dependence on the
beam velocity spread 4v. A comparison of the
angular dependence of this power ratio to the ex-
perimental data is inconclusive because of the
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conditions of Fig. 3,

dI „/d0„
d+s/d~s calc. at max instability

=(2.2+0.7) xl0a.
This predicted ratio compares favorably with the
experimentally determined value at 26 cm (Fig.
3, curve b):

dI' „/d Q„
d+s/ ~s tneas. at max instability

=(3.6*2.5) x10'.

In Ref. 12 it was found that the beam-velocity
spread increases beyond the point of maximum
instability. From Eq. (2) one should therefore
expect a decrease in the radiated-to-scattered
power ratio. This is in qualitative agreement
with the results of Fig. 3 where the ratio de-
creased from 4.4X10' at 24 cm to 0.53X104 at
35 cm.

Our results indicate the radiation arising from
the quasilongitudinal plasma-wave nature to be
the dominant radiation mechanism, at least for
the beam-plasma interaction. Other theories' '
do not require the emitted radiation to be in the
same direction as the plasma-wave propagation.
We conclude that radiation as a diagnostic tool
for beam-plasma instability must take into ac-
count the decrease in radiation due to an increase
in beam temperature. In general, for any aniso-
tropic plasma the effect of parameters related to
the anisotropy must be considered. Finally, it
should be mentioned that the energy lost from the
plasma by radiation is small. For example, in
the experiment of Fig. 3 at 24 cm the power ra-
diated at 30 to the beam direction is about 1.5
x10 '% of the pla. sma-wave power in the same
direction.

We are thankful to Professor M. Raether for
helpful advice and to Professor S. Ichimaru for
informative discussions.
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FIG. 3. Curve a: An example of on-axis spatial
growth of the most unstable plasma waves (6 =0). Curve
b: Ratio of radiated to scattered power averaged over
all observable angles at and beyond the saturation stage
at the instability. Beam current =440 mA.

experimental error. Also, good agreement may
not be expected since the Ichimaru-Starr theory
does not take into account the effects of thebound-
ary on the emitted radiation for non-normal inci-
dence, and because of our assumption of no angu-
lar dependence in the weighting function W(k).

A good test of the validity of the Ichimaru-Starr
theory should be a comparison of the experimen-
tal angle-averaged values for the radiated-to-
scattered power ratios. This requires knowledge
of the beam velocity spr ead which incr eases as
the plasma-wave spectrum develops and cannot
be measured directly.

To determine Av/vn we make use of the Ascoli-
Singhaus criterion" which predicts that in a re-
gime where collisions dominate the growth rate,
a warm beam-plasma system becomes stabilized
if the relative beam velocity spread exceeds a
value given by

(dv/vn)' =0.6So.&u~/v, , (3)
where e =ratio of the beam to plasma electron
density and v, =effective plasma electron colli-
sion frequency. This relation has been verified
by Bohrner, Chang, and Raether" who also
showed that, for experimental conditions identi-
cal to those of Fig. 3, an initially cold beam ac-
quires a relative velocity spread given by Eq. (3)
at the point of maximum wave amplitude. Using
the criterion (3) we find from Eq. (2), for the
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Umklapp Optical Third-Harmonic Generation in Cholesteric Liquid Crystals
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We have observed, in cholesteric liquid crystals, optical umklapp processes with
which the third-harmonic generation is phase matched. We show that phase-matched
third-harmonic generation can be used to measure both the width and the asymmetry of
ultrashort pulses.

We have pr eviously reported on the observation
of optical third-harmonic generation in a cho-
lesteric liquid crystal satisfying a certain phase-
matching condition. ' However, because of the
unusual characteristics of cholesteric liquid
crystals, there exist many different phase-match-
ing conditions. In particular, some of them re-
quire simultaneous presence of fundamental
waves propagating in opposite directions. In still
other cases, the third harmonic emerges propa-
gating backward with respect to the incoming
fundamental. It is obvious that in these process-
es the total momentum of the interacting waves
cannot be conserved; but, as will be shown later,
the momentum mismatch here is actually com-
pensated by the lattice momentum, which has a
unit of (4&/p) 8, where p is the helica, l pitch of
the cholesteric substance. In analogy to elec-
trons propagating in a periodic lattice, we can
describe such phase-matched third-harmonic
generation processes as coherent optical umklapp
processes, or nonlinear Bragg reflection. ' In

this paper, we would like to report on the obser-
vation of such processes. We also show that
these processes provide a technique for mea-

surements of pulse width and pulse asymmetry.
Analysis of collinear phase matching of third-

harmonic generation in a cholesteric liquid crys-
tal along the helical axis (the z axis) has been
given in Ref. I. For the sake of clarity, we re-
produce here the equations serving as definitions
for the various quantities. According to de Vries, '
the two modes of linear wave propagation along
z, in the rotating coordinate system defined by
( =x cos(2«/p) +y" sin(2«/p), q = -x sin(2«/p)
+y" cos(2mz/p), and z'=z, are

(E ~ }),=(S (+S„e, exp[ik, "' z i(d], -

&&~=a& ~m& &

Q

(m, '"')' = (Z" + 1) ~ (4A."+n')'l',

re k ~ ~ = ~e /c, k' = 27Tc/Ape, f = (f ( E~+)/

a = (e&ye„)/2e, and e& and e„are the dielec-
tric constants along $ and r}. In the lab f~ame,
the expression for the field becomes

E, ~"~= [(x+iy)(l+f, ~ })+(x—iy')(1 —f, ~ ~) exp(i4«/p) J($&~ ~/2) exp[i(k, ~ ~ 2&/p)z i&et),. —-(2)

Note that for A. "&et/e, a negative k ~ } corresponds to propagating waves with the Poynting vector in

the +z direction, and vice versa.
If we allow waves to propagate in both +z and -z directions, then collinear phase matching of third-

harmonic generation results when [+k, ~ }+k,~ }+k„~ ']-[+k, ~' '] =0 for any combination of signs in

the expression. This can be achieved by adjusting the helical pitch by external means such as chang-

ing the temperature of the sample. Although we have observed most of these different phase-matching
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