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A microzvaee nqplinear susceptibility analogous to the optical and electro-optical non-

linear susceptibilities is investigated in a number of acentric ferroelectric and semi-
conductor crystals. Contributions from ionic nonlinearities result in enormously larger
nonlinear coefficients in some materials than any known for the optical or electro-opti-
cal effects. An interpretation is presented in terms of a relationship between the non-
linear coefficients and the electronic and ionic linea& susceptibilities.

In this paper we correlate the little-studied
microwave nonlinear susceptibility with the fami-
liar optical and electro-optical nonlinear suscep-
tibilities for three-frequency mixing. Our work
includes the first measurement of the microwave
nonlinear susceptibility coefficient' d, in a
variety of acentric polar and nonpolar crystals
(Table I). For some materials d exceeds the
largest values of the optical nonlinear coefficient'
d'by many orders of magnitude. The much
smaller differences between the electro-optic
nonlinear coefficient' d" and d' have been pre-
viously studied. "We interpret all these differ-
ences in terms of the values of the electronic and

ionic linear susceptibilities, by means of a phe-
nomenological model. We show how Kleinman's
symmetry condition' for the d' tensor coefficients
also applies to d for some, but not all, materi-
als. Finally we note that our macroscopic mea-
sure of nonlinearities is related to microscopic
anharmonicities of the crystalline bonds and thus
to other physical phenomena such as infrared ab-
sorption, pyroelectricity, and thermal expansion.

Optical nonlinearities (d') are purely electronic
in origin since all frequencies are above the lat-
tice mode frequencies. Values of d" and d dif-
fer from d'because for d" one and for d all the
frequencies lie below the optical lattice mode fre-
quencies, so that ionic as well as electronic an-
harmonicities are present. The coefficient d is
the most general of the various nonlinear coeffi-
cients in its dependence on these anharmonicities.

Miller' showed that d' equals the product of
linear susceptibility cubed (purely electronic in
the optical region) and a frequency-independent,
but somewhat material-dependent, parameter 5.
Garrett' proposed a phenomenological model ex-
tending Miller's work to treat both electronic and
ionic contributions to the nonlinear susceptibility.
The nonlinear susceptibility is related to the lin-
ear electronic and ionic susceptibilities at each

frequency by introducing four separate 5 parame-
ters. We interpret the listed values of d', d",
and d'by a version of this theory.

Microwave nonlinearities have been reported
before, ' "but primarily as a higher-order effect
in the centric paraelectric state of ferroelec-
trics."" Limited measurements on acentric
crystals' "have been made but cannot be inter-
preted in terms of the coefficients discussed
here.

Experimental technique. —The coefficient d
d", or d' is defined in mks units' by the relation
between the induced™polarization-wave Fourier
amplitude, (P(~), and the electric-field Fourier
amplitudes, "E(&u), as

g;(-(u, ) = e,2d;, ,(-(u„(u„~,)E,.((u, )E„(a),), (1)

where summation over repeated indices is im-
plied. We adopt the convention (consistent with
electro-optic usage) that the third index refers
to the orientation of the modulating field. As de-
fined in Eq. (1), the coefficient d'is equivalent
to the familiar optical second-harmonic-genera-
tion coefficient. ' The factor of 2 in Eq. (1) aris-
es because a mixing process rather than second-
harmonic generation is being described. The
third- rank tensor coefficient d;,-, differs from
zero only in the acentric point groups, as does
the piezoelectric coefficient. " Conservation of
energy requires that e3 = u)2++, and difference
mixing occurs lf (dy (Joy.

The determination of d is analogous to that
used for electro-optic coefficients. " A 56-GHz
carrier (v, ) is mixed with a 100-MHz modulation
field (v, ) in the crystal, which fills a section of
RG-98/U waveguide (0.378 cmx0. 188 cm), ex-
cept for a 0.05-cm gap at each side. To find a
constant-strain (clamped) coefficient, ~, is high
enough to avoid piezoelectric resonances. The
modulation voltage is applied by metal electrodes
to two opposing faces of the crystal. Normally
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Table 1. Nonlinear susceptibilities Rnd related parameters. n, value appropriate to the measurement of d .
c, values taken from current litexature. 0., absorption coefficient, measured at A = 5.3 mm in the waveguide.
x, electro-optic coefficients [values and signs from i. P, Kaminow and E. H. Turner, in "Handbook of Lasers"
(Chemical Rubber Co., Cleveland, Ohio, in press); see also E. H. Turner, to be published, for details of the
sign determination]. d, given in mks units where d(mks) = (4~/3)10 +d (cgs) and d(cgs) is defined as in Eq. (1)
with eo ——1 (Ref. 3). do, signs from R. C. Miller and W. A. Nordland, Opt C.ommun. 1, 400 (1970), and to be
published. For KDP see W. A. Nordland, to be published. Except as noted, magnitudes are from (i) Ref. 2;
(ii) J. Jerphagnon and S. K. Kurtz, Phys, Rev. B 1, 1739 (1970); (iii) G. E. Fxancois, Phys. Hev. 143, 597
(1966); and (iv) J. E. Bjorkbolm and A. E. Siegman, Phys. Hev. 154, 851 (1967). d, value of I in the original
work was used, where possible; to convert to the electx'o-optic nonlineax' susceptibility coefficient d . cf, ab-
Solute sljpls have not yet been detelm1ned. 6~, 81gD 18 that of d . Where d contributes slgDlflcantly to d,
two possible values of 6~ ax'e given.

Material
Point
Group

(I'
-1

C LI1 X
do deo

10 m/V

6D AB
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ijk
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LiTa03

LiNbo3

3m 2. 14 40

2. 16 25. 5

1.7

1.0

0. 48

3.58 35. 4 +30.3 -20

3.66 20. 8 +30.8 -40

-193 97, 000 -0.08 -0. 20

-15S 16,000 -0. 44 -0.31

6, 700 -0. 82 -0.46

0. 33

0. 63

333

333

KH2PO4

(KDP)

NH4H2PO4' 42m

(ADP)

LiIO3

NaNO2

1.50 44
l. 46 21

1.51 58
l. 47 14

1.72 6.53

1.40 4. 18 &0. 1

li 24 41 8 8 8 +0 48 +111.13 18.9

1.28 55. 7
5 5 +01 59 70 2

0.97 2. 21 &0.9 0. 12 &0. 9

l. 96 3.58 +6. 4 -4. 3 -14.5b

1, 850 +0.-28 - +0.36
f

S70 +0. 31 -0.40

+177 -0. 57 -0.Vl

0.053

123f

Zno 6mm 1.96 8. 7 &0, 05 2. 84 4. 91 +2. 6 -7. 2 -10, 7 +176 -0. 27 -0.08 +1.0
-0.9 333

CdS 6mm 2. 35 9. 25 0. 15 4. 53 3.72 -2. 7 +31 +18 +127 +0, 25 -0.18 +1.0
-1.4

333

CdTe 2. 66 9.4 &0. 1 6.07 2. 3 +0, 74 +2.7 -0 8
-2 5

2. 95 10.75 0. 1 7. 70 2.05 -0.97 +78 +20 +24 +0. 16 -0.4V
+Q. 1
-1.1 123

Ag3AsS3

3.27 13.05

2. 52 8 5. 36 14.6 +0.9

0.024 9.Vl 2. 34 -1.5 +134 +43 +51 +0. 14 -0.41

950

+0. 12
-1.4

0. 22

123

Upper Rnd lower values of n, e, y~, and y' correspond to 1 Rnd 3 axes, respectively.
bF. 8,. Nash, J. G. Bergman, G. D. Boyd, and E. H. Turner, J. Appl. Phys. 40, 5201 (1969).
Polar 3 axis coinc1des with crystallographic 6 axis.

dK. Inoue, Jap. J, Appl. Phys. 9, 152 (1970).
~J. J. gwynne and N. Bloembergen, Phys. Hev. 188, 1211 (1969); also J. H. MCFee, G. D. Boyd, and P. H.

Schmidt, Appl. Phys. Lett. 17, 57 (1970).
Tile 118ted vRlue 18 the combination 3(2d231+d123) ~ which equR18 d123 1f the Kleinman symmetry condition Rp-

plies (see text). Account of double refraction requires that e(+3) in Eq. (2) be multiplied by cos p = (2eff+'E33) /
3(2e11 ye&& ), where p is the double-refraction angle.

the electrodes are arranged so that E(~,) is par-
allel to E(co,), but some measurements in potas-
sium dihydrogen phosphate (KDP) and ammonium
dihydrogen phosphate (ADP) were also made with
E(e,) perpendicular to E(&u,). Only the sidebands
&o3 generated with E(&u,) parallel to E(A)2) could
propagate in the unfilled waveguide. At 56 GHz
the coherence length for these parallel fields is
several centimeters even in birefringent crys-
tals. Two independent tensor coefficients were

measured in KDP and ADP and one in the other
crystals. A tunable narrow-band heterodyne re-
ceiver and precision attenuator are used to mea-
sure the power ratio P,/P, of the upper or lower
sideband at (d, to the carrier at ~,. The value of
d is deduced from this ratio and the modulation
voltage at ~,. In these high-dielectric-constant
materials it was assumed that P, and P, propa-
gate entirely within the crystal and that the field
E(ur, ) is adequately uniform, as shown by poten-
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tial-model studies. Microwave resonances are
accounted for by measuring P,/P, vs v, over
several free spectral ranges of the crystal and
then deducing the nonresonant value of the power
ratio.

The power ratio is calculated from the polar-
ization wave, the peak Fourier amplitude of
which is given by 6'(-&u, ) = e02d, ~~E(w, )E(&u,).
The relationship of the effective' nonlinear coef-
ficient d, && to the tensor coefficients d;,.» (-+„~„
(u, ) depends on the point group and orientation of
the crystal and fields. For point groups 42m and
43nz the three parallel fields are chosen with
equal angles to the three crystallographic axes
and d~~~—- (2/u 3)(2d», +d»~)/3 and (2/W3)d»„re-
spectively. The fields are parallel to [001]and

ff —6333 for the other point groups. The side-

band-to-carrier ratio is given by"

~P ~k 'w, 'd, ff l '
(2)

where k, is the plane-wave propagation constant
in the dielectric; P„ the filled waveguide propa-
gation constant; c, the velocity of light; e(~,),
the dielectric constant for E(~,); l, the crystal
length; b, the crystal thickness parallel to the
electric field E(~,); and V„ the modulating-volt-
age amplitude. As an example, P,/P, = 5x10 '
at v, /2m = 56 GHz in I iTaO, with l = 1.0 cm, 5
=0.188 cm, and V, =141 V peak.

Interpretation of results. —Garrett suggests
that d;,.»(-&u„u„&u,) can be generalized in terms
of four Miller 6 coefficients which are frequency
independent and approximately equal in magni-
tude:

( 3& 2s ~1) Xl X2 X3 ~&+X& X2 X3 ~a+Xy X2 Xs ~c+X| X2 X3 ~D ~

The 5's can be related to coefficients of the crystal potential-energy terms cubic in the displacement
of electrons and ions. ' In Eq. (3) X'=n'-1 is the linear electronic susceptibility (n being the refrac-
tive index), X'+ X'= e/e, -l (X' is the linear ionic susceptibility and e the microwave dielectric con-
stant), and subscripts indicate frequencies. The tensor nature of d and 5 is not indicated. The large
variation observed in d between materials is due to differences in values of y's.

For d' all X,.
' =0 and for d" only X,

' t 0. Consequently only the 5~ term is relevant for d' while both
5~ and 5c terms contribute to d". For d all terms contribute. Neglecting dispersion in X' (from the
optical to the microwave region) and in x', one obtains

d'=(X')'5&, d"-d'=X*(X')'~c, d -d"=(X')'(X'5~+X'5&)=(X')'(X*+X')5». (4)

The quantity 5» is introduced since we cannot
separate the contributions of 6~ and 6~. Equation
(4) enables one to derive 5», 5c, and 5~ (Table
I) from d, d", and d'. Akitt, Johnson, and
Coleman" attempted to determine 5~ in CdTe
from dispersion in d' and d" data. Apart from
this, values of 6» and 5c have not been mea-
sured. For X'»X' (BaTiO, through NH, H, PO, ),
note that 5»=5„. The magni'tudes of 5D, 5c,
and 5„~ vary comparatively little, despite an ex-
tremely large range of d's. This is particularly
impressive for materials with large y'. For a
new material, using representative values of 5»
and 5~, one can predict d and d". For many
materials, Levine" has calculated 5D from bond
parameters and he obtains good agreement with
experiment. For the III-V compounds Flytzanis'
has extended Levine's calculation to include ionic
displacements and has calculated the ratio of
d"/d', from which it is possible to derive 5c/5~.
Theoretical values of 5„and 5~ have yet to be
found.

Depending on the point group of the material

there are a number of independent tensor coeffi-
cients d;,.~. Kleinman' shows that in the optical
region where X'» X', certain symmetries of d'
apply beyond those of the piezoelectric coeffi-
cients. " Similarly, in materials where y'» X'
it would be expected that the same conditions
hold for d . In KDP and ADP it would follow that
d„, =d„, . A direct measurement of d„, was
made in these materials with E(~,) perpendicu-
lar to E(~,) and E(&u,). It was found that d»,
= 3(2d», +d», ) is obeyed for both materials,
within experimental error, in agreement with the
symmetry conditions. %here y' is not dominant
then only two-index permutation (piezoelectric)
symmetry will hold.

The 5's are closely related to the parameters
describing other physical phenomena. For exam-
ple, the pyroelectric coefficient has been derived
in terms of parameters related to 5~ and 5~.""
Kleinman" has related the microscopic ionic an-
harmonicity of Gap by a local-field model to
macroscopic quantities such as the strength and

389



VOLUME 26, AjUMQER 7 PHYSICAL RE VIEW LETT jHR S 15 I'ESRUWRV 1971

temperature shift of the infrared combination
bands, the width of the fundamental lattice reso-
nance, and the thermal expansion coefficient. '
Our 5's are macroscopic parameters which can
be similarly related to the microscopic ionic and

electronic anharmonicities. A detailed compari-
son of our results with these phenomena has yet
to be made.

We are indebted to ma.ny of our colleagues for
help and advice with these materials: BaTiO„
S. H. Wemple; Gap, L. C. Luther, R. H. Stolen,
and H. W. Verleur; LiTaO„A. A. Ballman;
NaNO„C. M. Hartwig (University of Southern
California) for donating the crystal, and A. M.
Glass; CdTe, J. E. Kiefer (Hughes Research La-
boratories). We wish to thank D. A. Kleinman
for many helpful discussions.

'The coefficient d~ (=d~ ' ~' ) describes nonlinear
interactions at frequencies below the optic, but above
the acoustic-resonance frequencies. This implies that
d is the constant-strain or clamped value. The third-
rank tensor nature of d =—

d&~~ is also implied, for all
coefficients .
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When a thin conducting film in the quantum-size-effect region is placed in a strong
magnetic field, the electronic motion becomes three-dimensionally quantized. Simple
analyses are presented to show that the magnetization and the differential susceptibility
may undergo unusual transitions between positive and negative values.

When an electron gas is confined in a meta, llic
film whose thickness is comparable to the elec-
tron de Broglie wavelength, the electron motion
in the direction of the film thickness becomes
quantized. This is known as the quantum size ef-
fect (QSE).' It is conceivable that the magnetic

properties of a metallic film under QSE condi-
tions will differ significantly from those in bulk
material. Furthermore, if a magnetic field is
applied in the thickness direction so that the
electron motion in the film plane is also quan-
tized, it may be possible to find some unusual
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