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tic planes in the smectic A. phase orient normal
to a surface.
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The speculations of Chester, Andreev and Lifshitz, and Leggett concerning the possi.-
bility of Bose-Einstein condensation and/or superfluidity in c(uantum crystals are exam-
ined. The existing body of experimental data on these systems places extremely strong
constraints on the experimental realization of these speculations.

Recently Chester, ' Andreev and I ifshitz, ' and

Leggett' have speculated about the possibility of
the occurence of Bose-Einstein condensation and/
or superfluidity in solids. Each of these specula-
tions has contained the suggestion that the most
likely candidates for the observation of this su-
perfluidity is the quantum crystal, solid 4He.

The purpose of this paper is (I) to describe what

we believe to be the essential physical content of
each of these speculations and (2) to scruntinize
them in light of the large body of data on quantum

crystals.
It is useful at the outset to introduce a model

Hamiltonian which gives an adequate description
of the important particle motions in quantum

crystals and which provides a concrete frame-
work on which to base our discussion. We take
the particles in solid 'He to be described by

X,„=g~,& 'b, + Qt(RR')h„'h~
R RR

+ &a&&n'4'&n&n,

where bR creates a He atom in the ground state
at lattice site R."' The energies e„ t(RA'), and

y, are &„ the energy of a particle in the ground
state at lattice site R; t(RR')„ the energy associ-
ated with tunneling from lattice site A to lattice
site R (approximately the off-diagonal kinetic
energy); and (oc, the hard-core energy associated
with double occupation of a lattice site. ' The par-
ticles may move through the solid because of

t(RR'), the tunneling term, but they are hindered
in their motion by the strong repulsive interac-
tion, the hard-core term. For the purposes of
this model the numbers &0, t, and p, can be taken
to be about 20, 0.1, and I0 K, respectively.

The particle motions that are necessary to have
a superfluid component in the solid are difficult
to achieve because of the hard-core repulsion be-
tween pairs of particles. We may partially avoid
this difficulty by taking the T = 0 ground state of
the solid to contain a finite number of vacancies.

Case I.—At T = 0 the ground state of the solid is
N particles described by R» on N+n„ lattice
sites. Here n„ is the number of vacancies in the
ground state. These vacancies are called ground-
state or "frozen-in" vacancies. The presence of
n, vacancies in the ground state does not mean
that there are n„vacant lattice sites. It means
that there is a single-particle density in the vi-
cinity of each lattice site which is less than I,
i.e. , N/(N+n„). In his discussion of Bose-Ein-
stein condensation in solids, Chester suggests
that the usual proofs that this condensation can-
not occur in solids are invalidated by the pres-
ence of "frozen-in" vacancies in the 7 = 0 ground
state. ' The vacancies of Andreev and Lifshitz,
which have a condensate and lead to the super-
fluid properties they discuss, are vacancies
present in the T = 0 ground state. ' Thus we take
case I to represent the physical content of the
speculations of Chester and of Andreev and Lif-
shitz.
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TaMe I. Vacancy-wave parameters.
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Because of the tunneling term in Eq. (1), the
vacancies in solid 4He exist as vacancy waves. '
The motion of a vacancy wave through the solids
yields motions of the single-particle density that
could lead to superfluidity. The thermally acti-
vated vacancy waves in solid He have the dis-
persion relation

K(u(k) = y, 2t(c-osk„a+ cosk, a+ cosk. a), (2)

where & is the near-neighbor distance and we
have used simple cub1c geometry. The vacancy-
wave bandwidth 2st and the vacancy-wave excita-
tion temperature qo-6t are known from NMR ex-
periments' (see Table I). If we assume that the
ground-state vacancies have the same dynamics
as the thermally activated va, cancies, then the
ground-state vacancy waves have the dispersion
relation"

Ru&(k) = -2t(cosk„b, + cosk, 4+ cosk, b).

The system of n„ground-state vacancies will
undergo a transition to the superfluid state at
temperatures such that the thermal de Broglie
wavelength is comparable with the interparticle
spacing, Ar' = [k/(2m*kqT, )' ']'= &/n„= 4'N/n„,
where m* is the effective mass deduced from Eq.
(2). For n„=N we have T,«zt/10=1 K, using t
=1 K from Table I.

How many ground-state vacancies a,re pres-
ent in solid 4He? There are two tests in the NMR
data on 'He and 'He-4He mixtures that bear on
this polIlt, ,

(1) There is direct evidence about the presence
of vacancy waves in solid He in the experiments
of Richardson and co-workers. " These experi-
ments see the motion of vacancy waves in 'He
through their effect on small concentrations of
'He which serve as probe particles. Richardson
and co-workers find that (a) the vacancy-wave
bandwidth is about the sa,me in He as in 'He,

(b) the thermally activated vacancies in bcc He
have an activation energy of about 6 K, and

(c) the thermally activated vacancies in hcp 'He
have an activation energy of about 15 K. The data
of Richardson and co-workers at & =20.0 cm'/
mole and T =1.5 K can be understood qualitatively
and quantitatively by the pxesence of a concentra-
tion of 10 ' of thermally activated vacancies. "
Thus we conclude that the number of ground-state
vacancies in 'He is certainly less than 10 4N.

For this limit, n„=10 N, the transition to the su-
perfluid would occux' at T «50 mK.

(2) If we argue that the energetics of vacancy
formation ax'e the same in 'He as in 'He, then if
there are ground-state vacancies in He they are
also very likely to be present in 'He and vice
versa. Are there ground-state vacancies in 'He?
The NMR data of Giffard and Hatton" at t/'= 20.0
cm'/mole and T =0.4 K can be understood by the
presence in the system of a concentration of
I0 "of thex'mally activated vacancies. In the
absence of an argument fox why the ground-state
vacancy waves obey a d1fferent dynamics and
have a different effect on an NMR experiment
than the thex'mally activated vacancy waves, we
must take this result to mean n„('He) & 10 ' N.
This is equivalent to n„('He) -=0. Further, in the
absence of an argument fox why the energetics
for vacancy formation in solid 'He should be
greatly different from that in solid 'He, we can
transfer this result to solid 'He and conclude that
n„('He) -=0."

We believe that thexe are no ground-state va-
cancies in quantum crystals.

Case II.—At T=0 the ground state of the solid
has N particles described by +» on N lattice
sites. For this case the possible motions avail-
able to the particles in the solid are highly con-
strained. The primary mechanism of particle
motion is the cooperative tunneling process which
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permits particles that are near neighbors of one
another to change place. When the particles are
tagged by spins this process is described by a
pseudospln Hamlltonian and leads to the Heisen-
berg antiferromagnet description of solid 'He."
Let us extract from R» the part which describes
the cooperative tunneling process. We write

where rr„= &„bs. The second term in this Ham-
~

iltonian couples the single-particle density at
lattice site R to the single-particle density at
lattice site R'. In solid 'He the coupling constant
t(RR')'/p, =M(RR') is the exchange interaction Z.
The quantity t{RR')'/p, for solid 'He can be de-
termined from experiments on 'He and the use of
reliable scaling procedures. ' " The single-par-
ticle density described by Eq. (4) has a. set of
normal modes that are found by examining G(RR')
=&(~&s{t)&~~ {t')). In the Hartree approximation
the normal modes of the single-particle density
are (for a cubic crystal)

K~(k) = -M(k) = -(t'/y, ) 2(c osk„&+cosk, &+cosk, 4).

We take case II to represent the physical content
of the speculation of Leggett. The coherent dif-
fusion process" called for by Leggett is the
coupled motion of the single-particle density de-
scribed by the modes in Eq. (5). Bose-Einstein
condensation in this solid will occur at tempera-
tures given by A. &'=4'. Using the effective mass
m* from Eq. (5) in the calculation of )j.r leads to
the condition 7«z t'/10go. The superfluid prop-
erties of the solid will be seen at temperatures
about an order of magnitude below the bandwidth
2st'/y, . For 'He at 20 cm'/mole the exchange
interaction J' has strength 20 pK. ' The highest
density 'He solid is at about this molar volume
so that a very optimistic estimate of t'/p, for
solid 'He is 20 pK. Thus we estimate that the
solid must be carried to temperatures well below
0.02 mK=zZ/IO for the superfluid transition to
occur. Leggett suggests that the superfluid frac-
tion of the total density, p, /p, is on the order of
(t'/yo)(5'/mb. ') '. This ratio is reasonably reli-
ably calculated using the theory of tunneling due
to Guyer and Zane. 'r' For hcp He at V= 20 cms/
mole we have t'/p, =3 pK and p, /p= lx10 '. The
superfluid density is very likely about two orders
of magnitude smaller than the estimate of Leg-
gett.

There are two possible mechanisms by which
the particles in solid 'He can acquire the mobility
that 18 nece88ary to permit the k1nds of I110t1ons

that would lead to Bose-Einstein condensation
and super fluid phenomena. These mechanisms
are (I) motion of the single-particle density due

to the presence of "frozen-in" or ground-state
vacancies, and (2) motion of the single-particle
density due to the cooperative tunneling of pairs
of particles. We have argued that the NMR data
on solid 'He and solid 'He-'He mixtures provide
strong evidence for there being no gr ound-state
vacancies in solid 'He. Thus Bose-Einstein con-

densation due to the presence of ground-state
vacancies is ruled out. Bose-Einstein condensa-
tion due to cooper ative tunneling would occur at
temperatures well below 0.1 mK. If it does oc-
cur, the density of the superfluid component will
be on the order of 10 ' of the bulk density. It
seems extremely unlikely that the present gener-
ation of low-temperature laboratories are capa-
ble of observing this superfluidity.
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We have observed an exponential temperature dependence of the quantity dp&/dH,
where p& is the Qux-Qow resistivity, in thin-film superconductors in the reduced tem-
perature interval 0.7 & &/& 1.0. The results can be explained qualitatively if it is as-
sumed that the dominant contribution to the Quz-Qovr viscosity is power dissipation re-
sulting f lorn the plesence of thermodynamic Quctuations

The study of cuxxent-induced vortex motion in
superconductors is of particular interest because
it allows the exami. nation of time-dependent ef-
fects and dissipative processes in the supercon-
ducting state. A comprehensive review of the
subject has been given by Kim and Stephen. ' In
the presence of a transport-current density J of
sufficient magnitude, steady-state vortex motion
of velocity v obtains, +here v is detexmined by
equating the net force on a vortex, f=fL-f~ (f„be-
ing the I orentz force Jy, /c and f~ being the pin-
ning force), to a viscous drag force qv:

'W =~%0/c-fp~

where y, =hc/2e is the flux quantum. This leads
to a finite resistivity which, in the limit fL»f~,
is given (for the usual thin plate geometry, in
whi. ch case v@0=0, n being the voxtex density and
H the applied perpendicular field) by

Since the povrer dissipated through viscous flow
is given by D =1)v', Eq. (2) may be cast into the
form

p~ =DH/J'y, .
The essential physi. cs lies in the undexstanding
of the source of dissipation D. In the usual situa-
tion the major contx'ibution to D comes from

Joule'heating in the vortex cores (actually half
of D comes from dissi. pation in the core and half
fxom dissipation arising from the return cux'-

rents outside the vortex core). ' The local model
of Bardeen and Stephen, ' which treats this pxob-
lem, has been successful in explaining the em-
pll'1cal result~ py/p„=P/8~2(0) fol' T 0~ of K1m~

Hempstead, and Strnad. ' While the experimental
and theorem. cal situations are less satisfactox'y
for finite temperatures, it is believed that the
basic dissipative mechanism is the same as that
fox 7 -O. We report here flux-flow results i.n a
regime where the major contribution to the dis-
sipation appears to axi.se not from the vortex
cores, but from the interaction of the current
fieMs of the moving vortices with thermodynamic
flu ctuati. ons.

The experiments %'ere performed on granular
Al films, pxepared by the method discussed by
Masker, Marcelja, and Pa,rks. ' Such films are
paxticularly attractive for superconducting stud-
ies since the grain size (and hence the scale of
structural disorder) is small compared with the
coherence length $(T)." Thus, such films,
from the standpoint of superconductivity, are
pax ticularly homogeneous. This is manifested
in the present studies in the extremely small de-
pinning-current densities observed (smaller than
in highly annealed bulk specimens). ' In addition,


