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The experimental data for the single-pion distribution in the reaction 7l +P 7t + any-
thing at incident energies between 2.5 and 6 GeV and at 25 GeV show evidence for a lim-
iting distribution and scaling behavior. The slopes of the logarithmic increase of the
average ~ multiplicities calculated from the 25-GeV data are found to be comparable
with those obtained from accelerator pp reactions and cosmic-ray experiments. We
make some comments on possible future experiments and on an apparent discrepancy
between experiments at 10, 20, and 80 GeV and a limiting distribution.

The single-particle distribution in inclusive re-
actions of the type A+B- C+anything provides
the simplest test of various high-energy mod-
els. ' ' For a single outgoing hadron of mass p
and momentum p, the invariant differential cross
section,

f(s, P „,Pi)
—(p 2 yp 2 + ~2)l/2d mo/~dp d(p 2)

whex e s is the square of the total invariant mass,
is in general a function of three variables. Dif-
ferent models give a common prediction that as
s -, this function approaches a limiting distri-
bution of only two variables. One of these two
variables is the transverse momentum P i.' The
other one is either the longitudinal momentum p „

in the laboratory (projectile) frame' or the scal-
ing variable' x =- 2P ii*/s'/2, where P ii* is the longi-
tudinal momentum in the center-of-mass frame.
At infinite incident energy, one can easily show
that the variables P, i

and x are equivalent.
For finite energies, it is generally believed

that the limiting distribution in Pi and Pi| already
gives a good description. ' Recently, this has
been further confirmed by the measurement of
the backward n' distribution in m p reactions
with the incident n" energy varying between 2.5
and 6 GeV. ' However, we would like to point out

that the limits in Pii and x are already equivalent
at finite energies. In Fig. 1, we plot the single-
m' invariant cross section of Ref. 5 as a function
of s for various values of x. As can be seen, it
becomes a function of the scaling variable x only
and is quite independent of s for s ) 8 (GeV)'. It
also seems that the x dependence gets weaker
for smaller values of ixi.

Notice also that if the invariant cross section
reaches a limit at quite low energies, the essen-
tial energy dependence of d'o/wdxd(P i2) =f(x,P i)/
[x'+4(p,'+ p')/s]'/' is contained in [x'+4(pi'
+ p')/s] ' '. This energy dependence is most
dramatic at x =0. Unfortunately there are no
data points at ixi-0.4 in Ref. 5. Thus the cru-
cial behavior

d o mf(O, P )
dxd(p 2) [x2+4(p 2+ p2)/s)&/» (2)

cannot be tested. On the other hand, a measure-
ment of the m' distribution near x =0 has recently
been carried out at 25 GeV/c by Elbert, Erwin,
and Walker. 6' For more reliable statistics, ' the
differential cross section do/dp ii* is given inte-
grated over P i. Since it is generally recognized
that the differential cross section is a rapidly de-
creasing function of P „we can approximate the
scaling limit of Eq. (1) by'

(4)da'/dpii * =a'/(p p*'+b")' '
for small values of P ii*, where a' and b' are constants.

In our fit, ' the range of P,i* chosen is such that the confidence level P(X~) is maximized. In Fig. 2

we present the result of such a fit. The largest value of Pii fitted is indicated by an arrow. For the

(3)
[ 2+4(p 2+ 2)/s]g/2 i » [xm+4((p 2)a+ ~2)/s]l/2

where (p~')' are certain mean values of pi', usually of the order of a few hundred MeV . If f(x,pi) is
smooth enough near x =0, the measured do'/dx should be able to be fitted by the form a/[x'+4((p i')
+ p')/s]'/' near x =0. Since we have small-x data only at one energy, to magnify the effect we have fit-
ted
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(PJ+&)'d 0mb
f(x, P, S)= x +4

S d P~ d x (GeV/c ) 2

AT PJ =0

p ~ g'+ ANYTHING

x = -0.44—
x = -0.49

x ~-0.54

x= -0, 59
x = -0.64

x = -0.69

x = -0.74

x = -0.79

P'(x) = (x'+ 4y "/s)'~')da'/dx, (5)

which is consistent with F'(x) being constant in
x f» 0- lx ~

O.l.
As pointed out by Bali et al." in an earlier

I,etter, if the single-w' distribution function f'(x,
p ~) is already asymptotic and constant in x for
x= 0, the n' multiplicities can be calculated as
follows:

w' distribution, the data can be fitted by Eq. (4)
up to p, ~

*=0.45 GeV/c (x =0.13) with P(y') =0.91,
while for w, the data are fitted up to P,~* =-0.37
GeV/c (x =-0.11) with P(X') =0.74. Acutally the
m

" data can be fitted up to P ~~* =1 GeV (x =0.3)
with P(y') ~ 0.07. The parameters obtained from
the fit are a'=8.48+0.87, b'=0. 21+0.02, a
=6.16+0.63, and b =0.15 +0.02.' From this sat-
isfactory fit, we can see that the behavior given
by Eq. (2) is quite well satisfied. In Fig. 3, we
present a plot of

4.7
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0„,;„„0(x'+4b "/s)'~' '

(6)

p2 + 2 li2 2

f( P S) x2 4 J. + ) d mb
S d P~ dx (GeV/c) 2

AT Pi = 0

1 1a'lns + const+0
~tot in el s

-=c'In(Z/m) +d'+ O(.l/Z). (7)
+ p ~ r + ANYTHING
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%'ith &tot inel 20'8 +0'2 mb~" and with a' ob-
tained before, we have

c'=0.41 +0.05, c =0.30+0.03.

For d', we can numerically integrate do/dP ~,

* to
obtain n' according to Eq. (6) and then obtain d'
=n'-c'In( E/m). The results are d'=-0. 54 + 0.36
and d =-0.33 +0.23. The large errors are re-
sults from the subtraction of two comparable
numbers. In addition, there is also a contribu-
tion from the (E/m) ' term in Eq. (7). Thus the
values of d' are not very reliable.

Comparing with the cosmic-r'ay results"'" c'
=c =0.36 and with the accelerator PP reaction re-
sults" c'=0.46-0.54, c =0.24-0.37, we find
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FIG. 1. The, pion distribution of Ref. 5 plotted as a

function of incident energy and x. The dashed lines are
hand drawn through the points of equal x.
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FIG. 2. Fit of the 25-GeV data of Hefs. 6 and 7 with Eq. (4).

d &/dp Il*d(p ) ~g(p )

at incident proton energies of 10, 20, and 30

(8)

quite surprisingly that the c' of mP reactions are
comparable with those of PP reactions. This is
qualitative support of factorization as suggested
by multi-Regge models. ' An ultimate test of the
factorization would be the comparison of the n'
distribution in different reactions. '

Future experiments measuring the following
quantities will give a more detailed test of the
prediction of limiting distribution and factoriza-
tion:

(I) Single-r' distribution from PP, KP, yP, and

PP reactions: If measured, we can first see if
the prediction of a limiting distribution is true.
If true, we can compare the limiting distributions
and the multiplicity constants of all these differ-
ent reactions to check factorization.

(2) Proton production distribution from PP -P
+anything at higher energies: It was observed
that the double differential cross section d'a/
dp~~*d(p ') is independent of p~t* and s, i.e.,

GeV." It is very easy to see that if such behav-
ior persists at high energies, it will apparently
contradict the prediction of a limiting distribu-
tion. If Eq. (8) were always true, then we would
have from Eq. (I) that

f(s, pii*, p )

=(s'"/2m) [x'+4(p '+m ')/sj' 'g(p )

or, expressed in terms of the laboratory momen-
ta P~, and P~, for large s,

f(s, P i', P i)
=( '"/ ~,)I(p '+p '+,')'"-p jg(p ).

Thus the invariant cross section, as well as the
average proton multiplicity, would increase lin-
early with s' 2. Therefore, it is very interesting
to see whether the proton distribution approxi-
mated by Eq. (8) persists at higher energies. If
not, it is also interesting to see when and how it
changes.
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