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Raising of Discrete Levels into the Far Continuum*
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Broad peaks observed in the photoabsorption spectra of rare earths -10-20 eV above
the 4d edge are attributed to transitions 4d 4f —4d 4f + '. Exchange interaction splits
the 4d 4f + configuration and raises some multiplets by -20 eV. Autoiouizatiou to 4d-
4f«sf broadens the high levels. The interpretation extends to P d processes observed
in the absorption of synchrotron light by transition elements.

This Letter points out and interprets a curious
coexistence of discrete and continuum features
in the absorption spectra of rare earths near the
N,v v (4d-electron) threshold, i.e. , in the range
of 100- to 200-eV photon energies. These fea-
tures have emerged from experimental studies
with elements from Sn (Z = 50) to Lu (Z = 71).''
For Z &57 one observes primarily a high broad
peak 20 or more eV above threshold, with an in-
tegrated oscillator strength of -10 electrons.
From La (& = 57) through Ho (Z = 67) there is a
main peak 5 to 20 eV above threshold, with vari-
able structure, variable width (5 to 25 eV), and
decreasing strength with increasing &; numerous
weak lines also appear near the threshold. Only
the lines remain from ~ =68 to ~ =70 and no fea-
ture has been detected at Z =71.

Centrifugal effects associated with d —f transi-
tions (d-P having low intensity) are known to
have a major influence on these spectra. For Z
&57 a centrifugal potential barrier of 10-20 eV
keeps low-energy f orbits outside the, region of
space where the 4d orbits are confined. Accord-
ingly, 4d- f transitions become intense only at
energies sufficiently high to permit the f-elec-
tron's mave function to penetrate inside the bar-

rier, thus overlapping the 4d wave function. "
[In other words, the escaping electron must re-
ceive sufficient energy to surmount the barrier. ]
For Z ~ 57, on the other hand, the 4f orbit has a
small radius which fits inside the centrifugal bar-
rier, while f orbits with somewhat higher energy
remain mell outside. One mould then expect to
observe intense 4d-4f transitions in the rare
earths while transitions to 5f and high discrete
levels and to the low-energy f continuum remain
suppressed by the barrier. '

This expectation is supported by experimental
evidence for the analogous case of M photoab-
sorption, which shows for Xe a broad maximum
well above each of the M~& edges, ' but for rare
earths a single, dominant M-4f line below each
edge. ' Experimentally, though, 4d photoabsorp-
tion by the rare earths peaks well abave thresh-
old. The main task of our interpretation of rare
earth spectra thus lies in demonstrating hom the
optical spectrum of 4d-4f transitions may peak
above the ionization threshold.

Rare earth atoms in the metallic (or oxidized)
state are generally trivalent. ' Hence their spec-
tra are characteristic of a triply (sometimes dou-
bly or quadruply) ionized core from which 6s or
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5d electrons have been effectively removed. Ac-
cordingly we regard the 4d-4f spectrum as con-
sisting of transitions from the ground level of a
4d"4f" configuration to the numerous levels of
a 4d'4f"" configuration. The key point is that
these latter levels are spread over a very broad
range of ~20 eV, primarily by the effect of ex-
change interaction between the f electrons and

the d vacancy. Sample calculations show most of
the oscillator strength to be concentrated in tran-
sitions to the higher levels of 4d'4f"", when the
4f shell is not nearly filled. These levels lie
far above threshold and hence autoionize rapidly,
mainly to the configuration 4d 4f &f.

The large role of exchange interaction between
vacancies and electrons of unfilled subshells has
also been demonstrated by other experiments. '
This interaction is stronger between subshells
with equal than with different principal quantum
number n, , and hence affects 4d-4f more than
3d-4f transitions. Note that the analogous ex-
change interaction represented by the integral
R'(4def, e'f4d) broadens the peak of the Xe (Z

=54) spectrum and raises its energy further. "
The same exchange interaction yields the pair
correlations that underlie the phenomenological
collective-model theories and their prediction of
unexpected peaks in photoabsorption continua. "
Here we also attribute continuum peaks to effects
of electron interaction but within the framework
of conventional atomic theory; this framework
yields not only detailed quantitative predictions
but a rich structure in the spectrum of 4d-4f
transitions.

interpretation of rare earth spectra in terms
of 4d- 4f transitions also accounts directly for
the observed decrease of 4d oscillator strength
along the sequence of elements from Z = 57 to 71.
In particular, the 4d-4f transition is forbidden

by the exclusion principle for Z - 71; in general,
its total strength is proportional to the number
of vacancies in the 4f subshell in accordance with

a sum rule to be discussed elsewhere. IHeduc-
tion and eventual disappearance of absorption
peaks upon filling of outer shells had been com-
mented upon in Ref. 4, but without any real ex-
planation. ]

The preceding discussion and interpretation of
rare earth spectra may extend to any. 'optical
transition whose final state depends critically on

a centrifugal barrier. We have particularly in
mind the absorption by 3P electrons in transition
elements" whose features are analogous to those
of 4d rare earth spectra, though less pronounced;
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FIG. 1. Independent electron modeI matrix elements
for Ar and V (nl =3p, l ' =2), and for Xe and Ce (nl =4d,
1' =3. Solid line, 1(nl Ir1d ') I (a.u.); dashed line,
R (nial', el'nl) (dimensionless).

these features should result from 3P —3d transi-
tions. "

To develop our interpretation into a detailed
quantitative treatment, spectroscopic theory is
combined with the existing theory" of multilevel,
multichannel autoioniz ation. The complete theo-
ry, to be reported elsewhere, resolves into a
network of partial calculations. Results of a few
preliminary calculations are described below for
purposes of illustration.

The effect of a centrifugal barrier upon the pen-
etration of f (or d--) electron orbits expresses
itself in the values of matrix elements for transi-
tions to or from such orbits; in particular it is
illustrated by the dependence of such matrix ele-
ments upon the energy of the orbit under consid-
eration. Figure 1 shows the spectral distribu-
tions of matrix elements for optical transition
and for electrostatic dipole exchange interaction,
illustrating particularly the rapid change of this
distribution with increasing Z when the radius of
the 4f (or 3d) orbit contracts to fit within the
atomic radius. The spectra of Fig. 1 pertain to
matrix elements that constitute input data for a
detailed theory of the photoabsorption spectrum.
Note the large values of the exchange integrals
R' for the discrete ground state orbits in Ce and
V.
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Table I. Comparison of observed and calculated energy levels in La, Ce, Er, and
Tm. State designations represent the largest I 8 component in each level and should
be considered as labels rather than as assignments. Level intervals only are calcu-
lated, their absolute scale being adjusted for each element. The fitted parameter val-
ues for Ce are E =10.6 ~1.6 eV and G =10.1+0.3 eV.
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Matrix elements evaluated (like those of F1g. ] )
mith central-field" mave functions mere utilized
to calculate for La" the sequence of optical and
autoionization transitions

4d"('8, ) —4d'4f ('P„'D„'P,) —4d'e f„
The x'esultlng absox'ptlon spectrulYl agx'ees qua, ll-
tatively with the experiment' (if one considers al-

so a 4d 6p transltlon) but its main peak lies
higher in enex'gy and is sharper than observed.
This discrepancy is not unexpected, since high-
order perturbations are knomn to be very impor-
tant in rare eaxth spectra and to reduce the level
splits calculated by lorn-order procedures"; our
results (not shown) were in fact improved by par-
tial evaluation of high-ordex' effects. This diffi-
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Letter. In addition, we have obtained for Ce a
value of -50:1 for the line strength ratio of all
the five levels of Ce above the ionization thresh-
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strength in the experimental data appears to be
&20:1 but is difficult to estimate from Ref. 2.
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FIG. 2. Comparison of p, the measured absorption
coefficient for Ce in the region of the N~v v edge from
Ref. 2, with the calculated relative positions and line
strengths of 4d' 4f 'E&y2 4d 4f transitions. Addition-
al line positions corresponding to prominent peaks in
the ionization region are shown in Table I.

culty was bypassed by empirical adjustment of
key interaction parameters in separate, more de-
tailed calculations of discrete 4d'4f"+' levels.

Figure 2 shows a comparison between calculat-
ed levels of 4d'4f ' (8= —,', ~, -', )—with predicted
line strengths for the transitions from the 4d"4f
I",g, of Ce"—and the experimental spectra of
Ref. 2 for Ce metal (Z = 58). The calculation
started from the energy matrix of the 4d'4f 2 con-
figuration, for each J value, written in terms of
direct (+',+') and exchange (O', O', O') Slater in-
tegrals and spin-orbit parameters (f~, &&). Spin-
orbit parameters were obtained from experimen-
tal data" and initial estimates of Slater parame-
ters from Hartree-Fock (HF) calculations. "
Each matrix was then diagonalized to predict en-
ergy levels. The values of &' and G' were finally
adjusted to optimize agreement with Ref. 2, keep-
ing the F:I' and Q:G:G' ratios at their HF val-
ues. The eigenvectors of each matrix served to
transform relative line strengths for the array
from their I-S-coupling values to the coupling of
the predicted levels.

Figure 2 does not extend to the main levels far
above the ionization threshold. More extended
data for Ce are given in Table I along with re-
sults obtained by similar calculations for La, Er,
and Tm. The latter calculations were performed
without least-square adjustment of calculation of
line strengths, the HF values of the Slater pa-
rameters being reduced in the same ratios as for
Ce. %e regard the overall agreement of the theo-
retical and experimental data in Fig. 2 and Table
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The Ericksen-Leslie theory for nematic liquid crystals is simplified and improved.
The most general linear hydrodynamic equations are obtained following the conservation
laws, thermodynamics laws, and symmetry properties. The rigorous low-frequency,
long-wavelength equations are then deduced by taking such a limit. It is a simple alter-
native way to derive the theory of Forster, Lubensky, Martin, Swift, and Pershan. It
would be of interest to study the more general equations experimentally.

The hydrodynamic theory of nematic liquid crystals has been discussed by many authors. ' ' Most
recently Forster, Lubensky, Martin, Swift, and Pershan' (FLMSP) have derived the low-frequency,
long-wavelength equations for the case of zero external field. In this note we rederive the FLMSP the-
ory by simplifying and improving the Ericksen-Leslie theory. "We discard unnecessary assumptions
such as the transformation properties between noninertial frames of reference. Following the con-
servation laws, thermodynamics laws, and symmetry properties, we obtain the most general set of
linear hydrodynamic equations. The rigorous low-frequency, long-wavelength equations are then ob-
tained by taking such a limit. Our more general equations are, however, subject to experimental test.

The macroscopic description of the state of a nematic liquid crystal is effected by means of the local
density p, velocity v, pressure P, and unit vector )I denoting the orientation of the molecular axis. In
this note, we shall neglect thermal expansion and conduction.

The conservation of mass is expressed by

dp/dt = —pBv;/Bx;.

(d/dt) f„pv, dV =-p pdA;+ go, idA&,

where V denotes any material volume with surface boundary A and dA. ; the vector component of a sur-
face element. In Eq. (2) a potential force has been neglected because it is of second order in varia-
tions. '3

We define the angular velocity of a molecular axis to be

(2)

(d g
= f g

.
g n g Bn p /8 t —f i « n dn p /dt

with corresponding moment of inertia per unit mass I;; n, the equilibrium nematic direction, is tak-
en to be the 3 axis. Under the assumption that I, =I, =r while I, -O, the conservation of angular mo-
mentum in the 1 and 2 directions can be written as

(A summation from 1 to 3 is implied for repeated indices. ) The stress tensor o;,. is defined by the con-
servation of translational momentum:

(d/dt) f„(pf,„x,v+ pIcu. )d.V = Jf,, n, (dF-/dn„)dV .fpf, x, dA -+ p~f, .„x,.o„,dA, .+ p. l', , dA, ,

where F is the potential energy per unit volume including that due to the external field, "and the
torque tensor I'&;, which is defined by this equation, balances the other torques. Whether I';,. exists
or not can only be determined by experiment. Equation (4), which is second order in time, can be re-
garded as the single-collision-time modification of the FLMSP equation for v, .

From Eqs. (2) and (4), one obtains the equation for rotation of the molecular axis:

pId(d /dt = —f ) pn dF./dna -f
g go'ig+ BI gi/Bxi.
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