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An operator representation for the behavior of the product of two electromagnetic cur-
rents near the light cone is used to discuss massive p-pair production in hadron-hadron
interactions. Restrictions froDl the Stanford Linear Accelerator Center electroproduc-
tion experiments and from Hegge theory are incorporated. Our predictions are in agree-
ment anth the recent Columbia-Brookhaven National Laboratory experiment.

The interesting Stanford Linear Acceler ator
Center (Si AC) experimental results on deep in-
elastic electroproduetion' have been discussed
from a number of different theoretical frame-
works, including those based on "almost equal-
time" commutators, ' asymptotic infinite-momen-
tum sum rules, ' vector-meson dominance (VMD), '
"parton" models, ' and light-cone commutators. "
Needless to say, the several numbers obtained
from SLAC are insufficient really to test these
ideas or distinguish between them. The recent
Columbia-Brookhaven National Laboratory ex-
periment measuring massive muon-pair produc-
tion from high-energy proton-proton eollisions9
is therefore extremely useful theoretically since'

it involves an initial state different from SLAC's
and provides additional experimental constraints.
Several theoretical investigations of this process
have already been given. ' In this note we shall
apply some theoretical results" on the behavior
of current products near the light cone, incorpo-
rating the SLAC experimental results, to study
the Columbia experiment. Our predictions tur n

out to be in excellent agreement with experiment.
We consider the reaction p+p —p, '+ p, + any-

thing and call P and P' the momenta of the initial
nucleons (p'=p' =m'), and q the momentum of
the muon pair. We define the invariants s = (p
+p')', v=p ~ q, and v'=p'. q. The cross section
is (neglecting the muon mass)

1 pp {y) {g)
dq' 6ss' [s(s—4m')j'~' q, q'

where

W„,=Z,Z, fd'~e ""
, „(PP''l-~„(xV,(0)IPP');„

I„(1) e„"(q) describes the po]arization r =T„T„orI. of the p. pair, and the integration region in the
center-of-mass (c.m. ) frame is described by the inequality

(q ) (qo((s'+q -4m )/2/8= Ico(q, 8). (2)

In (2), J'& is the electromagnetic current, a spin average is (here and everywhere) understood, and on-

ly the connected part of the matrix element occurs. The total cross section is

do' A 1 d g 1 p
dq2= 6ss' [s(s 4m')]'" q q'

In the physical region for our reaction we must have q'=q, '-q &0. This is in contrast to the SLAC
kinematics where q &Q. Using current conservation and the reflection property W,„.

= W'&„*, we can
write W~„——(qssq p-gsspq )W~(8, q, v, v') + ' ' ',

The SLAC experiment can be nicely described with the assumption that the appropriate dimension-
less functions F;(q', v) become functions of only the ratio p

-=v/q' in the limit -q'- ~, v- ~, p fixed.
This corresponds to the expectation that a massive photon should only probe the short-distance (mass-
independent) structure of the target. We should like to apply this same idea to the ls-pair process but
note that, because of purely hadronic scale-noninvariant effects, ' this need not imply that the dimen-
sionless structure functions &; =q'W; become functions of only the ratios p=—v/q2, p'=—v'/q', and o —= s/
q' in the limit

q, s, v, v' —~ with p, p', and 0' fixed.

%e shall rather implement the electromagnetic scale-invariance principle by assuming that the short-
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distance behavior of the product J„(x)J,(0) is mass independent. This approach has led to an elegant
analysis of the SI AC results' and an operator generalization mill be shown below to be the relevant
concept for understanding the p. -pair results.

Combining (1) and (2), we obtain the expression

hs'(-x;q') —= jd'ke * '"8(A,'0)6(k'-q'), (7)

with the integration region R specified by ~k~&[lc,'-q']' 2== Ic in the c.m. frame. Now, when 8- ~ and q'
we see floIII (3) tllclt R (Rll spRce) Rnd 80 +~ (x;lp ) 4 (xcg ), the ordinary free-flelcl Wightman

function. Thus, in the specified limit, only the integration region x'=0 is important in (6). More
quantitatively, it can be shown that {7)has support essentially in the region

lx'-I/Ic'I & I/e'.

Elsewhere 4& gives exponential decrease or rapid oscillation &which damps the integrand in the physi-
cal region. This region is near the light cone provided q and x are both big. '

Having established the relevance of the light cone x'-0 to our problem, ere proceed to develop the ap-
propriate formalism. Wilson" has proposed that any product A(x)B(0) of local fields has an expression
for x near zero of the form

A(x)B(0) =P)C;(x)O;(0),

where the functions C;{x)have singularities for x"-0 (within logs) of the form (x' I'ex, ) -' "" s, where
d; is the dimension of the field O, . Only the (finite number of) fields of dimension less than dz+ds
give slllgulR1'I'ties Rnd Ileed be kep't In (9). We 811Rll Rdopt WllsoII 8 pl'oposRl 81nce I't leads to RII under-
standing of many aspects of particle physics" and is correct to all order of (renormalizable) perturba-
tion theory. " It can be shown" that the appropriate generalization of (9) for x'-0 (but not necessarily
x"- 0) has the form"

A(x)B(0)=Q.C (x' iex )Q. x-~ x O . I' (0)

where 0„; I' '""(0) is a local field of dimension d„;«;+n so that C;(x') & (x') I "»within logs. For
x"-0, only a finite number of terms in (10) contribute and we get back (9}, but for x'-0, all terms
must be kept. Equation (10) implies that the leading light-cone singularity of the one-proton matrix
element has the form

f, (x) = Q„a,.x",

with

Applying these results to the case of interest, using current conservation and the fact that the dimen-
sion of J„(x) is three, "one obtains (for the symmetric part in 1I v, apart from c-numbers),

Zp(x)J„(0) = -(g„„Q-sp„)O,(x)-{g„„s88-g ps&, -g„„ssep+g„„gB„Cl)O, 8(x}, (11

O, (x) =Z, (x'-sex, )g„x I ~ x O, ,. . ..„'"'(0),

O,"(x)=E,(x' i.x,}~x-I" x"O,., . . ..„I"&"(0}.

Taking the one-proton matrix element of (11) leads to the light-cone analysis of electroproduction
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given in Ref. V. Exact scaling requires that E2(x ) ~ lnx' and E,(x') ~ 1/x2. ' The experimentally ob-
sel'ved Ilolltl'lvlal scalillg llnplles tllat E2(x ) = lnx a11d 'tile asylIlptotlc vallislllllg of (71 (pl esumably as
1/q') suggests that also E,(x') =ln»'. We shall assume here these simple logarithmic singularities.
Singularities stronger by logarithmic pomex's mould change our results only by logs.

%'e next define

(PP Io, ( )IPP &=E,( ')f.,

(PP'I 0."( )IPP'& =E,( ')[fg"'+f,p"P'+f, p' P'+f, (P"O'+O' P')],
where f; =f;(s,».P, » P')+0(x'), the x' dependence being irrelevant for our purposes since it leads to
weaker singularities. Fermi statistics xequire that

f;{s,x P, x P')=+f;(s, x.p', x P), f=0, 1, 4; f,(~,».p, » P )=-f,(s,x P, x P),
and cx'Osslng gives

f (s,x p., » p')=f;(s, —x p, -x p'), all i.
%'e thus obtain

W""e„"e„"=jd'xe "'"E(x')j-q'(2f, + f,)+(-q,qg+e 'es"q')[f1g s+ ~ ~ ~ ]],
where we have written El(x ) =E2(x ) =lnx =-E(x').

Considex' the contribution of

(PP'Io..." .„'"'(0)lpp'&=+'"'( )(P "P +P '" P ')+ " (19)

to f,(s,x p, x p'). We assume that the large-s behavior of such amplitudes (corresponding to the
emission of a zero four-momentum particle with I orentz indices n, .~ ~ n„) is governed by Regge theo-
ry. " Then' "(s)-c„s,whereas the omitted terms (involving the mixed polynomials p„~ p, P~
x ~ p

' behave like s i" 1, where n is the t=0 intercept of the leading contributing Regge trajec-
tory (presumably the Pomeranchuk with n= 1). Thus we can write

f.(s,x P, » P')-s"[f.(x P)+f.(» P')],

where fo(x P)—= +c„(».P)". Similarly, considering (15) leads to the behavior (20) for f, and f, = f, and
to (20) but with s ' for f,. We thus see that the leading light-cone singularity carries a large-s be-
havior equal to the maximum allowed by Begge theoxy for the full amplitude. '7his result, incidentally,
also justifies our use of the weak expansions (11)-(13)in (6) even though s- ~. Any nonleading contri-
bution can grow no faster with s but must fall faster with q' for fixed p and p'.

Returning to (18), we are led to consider the behavior of the pole contributions to integrals of the
form I= Jd'xs "'"E-{x' s&x,)f(x p) in-the llmlt (5). We ot tain I=(I/m)(1/q)(S/Sq)(I/q) f((q,-q)/m),
where f{u) is the Fourier transform of f(X) and ll-=IqI. In the limit (5), we thus obtain I= (1/q')(1/
p')f'(1/p)—= (I/q')g(p). In this way (18) is seen to have the asymptotic form

&""e„"e."-(s /q") 4'z.Q)+I ~-(p e")'q']g, (p)+» '[»'-(p. &")(p'&')q'4. @)+(p-p')].
The form (21) which we have obtained has a simple physical interpretation in terms of the Regge pic-

ture which accounts well for the SLAC data. The SLAC results for p ~ 2 can be described by the as-
sumption that they correspond to (Pomeranchuk) Regge-pole-dominated behavior with the q' depen-
dence on the photon-Pomeranchukon-photon vertex given by scale invariance. If we adapt this pictux'e
for the present situation, and further use Regge theory to conclude that the {PP')-Pomeranchukon-(PP')
vertex has the large-s behavior s"=s' [thus obtaining a Regge-squared description (see Fig. 1) corre-
sponding to the two large subenergies & or v' and s (with q' fixed)], we obtain precisely the form (21)
for large p with the further information that g, (p)-Aop, g, (p)-&,/p, andg, (p)-A, /p for some con-
stants A;. Our final assumption will be that these asymptotic behaviox's set in at the SERAC points p ".2.
Then we can neglect@, in (21) and obtain for (1)

, —const —, (A, +q'A, )(P q)+q'Al + (22)
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FIG. 1. The "Regge-squared" model.

and for (4)

, -const 6 (3A, +22,q') I (P ~ q), (23)
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where I' =p+p'.
We have compared our prediction (23) with the

experimental results in Fig. 2. The experimen-
talists do not measure the total unconstrained
cross section (23), but have an angle cut cos()
~ 0.998 and a momentum cut 12 &P»b&29 GeV/c
for E&,b-—29.5 GeV. It can be shown that these
cuts do not significantly affect the relevance of
the light cone. The theoretical curve we have
plotted corresponds to performing the integral
(22) over the cut region and taking 3A, /2A, - 20
GeV'. Our result is seen to be in good agree-
ment with experiment. " We can obtain an even
better fit by suitably adjusting the functions g;(Io)
below the value (p-2) suggested by SLAC for the
onset of the asymptotic behavior. The origin of
the shoulder in Fig. 2 comes from an interplay
between the phase-space control of the integra-
tion region in Eq. (23) and the q dependence of
the coefficient.

We conclude from this analysis that our config-
uration-space techniques are very useful for un-
derstanding the interactions of massive photons
with hadrons. The powerful operator expansion
(ll) should be equally useful for studying related
processes such as e'e —hadron+ anything. Work
in this direction is in progress.

We are deeply indebted to the Columbia-Brook-
haven National Laboratory group for many useful
suggestions, for providing us with preliminary
results prior to publication, and for invaluable
help in our numerical analysis.
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FIG. 2. Experimental cross section of Christenson
et al. , Ref. 8.
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%6 have observed the production of muon tridents in lead with an effective cross sec-
tion of 51+ 7 nb per nucleus~ ln agreeIDent with the predlctlons of quantum electrody-
namics. This measurement is sufficiently accurate that the interference term due to the
presence of two identical muons jtn the final state is seen. The size of the measured
interference term. is 1.15+0.25 times the value predicted for Fermi statistics.

In an experiment performed at the aj.ternating-
gradient synchrotron of Brookhaven National I.ab-
oratory, we have studied the direct production of
muon pairs by incident muons in the field of a,

lead nucleus, or muon tridents:

p, '+Pb- p. '+Pb+ p'+ p. .
Because of the two identical muons in the final
state, this reaction is sensitive to the statistics
of the muon.

Many attempts have been made to undex stand
vrhat causes the muon-electron mass difference,
including a, proposal that the muon might have
anomalous statistics. ' The question of stati. sties
is interesting in its own right because the princi-
ples which relate the statistics of a, paxticle to
its spin are fundamental to the understanding of
quantum field theory.

Bose statistics is excluded for the muon by the
spin-statistics theorem since the spin is mell
known. ' Similarly, the simpler forms of gener-
alized statistics are excluded by the measured
cross section of the photoproduction of muon
pairs. s However, no direct evidence exists on
the statistics of the muon. In fact, the experi-
ment reported here is the first quantitative mea-
surement of any process with two identical muons
in the final state. '

The experixnent reported here' was x'un fox'

about 200 h in the 10.5-6eV muon beam designed
by Columbia' and modified by Harvard. ' The
beam had an intensity of 12000 muons per 0.4-
sec pulse and a measured pion contamination of
0.01%. The momentum spectrum of the beam
was studied by triggering the detection apparatus
on one thousand beam muons of each polarity and


