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In conclusion we emphasize that it is essential
to include this impurity-induced term in any
analysis of the temperature dependence of the
resistivity for even the purest metal samples,
and, a fortiori, for alloys.

We would like to thank D. L. Mills for several
illuminating discussions of this problem, and
G. BoObel and D. Sherrington for their comments
on and interest in this work.
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A mechanism is suggested to explain the temperature dependence and magnitude of a
contribution to the electrical resistivity observed in a number of alloys.

The temperature dependence of the electrical
resistivity p of pure, nonmagnetic metals should
be accurately described by the Bloch-Griineisen
theory.! This theory predicts that Ap =p(T)—p(0)
should vary with temperature like 7° when T
« Op, the Debye temperature.

Recently, Caplin and Rizzuto? have completed
a careful study of Ap for a number of dilute al-
loys of Al with nonmagnetic transition-metal im-
purities. They find a contribution A(T') to p with
the following properties:

(a) At low temperatures, A(T)=BT?,

(b) The magnitude of B seems independent of
the type of impurity present in the alloy. Howev-
er, B was observed to have a very weak depen-

dence on the residual resistivity p, of the sample.

This dependence is slight; as p, varies over four
orders of magnitude, B changes by less than one
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order of magnitude. Caplin and Rizzuto suggest
that in Al, B is proportional to Inp,,.

(c) As p, is decreased, the range of tempera-
tures over which the T behavior is observed
tends to become smaller. As the temperature in-
creases, A(T) appears to become independent of
T, but scatter in the data makes this conclusion
tentative.

(d) Campbell, Caplin, and Rizzuto® have pre-
sented a heuristic argument based on the break-
down of wave-vector conservation which leads to
an empirical formula that relates B to the high-
temperature value of p in a number of alloys.
They propose that

d
A(T)IlowT:'%(#) T® (1)

o

with K =4.8 accounts for the magnitude of B for
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alloys of Al, Be, Cd, Cu, Ga, Au, Ag, Mn, Sn,
In, and Zn. With K =4.8, the magnitude of the
temperature-dependent portion of the electrical
resistivity at low temperatures for the above sys-
tems may be accounted for with a factor of 2. In
Eq. (1), (@p/dT). is the temperature coefficient
of the resistivity when T >©p,.

Since a term A(T) in the low-temperature re-
sistivity of alloys with the properties described
in statements (a)-(d) has apparently been observed
in a large number of systems (although a com-
plete analysis of the data has been carried out on-
ly for the Al-based alloys?®), we expect that the
phenomenon is a general one. The purpose of
this paper is to present a simple theory which of-
fers an explanation of the principal features of FIG. 1. The process that gives rise to the T3 term
the data. The breakdown of wave-vector conserv-  :in the low-temperature electrical resistivity of alloys.
ation, as suggested in Ref. 3, is an important.el-
ement in our theory.

Consider a single, parabolic band of electrons, describes scattering of the electron by a set of
and suppose that they are coupled.to a single local potentials, randomly distributed in low con-
branch of phonons with a Debye spectrum. An centration throughout the host matrix:
electron of wave vector k has energy E (k) =2/ v
2m, and we use units with Z=1. Hy= TV-QZ) >yexpliX; (k-k")lci ez, (3)

We take the electron-phonon interaction to have kR
the form where X; is the position of the ith impurity.

Hep= (ig/Nl/z)anl/zc . q»Tc E(aa—a -cTT)' @) From standard treatments of the Boltzmann

equation, one finds that the transport relaxation
rate 77! appropriate to the electrical resistivity
may be written®

We also include in the Hamiltonian a term that

m
ENkyT

% Fplxe G-I ®1-7, &)W (K, k'), (4)

S =
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’

=
=

where W(k, k') is the transition rate for scattering from k to k', ¥3=Kk/m, % is the direction of current
flow, £ is the number of conduction electrons per unit cell, and N the number of unit cells in the crys-
tal,

Consider the contribution to W from the process described graphically in Fig. 1. Only the contribu-
tion to 77! from phonon absorption will be considered explicitly. In the present treatment, the contri-
bution from phonon emission equals that from absorption. From Fig. 1 we have, if v, is the sound ve-
locity,

Wk, k') =210 Mz (&, K)|26(E (k') -E (K)-v . ), (5)
where
Myz(&, &) = (igV,/N*2)q 2n, 25, expliX; « (k+ -k {IE &+ )-E (K)-v,q]* +[E® -§)-E ®)] ). (6)

The crucial feature of the process of Fig. 1 may be appreciated from the first diagram. At low tem-
peratures, only phonons with wave vector ¢ small compared to the Fermi wave vector 2y enter the
scattering. Since % is close to % in magnitude, the difference E (k +§)-E (k) will be very small. In-
deed, when Eq. (6) is inserted into Eq. (5), both energy denominators diverge as one sums over ¢, and
W(E, 'IE') is singular. Therefore, it is necessary to include the effect of lifetime broadening of the in-
termediate state in the calculation. We do this by inserting a factor of ¢I" into the denominators of Eq.
(6), where T is the inverse lifetime of an electron at the Fermi surface. After this is done, the modi-
fied Eq. (6) is inserted into Eq. (5), and then an average over impurity positions is taken. Upon utiliz-

243



VOLUME 26, NUMBER 5

PHYSICAL REVIEW LETTERS

1 FEBRUARY 1971

ing the energy-conservation condition, and noting that v < vy, we have

2mcg?V 2 1

1 l

e |
W) - =

E@ +iT  —vgk -G+E(Q) +iT|

“o(E (&)-E (), 4), (1)

where c is the impurity concentration. We assume that both k and k' lie close to k. [Note that upon
summing the graphs that describe multiple scattering of the incoming or outgoing electron from the
same impurity, the factor V2 in Eq. (7) may be replaced by |T|? where T is the ¢ matrix for scattering
of an electron at the Fermi surface from a single impurity.]

At low temperatures, the factors of E(q) in the denominators of Eq. (7) may be ignored. In all cir-
cumstances of experimental interest, one will have vrg > T, since the electron mean free path is lon-
ger than the thermal phonon wavelength in the dilute alloy at all temperatures. In this limit, one has

1 1 |2

a 4n?
2@)|——t— N .
fd (q)lka-q+zF+—ka’—q+zI‘l quF+O<vF2q2)

The integration is over the direction of the wave
vector . We then find

-

2 2
w(k, &) = %IE'—EPME'_E),
where V, is the volume of the unit cell, #z(x)
=lexp(x/kgT)-1]"1, and E and E’ are the energies
of the states with wave vectors k and E', respec-
tively. Upon inserting this result into Eq. (4),
one has

1 3) ¢V 202V 2mp*
3£@3) ¢ o;}gsrc m (ksT)> @)
S

T

We now discuss the principal features of Eq.
(8).

(i) At low temperatures, the electron lifetime
is limited by impurity scattering. Then, for our
model, I'=T,=2mcV ?p(Ey) where p(Ey) is the
density of states per spin direction at the Fermi
level. (Again, by the appropriate graphical sum-
mation, V2 may be replaced by the single-impur-
ity { matrix, evaluated at the Fermi energy.)
Thus, at low temperatures, the process of Fig. 1
gives a contribution to Ap that varies with tem-
perature as 7°. Furthermore, since the product
¢V 2 drops out of the right-hand side of Eq. (8),
this contribution is independent of both the con-
centration and type of impurity present in the
metal. Thus, we identify the process of Fig. 1
as responsible for the anomalous contribution
A(T) to the resistivity discussed in the first por-
tion of the paper. In the present approximation,
the very slow variation of A(T) with p, observed?
in Al is not produced.

(ii) As the temperature increases, the phonons
will contribute to the relaxation rate I We write
I'=T,+AT(T). Since AT increases with T', the
right-hand side of Eq. (8) should exhibit a slower
variation with T than the 7'® behavior appropriate
to the lowest temperatures. In the pure matrix,
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l one expects® AT(T)~T? for T« ©Op. If this tem-
perature dependence is correct also for the alloy,
then A(T') should become temperature indepen-
dent when AT >T,. Caplin and Rizzuto® indeed
find that in Al, A(T') flattens out and becomes in-
dependent of temperature as T increases. Fur-
thermore, if AT(T) can be approximated by the
value appropriate to the host matrix, then Eq. (8)
suggests that the 7 term should begin to level
off when the lattice resistivity is comparable with
the residual resistivity. This criterion appears
in fair accord with the data on Al-based alloys.

In the more concentrated alloys of Al, the ratio
A/p, is not independent of p, in the regime where
A(T) is temperature independent. This suggests
that in these systems, the strength of the T® term
in AT(T) is affected by the presence of impuri-
ties.

The above discussion suggests that the process
in Fig. 1 leads to a contribution A(T) to the re-
sistivity that can account for the principal fea-
tures of the data discussed in the beginning of the
paper. The question of the order of magnitude of
A(T) remains. For this, one needs an expression
for the high-temperature limit of Ap.

At high temperatures, the temperature-depen-
dent portion of p is dominated by the first-order
scattering produced by H., alone. The high-tem-
perature form of 77! is readily computed for our

model. For this temperature-dependent portion,
we find
2
|4
e ©)

S

Upon comparing Eq. (9) with the low-temperature
form of Eq. (8), a relation of the form proposed
by Campbell, Caplin, and Rizzuto [Eq. (1)] link-
ing the magnitude of the high-temperature resis-
tivity with the low-temperature behavior is ob-
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tained. For the constant K in Eq. (1) we have

K =32(3)(gp/ks ), (10)

where kp = (372£)3/V is the Fermi wave vector,
and ¢p = (672)'/3/V, is the Debye wave vector.
Clearly, the value of K obtained from the model
falls in the range required to fit the data. We see
that K should vary somewhat from host to host,
since the parameter ¢ appears in the ratio qp/k¥.
In a complete theory, one would expect the pre-
cise value of K to depend on properties of the
host matrix such as the Fermi-surface geometry,
the phonon spectrum, and the details of the elec-
tron-phonon coupling at large wave vectors. How-
ever, it is clear that we find a contribution to Ap
of very close to the correct magnitude from the
process of Fig. 1.

Since the theory presented above does not in-
voke any special property of the Fermi surface,
the phonon spectrum, or the impurity potential,
one should expect to observe the contribution
A(T) in a wide class of alloy systems. Indeed,
this seems to be the case.?

As remarked above, Campbell, Caplin, and
Rizzuto® have suggested that the 7° behavior of
Ap at low temperatures has its origin in the
breakdown of wave-vector conservation in elec-
tron-phonon collisions in the disordered crystal.
The mechanism of Fig. 1 includes as an essential
feature the breakdown of wave-vector conserva-
tion, since k’#k+q in Fig. 1. However, the
small energy difference between the initial and
intermediate states is a second crucial feature
of this process. If the energy denominators were
well behaved, then the contribution from such a
second-order process to Ap would be proportion-
al to the impurity concentration c.

Let us also recall that in the present theory,
A(T) appears as an additional contribution to the
total resistivity. This contribution appears su-
perimposed on a background which consists of the
residual resistivity, and the Bloch-Griineisen
contribution. The heuristic argument of Ref. 3
produces a modification of the Bloch-Griineisen
portion of the electrical resistivity.

We have also calculated the contribution to the
temperature-dependent portion AW of the ther-
mal resistivity from the process of Fig. 1. We
find a term in AW proportional to 72 from the im-
purity-induced scattering at low temperatures,
where I'=T',. In the low-temperature region,
this portion of AW is independent of the product

cV2, just as is the electrical resistivity. Note
that the contribution to AW from the process

in Fig. 1 displays the same temperature depen-
dence as that from the wave-vector—-conserving
process obtained by treating H, only in lowest
order. The impurity-induced contribution to AW
is roughly four times larger than the first-order
scattering characteristic of the pure matrix. The
Lorenz number L =Ap/TAW formed from the tem-
perature-dependent parts of the electrical and
thermal resistivity should thus be independent of
temperature at low temperatures, where Ap var-
ies as T®. In this region, from our model we es-
timate that L =0.07Lg, where Lg is the classical
Sommerfeld value of the Lorenz number. De-
tailed experimental studies of the behavior of L
at low temperatures will provide a most impor—
tant test of the theory.

The present discussion indicates that in all
real metals, Matthiessen’s rule should always
break down, provided one examines the behavior
of Ap at temperatures low enough for the impuri-
ty-induced 7T'® term to dominate the Bloch-Griin-
eisen T° term characteristic of the pure crystal.
A similar situation exists in ferromagnetic al-
loys, where an impurity-induced T3”2 term from
electron-magnon scattering should dominate Ap
at low temperatures.® _
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