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MAGNETIC BUNDLES IN REACTING FLOWING PLASMA*
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An exact theory of plasma filaments observed in coaxial accelerators is derived from
a steady-state (9/Bt =0) description of the three-dimensional flow of deuterium plasma.
Ionization and recombination reactions are considered. Magnetic structure of the fila-
Inents (bundles of helical field lines), density distributions, and flow field fit the experi-
mental evidence.

By considering shock-wave conditions for the current sheath (CS) in coaxial accelerators (CA), it
can be proved' that the plasma vorticity ~ = 2V' ~u is large in the region of space where the filaments
are located, immediately behind the shock front Z (Z is considered, essentially, as the foremost
luminous face of CS). Vorticity and filament axis have the same orientation' (parallel to the z axis;
see Fig. 1; without a relevant loss of generality we take 9/&z =—0, the filaments are considered as
parallel cylinders). The existence of a large ~ in a narrow region of space (containing the filaments)
is not sufficient to conclude that vortex structures exist in that region. More stringently an analytic
description of the plasma can be deduced which depicts the vortex nature of the filaments. The essen-
tial assumptions of the theory Isee Eq. (1)] and the general results [see Eqs. (2)] are set forth below
before specializing formulas to the filament problem. We can show that a strong component 8, (2500
G and larger) of the self-consistent magnetic field exists along the filament axis (orthogonal to Be
—= B,) inside the filaments. This fact was already pointed out by magnetic probe measurements. ' The
density in phase space for ion and electrons f, satisfies

df, /dt =S, ,

where d/dt is the Vlasov operator with self-consistent fields E = —Vp, B=V &&A; 9/&t = 0 in the CS
frame of reference (moving with a velocity u, -10' cm/sec in the laboratory system); the source term
S accounts for ionization and recombination reactions; the indices + are sometimes dropped. The
role of the neutral atoms is simply to affect the anisotropy in velocity of the newly born charged par-
ticles and to function as a reservoir for ions and electrons. Neutral atoms are further disregarded.
S is chosen ad hoc, according to these criteria. : (I) A solution of (1) can be obtained at a glance if a
solution f„ofthe Vlasov equation df„/dt = 0 is known; in our case f„=f„(E,p, ), where E, p, are ener-
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FIG. 1. Profile of the current sheath between the electrodes.
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gy and z momentum of a particle; macroscopic quantities (by f) and their relevant derivatives are
continuous functions. (II) The solution f must generate specific mass and current flows [m,p,u, and

1 =e(p,u, —p II )] which are suggested by experimental evidence. This is conveniently accomplished
by considering S as a collection of many (including a continuous distribution of) typical terms, i.e.,
S =p, ,fS„,The particles are ejected on (by ionization) or removed from (by recombination) ol bits
which are defined as in the Vlasov theory and can be labeled by some constant of the motion. We
chose p., (~,P, ) =&, +I', with

g, =[v„'+v,'+(v, +c, )']m, /2, I', =+e(p+c,A, },

c+ =const, c, &0; the typical term S&,. =SI (p,.) then depends on a specific numerical value p,. of p, .
As an example~ lf

S = S„(p;)=f„(p)I-(p;)(d/«)[C(4.;)C(D.;)],
whel'6 C(X) 1 If X&0, C(X) = 0 lf X & 0 [t116 10111ZRtloll spectl'ulll" I (p. ;) 18 R collstRnt RIld $„I v„D„
D„,. = (p,.-l )(2/m} —v, '-(v, +c)'], then f=f„+f, =f„+I.C(g„;)C(D„;)f„givesa solution of (1). For the
nonlinearity of (1), the self-consistent fields in d/dt, f, S&,. are always determined according to the
total S. The complete theory will be presented elsewhere; we list here some of the results for the-
case f„,=const exp(-II, p, ), p„=P,, 2, =j„J.= e(P,-+c+ Pc-) 9„,g„= e(p.-+c.+ P. c-& )--
with c„=(c,'-c,c )/c„c,= speed of light, u„„u„,40 {i.e. , no co~trib~tion to the net charge comes
from the source-controlled part f, of f, etc.), and I'„I' &0. A„p(emu) satisfy

V'A, =4IIe[Po, {co'/c ) exP( —n, I', )—P, (c,'/c, ) exP( —II I' )]

and a similar equation for p (with -1 replacing c,c,); n, po=constants & 0. We find the convenient
solution

A, =[e{c -c,)] 'ln(E, " +E," -), y=[ c/ (ec,- c)]ln{E,'-~""+E,I~ -),

Pg+ Po+ exP( eI+I+) Po+EI& P, =Po ex—P( &-—I -)=Po Emp-
with

— 2

where g„g2are arbitrary functions of the com-
plex VRx'1RMe 'g x + lg Rnd

E,'= -e'c,'p„(c,-c )2It/c

II2 = —c EI po /po+c~;

c & 0 i.f the gun is opex ated with a positive cen-
ter electrode. ' The conditions I", & 0 imply
A, & 0. The magnetic field lines in the xy plane,
EIE2 coils't (I" lines)q Rl'6 ln geI161'Rl dlffel'
ent from the equipotential lines y =const [they
become nearly coincident if c, —c; this case is
consi. stent with a negative center electrode; solu-
tions other than (2) must be considered if c,
= c ]. In the particular case E,=const E, the
two systems of lines are colncldent Rnd the net
CI" ge density is proportional to the mass den-
s' I (e.g. , slightly positive plasma; some elec-
tions are removed at the electrodes; y ocA,).
g„g2are chosen according to physical conditions
on p and on the fields, in particular according
to the periodicity of the filament arrangement

I (e.g. , a simple period 2II/m on the y axis). Since
ionization 18 high on CS Rnd much smaller far
from CS, we consider p, - 0 for x —+ ~, where
practically only neutral atoms exist B (x-+~)
-0; B,(x-+~)-B„=const(B„&B,), etc. For
convenience we can take g„g2both of the same
form g =a+ (I+a')I"e™"(a„a,= const & 0) already
used in a known treatment of the plasma Ma-
ments (that treatment was confined to A, =A„
—Q„-Q —p+ —p —

Oq loIDzatlon Rnd recombina-
tion reactions were not considered). The explicit
expressions for g (cp, A„~~ ) in S define functions
of p, A„-,locally, with x, y, which play the
role of the parameters, determining the connec-
tions between successive branches. The index
f corresponds to the local character of S&, g&,
by taking g„.= v, —D„."' (the pair of orthogonal
components v„,v„replacing v„,v, ) for p,. ~ po,
we have a paxtiele flow eollineax' with the

bylines

in some (x, y) region. If C(g„,.)-2 replaces C(g)
in S=S„., the solution f =f„L+(p,.)[ (pC„.)-—,')C(D„)
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xf„gives
pu, (I —p,.)Le " 'C(p,.—I").

With the spectrum L=e'"~(b, +b, p,. +bshe, .')C(pc
—p,.)d)L, in JS„wehave pu, =y,[(I'—p . )(I
—p, )]'C(p,—I ); b„b„b,are defined as conve-
nient polynomial combinations of p.„p. , yp.
Magnetic field lines and collinear flow on (x, y)
are depicted in Fig. 2; p, , p, p are the values
of I', respectively, on the filament axis (max-
imum of p) and on some closed line 7f =

7& (p, )
crossing in the M the y axis (we have considered
F,=F,=E, p„p and so n I = e I, = —lnF,
y ~ A, for simplicity); the expression of y, in
terms of the maximum value (pu, ),„ofpu, in
the filament region is yo= (pu, ) „(2/b,)4, 6

pp p ' N is given by the v line which best
fits the visible-light profile of the filament; both
M and N may coincide eventually at y = 0 (see
Fig. 2), then CS shows no filamentary structure
by visible light but appears as a continuum (this
is the case if the peak current I „acrossCA
is increased to sufficiently high values' ). The
implication here is also that in this case a fila-
mentary structure could be detected by other
means than a visible-light photograph, e.g. , by
the associated gradients of electron density
(schlieren images of a filamentary structure of
CS have been observede). The filamentary struc-
ture of CS for a CA with I „-500kA (and 13
kV) is shown in Fig. 3. For T& ~z [e.g. , v. & 1
+ r, i.e. , outside the filament region (x, y)] we
have IuI =u„if g =g„,.(p,. ~ po); a convenient spec-
trum L=C(p,. p, )e s "~Q-,d, p. , ', P&0, gives
u„=0 on Tf, u„-const & 0 for x —-~, and j„=0,
etc. From j, we can estimate B, (maximum
value IB„Ion the filament axis) if the values of
the parameters yp, pp, m, and x are introduced

from the experiments; in terms of the (absolute)
maximum p,„and (relative) minimum p;„of

x j, 'j, (x, y)dx, where y = (2l + 1)w/m, l = integer,
and xo= cosh '(v f+r)/m, can be easily obta. ined

by using the Laplace method (b, ' is large if M
is close to the filament axis). We have

B„—= + e ( pu, ),„2m"'g(s I'/gx) „„-,
if u, , »u, ; x is--given by I'(x, y) = —,'()L, + p, „).
By taking 6/(&I"/Bx)„-,—=—ln[(1+ x)/(I —z)]/(m
&&sinhmx), p,„/p;„-3,2m/m -2-4 mm (see Fig.
3), and (pu, ) „—(10'6 cm 3)uo, one obtains
values B,p 10 -10 G. Vife conclude that &, in-
side the filaments can reach the same maximum
values that the azimuthal component B& —=B, takes
in the down-stream region x &0. B, may have a
different sign inside different filaments and is
vanishing far from CS. Each filament is a bun-
dle of helical magnetic field lines with a pitch

FIG. B. Front view of CS rolling off the end of the
center electrode. Image-converter photograph by visi-
ble light; 5-nsec exposure (at t = -120+ 20 nsec; see
text). The circular edge of the center electrode (di-
ameter 3.4 cm) is visible in the background. D2 initial
pressure 8 Torr.
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increasing from the periphery to the axis of each
filament. The ion orbits are definitely non-
adiabatic on CS. A filament on the CS can per-
form as a "corkscrew" device' (Sinel'nikov mag-
netic trap) for particles reaching CS with a large
velocity component v, . A cyclotron resonant
transfer of kinetic energy occurs from z direc-
tion (that we consider from now on as defined by
'tile filament axle) into the Larmor rotation. We
notice that the Larmor radius for ions with a
velocity ~ uo&B, —2500 6 and the optical radius
of a filament -0.5 mm (see Fig. 3) are of the
same order of magnitude. At the dense focus
stage, the CS is partially collapsed into a plas-
ma column in the direction of the electrode axis;
the filaments blend, optically, into a cylindrical
pattern (the plasma column) starting from the
end of the center electrode, but the filaments
can s till be observed individually in the off-axis,
still advancing part of CS. Time dependence,
as well as z dependence, then becomes neces-
sary. It is possible, however, to see from our
static solutions that even a small rearrangement
in mass flow or net charge distribution can pro-
duce drastic changes in j and so large BB/Bf and
large E fields which can accelerate relatively
few particles. The existence on CS of filamen-
tary magnetic structures (with &'/Bn-kinetic-
energy density') is relevant for some unsettled
points about the focus dynamics:

(A) When CS 16Rclles the RX1s, the derlvatlve
of the CA current. BI/Bf shows a sharp minimum
(commonly used as a time mark, t =0, for the
events at the focus); the commencement of neu-
tron production usually occurs at t =—0, but the
main neutron pulse (after time-of-flight correc-
tion) reaches its maximum about 60 nsec (or
more) later. 8'o This indicates the existence of
a delay L] &60 nsec of the neutron maximum with
respect to maximum compression on the column,
which occurs near the center electrode at t = 0.'

(&) The neutron pulse lasts I„-200nsec or
more; the axial center-of-mass velocity of the
reacting deuteron is u, =—2&& 10' cm/sec"; neu-
tron-generating plasma moving with a velocity
~„would imply a plasma column length P =I;„I„
—10-20 cm (this is a well-known contradiction
with the laboratory observation P- 2.5 cm)."
The Iong-lasting neutron production can be easily
associated with the relatively slow decay of the
magnetic structure in the column. The B, varia-
tions are responsible in part for the acceleration
of reacting deuterons which collide predominant-
ly in. the radial direction"; Be variations are

responsible for u~. There is some evidence
that the delay 4t of the neutron maximum corre-
sponds to the relaxation time of the u, p rear-
rangements which trigger the field decay at some
point of the column. As an example, ~V'p

~ (by
schlieren) disappears on the central column
after the maximum compression but before the
neutron maximum. "

%e wish to thank W. H. Bostick, L. Grunber-
ger, and W. Prior who obtained the photograph
1n Flg. 3.

*Research sponsored in part by the U. S. Air Force
Office of Scientific Research, Office of Aerospace Re-
search, Grant No. AFOSR-70-1842.

~W. H. Bostick, L. 6~berger, V. Nardi, and
W. Prior, in Proceedings of the ¹nth International
Conference on Phenomena in Ionized Gases, Bucharest,
1969, edited by G. Musa et al. (Institute of Physics,
Bucharest, Romania, 1969), p. 66.

~W. H. Bostick, %. Prior, L. Grunberger, 2nd G. Em-
mert, Phys. Fluids, 9, 2078 (1966).

3By algebric transformations each of our Poisson
equations is reduced to a pair of equations of the kind
B21'/BI}Bj=e, A, =const, I}I}=[I}~2, which has a known
integral. See C. Jordan, Cours d'Analyze (Gauthier
Villars et Fils, Paris, 1896), Vol. 8, pp. 858-860.
The given conditions on p~, j~ (and the forthcoming con-
straints on u„,u~) can all be met by conveniently speci-
fying I.(II;).

4V. M. Fadeev, I. F. Kvartskhava, and N. N. Komarov,
Nucl. Fusion 5, 202 {1965).

~J. W. Mather and A. H. Williams, Phys. Fluids 9,
2080 (1966).

6J. P. Baconnet, G. Cesari, A. Coudeville, and J. P.
Watteau, in Proceedings of the ¹nth International Con-
ference on Phenomena in Ionized Gases, Bucharest,
1969, edited by G. Muss et al. (Institute of Physics,
Bucharest, Romania, 1969},p. 665. Schlieren images
of CS obtained by %. Bostick and W. Prior at Stevens
Institute of Technology with the low 02 pressure 0.6
Torr show a filamentary structure even if the image-
converter photographs (simultaneously taken) do not
reveal any filament by visible light (private communica-
tion).
~H. Dreicer, H. J. Karr, E. A. Knapp, J. A. Phillips,

E. J. Stovall, and J. L. Tuck, Nucl. Fusion, Suppl. No.
1, 299 (1962); K. D. Sinel'nikov, B. N. Rutkevich, and
V. D. Fedorchenko, Zh. Tekh. Fix. 80, 249 (1960}[Sov.
Phys. Tech. Phys. 5, 229 (1960)].

8%. H. Bostick, L. Grunberger, and %. Priox', Pro-
ceedings of the ThA'd European Conference on Con
trolled Eh', sion and Plasma Physics, Utrecht, The
¹therlande, 1969 {Wolters-Noordhoff Publishing,
Groningen, The Netherlands, 1969), p. 120.

9The J3, contribution could be even smaller without
impairing the argument that the reacting deuterons
lecelve most of thel1 enex'gy fx'om the field. This is



VOLUME 25, NUMBER 11 PHYSICAL REVIEW LETTERS 14 SEPTEMBER 1970

possible if the field energy is transferred only to a
frRctlon of plasma particles~ for instance to paltlcles
matching some resonance condition similar to the stat-
ic-corkscrew conditions; complications are introduced
by field self-consistency and time dependence at the
focus.

J. P. Baconnetq G. Cesarl~ A. Coudevllle~ Rlld J. P.

Watteau, in PI"oceedings of the ¹nth International Con

fexence on Phenomenu in Ionized Gases, Bucharest,
1969, edited by G. Musa et al. (Institute of Physics,
Bucharest, Romania, 1969), p. 648; H. L. L. van
Paasse11, Phys. Fluids 12, 2198 (1969).

~~J. P. Baconnet, G. Cesari, A. Condeville, and J. P.
%atteau, to be published,

TEMPERATURE-DEPENDENT TILT ANGLE IN THE SMECTIC C PHASE OF A LIQUID CRYSTAL*
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Measurement of the tilt angle of the smectic C phase of terephthal-bis-(4-n-butylani-
line) has been made using conoscopic observation and circularly polarized light. The
new phenomenon of a smectic C phase with a temperature-dependent tilt angle is reported.
Terephthal-his-(4-n-butylanaline) has nematic, smectic A, smectic C, and smectic J3

liquid-crystalline phases. The tilt angle of smectic C changes from 0 at the smectic-
4-smectic-C transition to approximately 26' at the smectic-C-smectic-8 transition
texnperature.

The most commonly occurring smectic phases
have been classified according to optical texture
as smect. ic A, C, and 8 by Sackrnann a,nd Demu
Smectic phases are considered to be layered and
smectic A has a molecular arrangement such
that the long molecular axis is perpendicular to
the layers; smectic C has the molecular axis
tilted with respect to the layer normal. Smectic
8 can have the molecular axis perpendicular or
tilted and, in addition, has an order within the
layers.

The optical properties of terephthal-bis-(4-n-
butylaniline) (TBBA) are of special interest be-
cause it has nematic, smectic A, smectic C, and
smectic B phases. TBBA was prepared by re-
fluxing 4-n-butylaniline (2 mole) and terephthal-
aldehyde (I mole) in absolute ethanol for 5-6 h.
The pxoduct after isolation was recrystallized
sevex'Rl tlIQes from Rlchohol until the tl"Rns1tlon

tempex atures remained constant. Analysis cal-
culated fo1. C28832N, was N, 7.07; found, N, 7.15.
The phase-transition temperatures are isotropic-
nematic, 236.5'; nematic-smectic A, 199.6';
smectic A-smectic C, 172.5; smect1c C-smec-
tic B, 144.1'; and smectic B-solid, 113.0'C.
The absolute error in the temperatures is esti-
mated to be less than +1.0'C with a repeatablility
of +0.2 C. A differential thel'II1Rl RIIRlysis (du
Pont DTA 900) is shown for heating and cooling
in Fig. 1. From the thexIQogram it is apparent
tllRt tile sIIIectlc A-smectic C (S~-Sc) transltlon
energy is very low compared with any of the
other mesophase transition energies. The as-

signments of the phases were made by optical
texture' using a polarizing microscope with a
heated stage. Smectic A can exhibit the focal-
conic texture in thick sections but generally
orients normally spontaneously in sections less
than 0.1 IQID thickness. SIDect1c C exhib1ts tile
smectic schlierien texture' with thickness less
than 0.1 mm and snlectic B gives a mosaic tex-
ture.

In exRID1nlng TBBA we found thRt the snlectlc
C schlierien texture showed a striking change in
the order of the birefringence as a function of
temperature when observed with white light. In
smectic C phases which we have xeported, ' we
had not observed a temperature dependence of
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FIG. 1. Differential thermal analyzer thermogram of
TBBA for heRtlng and coolUlg




