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Consequences of the assumption that current commutators have power-type singulari-
ties near the light cone are derived. AI1 extension of Wilson s short-distance expansion
of commutator s is suggested for almost lightlike distances. Consequences for power-
type singularities are derived. for processes involving currents. Especially, generalized
scaling laws are obtained for inelastic electron-nucleon scattering. The connection with
Hegge behavior is discussed. An. application to electron-positron annihilation into ha-
drons ls also made.

Inelastic lepton-hadron scattering stimulated
many theoretical works. ' " Especially, Bjor-
ken's conjecture' about the scaling behavior of
inelastic electron-hadron scattering is supported
by experimental data. " This behavior was also
combined with Regge asymptotics' and related to
the singularity structure of the matrix elements
near the light cone."'" lt is the purpose of this
paper to investigate the structure of commuta-
tors between currents when their space-time dis-
tance approaches the light cone. A generaliza-
tion of %'ilson's short-distance expansion of com-
mutators" to nearly lightlike distances is pro-
posed, This brings us naturally to power-type
singularities of commutators near the light cone.
Consequences are derived for inelastic electron-
nucleon scattering. Generalized scaling laws are
obtained for this process. In particular, a gener-
alized scaling law applies to the I=1 part in the
imaginary part of forward Compton scattering.
We then investigate the connection with Regge be-

havior and consider the possibility that the lead-
ing singularity near the light cone gives also the
leading Regge contribution as well as the leading
term in 8'jorken's scaling limit. Finally, we get
a bound on the possible decrease of the electron-
yositron annihilation cross section from electron-
proton inelastic scattering data.

The fact that light-cone singularities are im-
portant in determining certain limits of matrix
elements of current commutators had been point-
ed out by several authors. "' For example,
consider the imaginary part of forward scatter-
ing of off-mass-shell photons of four-momentum
q by protons,

W..(q, p) = fd xe'"&pl[~, (x), ~.(0)] I p),

where J~(x) is the electromagnetic current, p is
the four-momentum of the proton (p'=M'), and a
spin averaging is performed on the right-hand
side. W~ for q'&0 (spacelike) is related to the
electron-proton scattering cross section by

wi. (q, p)=(-zi. + ', ' w, (e', «)+, (, .«i 0;—.«.)&,(«*, «) (2)

d 2

, / [W,(q', v) cos'8/2+ 2W, (q', v) sin'8/2],

where Mv =q p, E and E' are the energies of the
incoming and outgoing electrons, 8 the scatter-
ing angle in the laboratory frame, and a =e'/4w
is the fine-structure constant. [(1-v'/q') W, ~ W,
& 0 for q'& Q. W, and W„defined by W, =(-q')W™,
and W, = (-q') W, + v'5'„have no extra zeros as
q'-0. ] Let us now look at the Bjorken scaling
limit, namely, q'--~, v-~, with &= —q'/2q p
fixed. Taking the target proton at rest, this can
be achieved by

4V(x0-x3)e-i~~x 3

which implies that most of the contribution comes
from lx,-x, l - 1/v, lx, l -1/M(c and thus

0 +3 +0 ++3 +I ++2

q = v(1, 0, 0, (1+2M(d/v)'I'), (4) & [(1/M(uv)-(x, '+x, ') ].



VOLUME 25, NUMBER 14 PHYSICAL REVIEW LETTERS 5 OGToBER 1910

Since x' ~ 0 only contribute to (1), we have

x'~ (1/M(uv) „=- 0

and the behavior near the light cone dominates.
In applying these considerations we assume that
the most rapid variation of the commutator is
near the light cone. Similar considerations ap-
ply to the Regge limit v - ~, q'= -0' fixed. Here,
choosing q=v(1, 0, 0, (1+v'/v')'~'), we get lx,-x, l

~1/v, lx, l~2v/v', and thereforex'~l/a'. We
therefore approach nearer and nearer to the
light cone the higher the value of g'. Following
Ref. 7 we call the region for which a' is large
enough so that the light-cone singularities domi-
nate the deep Regge limit. We assume here that
the regular parts of the commutator inside the
light cone are controlled by bound mass values,
and therefore the Bjorken scaling limit and the
deep Regge limit can be reached. However, in
order for the deep Regge limit to be dominated
by the light-cone singularities, we have to as-
sume that the parts of the commutator which
vary less in x', and therefore are more damped
in 0', are also less leading in v or at most have
the same behavior in v once a' is large enough.
This extra assumption is not needed for the Bjor-
ken scaling limit, since now v'- ~ and there is
a damping in the o variable. We shall make this
assumption, and so make contact between the
scaling laws and the Regge limit. Qur aim,
therefore, is to get the structure of the commuta-
tor [J&(x),J„(0)]near (x-y)'=0. Let us first
mention the suggestion of Wilson" about the
structure of the commutator near x =y, namely
near the tip of the light cone. His conjecture is
that there exists an expansion of the form

[J„(x),J.(y)]= Z C„.' ](x-y)E'"](y)
f~l

where C&„"](x-y)are c-number functions,
which include the singularities at x =y, and
E( ](y) are operators. The index [a] includes
intern& group characterization and also Lorentz
tensor structure. It is assumed that to any given
degree of singularity near x =y, there are but a
finite number of terms in the above expansion.
The singularity of the function C&„("](x-y) is de-
termined by the asymptotic "dimensionality" of
the operators E("](y) and the currents. For
whenever there exists a scale operator U(X),
such that

V(i)A(x) V '(i) =i'(")A(W),

where d(A) is a number associated with the oper-

ator A. , then

I& ](~)-g&(&(~ ]) 2&(z)C [& ](x)

and C „, is more regular near the origin the
higher d(E) [d(J) =3, using the fact that the charg-
es have dimensionality zero]. One should keep
in mind that the numbers d(A) are in general dif-
ferent than the dimension of the operators as ap-
pearing in a Lagrangian formulation. " Equation
(7), together with the Lorentz covariance and lo-
cality of Eq. (8), fixes the C's up to constants.
For example, for the part C&, -—g&„C and for
C(~) =i'~c(x) we get

C(x) ~ [(-x'+fex,)'-(-x'-fax, )"]. (8)

[J(x),J(y)]= C(x-y)E(x, y)+ ~ ~ ~, (10)

where E(x,y) is a scalar operator, C(x) is as in
(8), and we take, from now on, scalar currents
for simplicity. Let us now take the matrix ele-
ment between sirigle-nucleon states, spin aver-
aged, and look at the Bjorken scaling limit. We
obtain

w(v', q p) = Jd' xe(pl[J( ),xJ(o)]lp)

= jd'xe""C(x)(plE(x, O) lp).

Now, (pl E(x, 0) lp') is a function of x' and p.x.
However, the most singular part of the matrix
element of the commutator will be given if we
take (plE(x, 0) lp) at x'=0. We may therefore
write

[&plE(, 0)lp)]..=.=A Z( ) '"'*,

One may try and generalize the expansion (8) to
the case of interest for us, namely near (x-y)'
=0, by postulating that for two currents J, and

~a

[J.(x), J,(y)]= P C "(x-y)E("](x,y), (9)
pal

where g, b, and [o.] include Lorentz and other
quantum-number characterization, E( ](x,y) is
regular at (x-y)', and C(" ](x-y) includes the sin-
gularity near the light cone (x-y)' =0.

We furthermore assume that E( ](x,y) is regu-
lar also at x =y,"so that we can determine the
singularity of the C's from Wilson's expansion,
since the C ~ can be decomposed in terms of in-
variant functions, which depend on (x-y)' and
e(xo-yo) only, and for those the singularity near
(x-y)'=0 or near x =y is the same.

Let us assume, for simplicity, that the leading
singularity on the light cone is of the form
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and hence

W(q', v) = fdo. g(o.)fd'x e' ' ' ~ '*C(x).

For C(x) of the form of Eq. (8),

fd4xe*'*C(x) ~ [( a-'+ieI, )

-(-k2-iaido) '],
which shows that only k' ~ 0 gives a nonvanishing
integral. We get

W(q', ~) =fd~ g(~)([-(q+ ~p)'+«(q. + ~p.)]
p)'- (q. p.)]-'-'].

From the fact that W(q', v) vanishes whenever q'
+2Mv&0 and q'-2Mv&0, we get that only -1 +n
&1 can appear. We also have g(n) =g(-a), since
%' is odd in v. Therefore, for v &0,

W(q, v)=(2Mv) ' 'f «g(u)[(cu-a+i )e

-((o-o. +i~) ' '], (12)

with &u =-q'/2Mv (for inelastic ep scattering we
have of course v =0). This would be our general
ized scaling law: W(q', v) - v ~ 'f(& ) in the limit
v- ~ and &o =-q'/2M' fixed. If Eq. (12) holds al-
so in the deep Regge limit, in which case co -0,
we need, to ensure that W(q', v) —P(q') v ', that
f(co) - &

f~ "' ~ 0 i for v -0. n(0) is the inter-
cept at t =0 of the leading Regge trajectory [for
the case of vector currents we would have o.(0)
-2 instead of n(0) for W, ]. This is achieved by
a g(A. ) which behaves like lk, l

'~ ' 'I for small A.

[it is easy to see that by changing a —av in Eq.
(12)]. Comparing with Eq. (11) we see that Regge
behavior is connected to the large p x behavior
of our matrix element. The singularity on the
light cone thus determines the generalized scal-
ing law, which when combined with the large p x
behavior gives the Regge behavior. For the case
of vector currents, Bjorken's scaling laws' are
that 8', and vS", are functions of ar only. The
Regge behavior is v ' for 5", and v ' ' for W„
with the leading singularity being the Pomeran-
chukon. "When applying the expansion (9) to vec-
tor currents, "me therefore need a term whose
contribution to W, would be given by a singularity
e(xo)5(x') for C(x) and a lkl' "~'~ behavior for
g(X) near 1=0, and a term for W, with C(x) of the
form e(xo)5'(x2) and g(X) behaving like 1k 1

Going back to W(q', v) of Eq. (12), we see that
in the scaling limit we have v ' 'f(ar) and in the
deep Regge limit v 0 (-q') "''' ' ~. Follow-
ing arguments based on duality, "we would expect
the decrease in q' to be more rapid for the non-

Pomeranchuk contribution. This would mean an
increase in d for a non-Pomeranchuk term which
is more than the decrease in o.(0). This in turn
means that the lower the intercept of the Regge
trajectory, the less singular the behavior near
the light cone. For the difference between elec-
tron-proton and electron-neutron inelastic scat-
tering we thus expect W, and W, to behave like
v ~' 'f, (&u) and v " 'f, (&u), respectively, with d„
+a„,(0) &0, n =1, 2, where a„,(0) is the zero in-
tercept of the A, trajectory which is supposed to
be the leading Regge contribution for the above
mentioned difference. "

Note that for a certain term in the expansion
Eq. (9), the t dependence for a nonforward matrix
element is given only through the matrix element
(plE (x, 0) lp') of the regular operator E (x, 0).
There is certainly no t dependence to the part
singular on the light cone. We could of course
put some t dependence to the singular part by as-
suming

(pl [J.(x), ~, (0) ]lp )

= PC"(x, i)F'"i(P x, P'x, t),
[~l

with E regular at x =0 and C " ~ of the form

(13)

C(x, f) —[(—x'+ ibex, )"~ '~-(-x'-i', )@"] . (14)

However, Eq. (13) contradicts the Wilson expan-
sion Eq. (6) when we take x =0 in the former and
assume a nonconstant d(t).

Let us now comment on e'e annihilation into
hadrons. We know, from the discussion regard-
ing W, in inelastic ep scattering, that the leading
singularity near the light cone is a 6'(x') singu-
larity. Therefore we would expect (01[J„(x),
J,(0)]I0) to be more singular than that. " Defining

«I [&„(x),&.(0)]10)

=fd qe e(qo)p(q )(-g„q +q„q ) (15)
we would get that p(s) decreases slower than s
as s - ~. The Schwinger term, being proportion-
al to fp(s)ds, would therefore diverge. The an-
nihilation cross section 0,+,-(s) of e e into
hadrons, which is proportional to p(s)/s, would
decrease slower than s

Finally let us remark that expansions of the
form of Eq. (9) can be extended to the cases of
time-ordered products or ordinary products of
operators, changing appropriately the structure
of the singular functions on the light cone. It
should be emphasized that our expansion, Eq. (9),
as well as Wilson's, are weak equalities, namely
holding for matrix elements betmeen fixed states.
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In a case like proton+ proton- (g' p )+hadrons,
in the limit s —~, Q'/s fixed (Q' is the mass of
the p'p pair), the approach to the light cone in-
volves a simultaneous change in the states and
thus a more careful investigation is required. "
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