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The previous perturbation-theoretical calculations of two-photon magnetointerband
transitions in Insb-type semiconductors are found to have underestimated the strengths
of the ~n =+1,-3 transitions by having omitted effective-mass terms. The corrected per-
turbation theory satisfactorily accounts for new measurements of the two-photon absorp-
tion carried out with circularly and linearly polarized radiation.

Two-photon magnetoabsorption in semiconduc-
tors has recently been a subject of interest. ' '
In this Letter we report a correction to the per-
turbation-theory expressions of two-photon ab-
sorption which brings the theory into good agree-
ment with recent experiments. 4 The allowed
transitions are hn =+1 for left-hand polarization
0'L, 4n =-3 for right-hand polarization oR, and An

= -1 for transverse polarization cr.

Two approaches have been used to interpret
multiphoton magnetoabsorption in semiconduc-
tors: (1) ordinary perturbation theory" and

(2) tunneling theory. " From the expressions
of Ref. 2, the strength of the 4n = -3 transition
predicted by perturbation theory is three orders
of magnitude smaller than that of the An =0
transition predicted by tunneling theory. Yet, ac-
cording to the tentative assignment4 of an ob-

served transition as being that of b'(0)b'(0), we
find that the 4n = -3 and 4n =0 transitions are
comparable in intensity. This paradox was re-
moved when a recent report' reminded us of
the fact that the intraband matrix elements of the
momentum between adjacent Landau levels is
proportional to m/m *, the ratio of the free-elec-
tron mass to the effective mass. Since this ra-
tio for the conduction band of InSb is m/m, *=60
and the square of the matrix element occurs,
one gains a factor of over 10' which is what is
needed to make the calculated transition rates
agree with the experimental values.

We follow the treatment of Ref. 5 or 6 to calcu-
late the intraband matrix element of the momen-
tum for circular polarization, namely p+ =(p,
+i/, )/W2 for cr„and P =(P„iP,)/M2 for ca. C—on-
sidering the conduction band first, the wave func-
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tion for the nth Landau level (leaving out spin in-
dices} is

The energy denominator for the transition in
(3b) (two-electron process") is opposite to that
of the one-electron sequence:

x ( p ),,p„(k„)iu „.),

where u, and u,. are the celI-periodic functions
for bands c and j, and the index n takes the val-
ues +, —,0 corresponding to p+, p, p„re-
spectively. y„(k„) is the usual harmonic oscilla-
tor function.

In computing the intraband matrix element

(y, „,„p+g, „) it is essential to retain terms
such as (u,. I y„(k„)p„y„(k„)lu, ) when the effective
algebraic mass nz, * is small.

For a simple band, one then obtains

((, „„,p, g, „)=mls(n+1)]'"m/m, +,

where s = le IH/Rc, H is the applied field, e is
the free-electron charge, and c is the velocity
of light in the vacuum.

For a hypothetical substance having a simple
and full valence band v, and a simple conduction
band c, the two-photon transition from I,v, n) to

I c, n+1) would go via two intermediate states:

first (v, n)-~c, n), then (c,n)-~c, n+1), (Sa)

first ~v, n+1)-
~ c, n +1),

then )v, n&-~v, n+1).

( v, n) —
~ v, n +1), then ( v, n +1)—( c, n +1). (Sc)

However, the final state of (3b) differs from that
of (Sa) by the permutation of two electrons. One
must then change again the sign of the contribu-
tion of process (3b) to the second-order matrix
element. The net result is that one may just add
the contributions of (Sa) and (3c) calculated as
one- electron transitions. " The energy denomin-
ators for (3a) and (3c) are, respectively, -k~
+@sr, and @&u+k I &u„l, where ~, and I co„l are the
cyclotron frequencies in bands c and v.

In InSb, the valence band is not simple" and
also there are three intermediate states instead
of two. These are k'(n), b'(n+1), and b (n+1)
for the transition b'(n) to k'(n+1) in o z. For the
transitions reported below, the second-order
matrix elements of p, (for circular polarization)
and P~ (for transverse polarization) denoted by
p~'~ obtained by neglecting (Sm,/Se) and (Iv„/Su&)
in the energy denominators, are given in Table
I. E~ is the energy gap, 4 the spin-orbit split-
ting, and I' the interband momentum matrix ele-
ment. For completeness, we give the transition
rate 8", when a left or right circularly polarized
field E,(d„cosset +e, sin&A) is incident on a unit

Table I. Second-order matrix elements P for allowed two-photon magnetointerband transitions.

1
a (b,n=-3)

RTransitions

b (n)b (n-3)

a (n) a (n-3)

2
v (hn=+1)
Tr ans' t ions

b (n)b (n+1)
n&1

(o)b (1)

a (n)a (n+1)
n&l

(o) a (1)

3
a(~n=+1, -3)

Transitions

b (n)b (n-3)

a (n)a (n-3)

b (n+1) b (n )

a (n+1)a (n)

b (n) b (n+1)
n&1

(o)b (1)

a (n)a (n+1)
n&1

a (0)a'(1)

4

1

P ™(n-2)n 5 P 2 P
2 2

4n-1 3 mEG 3 m(E +p)
2 2s(n-2)n 2 7 P 2 P

4n-3
,
, 3 mEG 3 m(E +b, )

1

P S '2 38n+27 " + 8n+6 P'
~~ 3(4n+3) 3 mEG 3 m(EG+h)

1

S 2 38n+ll P 8n+2 P
3(4n+3) 3 mE 3 m(E +h, )

P 3s(n+1)n 7 P 2 P
4n-1 '

3 mEG 3 m(EG+b)

P s 7 P 2 P
(d 3 mEG 3 m(EG 5)

P s(n+1)n & 5 P 2 P
3(4n-3) 3 mEG EG+h

P sY 5 P 2 P
u) 3 3 mE 3 m(E +h, )
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volume of material:

8n e ' (2 p, )"'s
„C 6 Pl(d

[2h -(E, -E )j'"

where g '=m, * '+ lm„*l ' and I=ca'"E,'/8&,
where e is the dielectric permittivity. For
transverse polarization, a factor 4 must be in-
cluded in the square bracket (for a given I) and

the matrix element of p~t2) must be used. The
term in the square bracket, hereafter called A,
or A~, can be evaluated using the matrix ele-
ment p, ' or p~" for the various allowed transi-
tions given in Table I. The theoretical value of
A, or A j, will now be compared with A, the ex-
perimental value deduced from the study4 of the
absorption of Co, laser radiation by two-photon-
excited free holes" in InSb. The absorption e„
of high-intensity light at frequency v in the sam-
ple of thickness d is given, "in terms of the
same quantity A, by

=1- = I-[1+2qw AT2I~(0)d] '" (5)
I(d)

v T2I(0) P

Here I(d) is the transmitted light intensity, I(0)
is the light intensity at the surface of the sample,
T is the power transmission coefficient for each
surface of the sample, q is the cross section of
free-hole absorption, and 7~ is the lifetime of
excited holes. The absorption peaks of o.„cor-
respond to the resonances of A. Details of the
measurements of e„ for several frequencies
were described elsewhere. ' For the present pur-
pose, in a transverse field configuration (E &II),
Fig. 1(a) shows for n-type InSb and for a typical
intensity of I(0) =1.5 x10" erg cm ' sec ' and d

=0.2 cm, the absorption of CO, la.ser radiation as
a function of the magnetic field for crR and oL and

for incident frequency v =1046.8 cm '. The theo-
retical assignment of absorption peaks was ob-
tained by using the quasi-Ge model with the ba,nd

parameters given by Pidgeon and Groves. " Pre-
cise values of the magnetic fieM II at the absorp-
tion maxima are given in columns 1, 3, and 5 of
Table II; columns 2, 4, and 6 list the identifica-
tions of the transitions. For circular polariza-
tion, with one exception at 50.9 kG (see Ref. c,
Table II), all peaks of absorption occur for bn
=-3 in oR and 4n =+1 in cr„. This is in agree-
ment with our stated selection rules. In column

O
~~ .85

Cl

80
(

~ 80

I

LLI

85

C9

p=l046, 8cm '

, 80 I

20 50 40 50

.90

JO 20 ZO WO

MAGNETIC FIELD H (kQ)

F&G. l. (a), (b) Typical magnetic field dependence jn
n-type InSb of the absorption of CO2 laser radiation by
two-photon-excited free holes for right-hand polariza-
tion a R, left-hand polarization 0.~ and for transverse
polarization 0 in a E & H configuration for incident
frequency v=1046 cm (single arrows show the &n
=+1,-3 transitions and double arrows show the ~n
= -1 transition) .

5 we have listed only the o transitions which are
not observed in either crL or crR polarizations.
These additional transitions in cr shown with dou-
ble arrows in Fig. 1(b) are identified as bn =-1
transitions.

To calculate A„A~, we have assumed, for
each resonant transition, a Lorentzian spread"
in the energy of width 5/T determined by the col-
lision time 7. We have used the value v = 2 x10 "
sec used by Boswarva" in low-field experiments.
We have also taken P' =0.39 a.u. In calculating
A from Eq. (5) we have used the values q=3.2

x10 "cm' (see Ref. 13) and ~~=5.10 ' sec."
The predicted intensities of all the transitions
is in good agreement with the experimental val-
ues which depend of course on the assumed val-
ues of the parameter q, T~, and T.

In summary, it is thus possible to explain the
entire spectrum, with the exception of the line
at 50.9 kG in crL, with perturbation theory alone.

We would like to thank Dr. C. K. N. Patel for
constructive comments on the manuscript and

Dr. I.. R. Walker for a useful discussion. One
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3

c (EiH)„(EM) a (E-LH) A , A orAs A ,A orAg

Table II. Free-hole absorption maxima with their theoretical identification. Theoretical and experimental val-
ues of the parameter A of Eg. (5} are also given for each absorption peak.

1 2 5 6 7 8

Abs. Naxi Transi-
(KQ) tiona b

Abs . Naxi

(KG)

10.1

Trans i-
btion

(1)b (2)
hn =+1

Abs. Naxi Transi-
(KG)

a tion b
Theor

-2
(em sec erg )

1.55

Exp.
-2

(cm see erg )

1.46

12.1

20, 9

a (5)a (2)
hn =-3

19, 2 b (0)b (1)
hn = +1

12.8 a (2)a (1)
hn = -1

1.01

2.11

2. Bo

2. o4

1.24

l. 62

4.oo

1.24

44. 6 (3)b (0)
~n = -3

24. 2

50. 9

a+(O)a {1)
hn = +1

22

50, 9

(1)b (o)
bn =-1

a (1)a (0)
bn =-1

1.85

0.90

2. 32

2.10

1.88

1.12

l. 80

1.62

Reproducibility of these measurements is +1, %. Each of the magnetic field values is the average of values foun
for the two directions of field sweep.

For notation, see Bef. 12.
We have no explanation for this absorption peak; it might be due to a residual polarization.

of us (V.T.N. ) would like to thank Professor P.
A. %olf for his encouragement during the early
stages of this work.
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