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shida' and by Moos, Opal, and Huang, ' but, on

the other hand, their methods are not very con-
ducive to the detection of very fine absorption
lines. These differences may explain the dis-
crepancies between the present work and the
work published by Kushida, ' although Kushida's
spectrum does show some small "kinks" at
around 15000 cm ' in the E perpendicular to c
spectrum but very little similarity in the region
of 27500 cm '. The spectra of Huang and Moos'
show a weak feature near 3600 A. See Figs. 6
and 7 of that paper.

Based upon the polarization of the spectra, the
clear connection between the lower common
state of the two systems with the originating lev-
els of the R, and R, lines, the fact that the ori-
gins consist of a simple pair of lines in each
case, and, finally, the energies at which the two

transitions occur, we assign the terminating lev-
el of the lower-frequency transition as t, '('E)e

and the originating leve l of the highe r- fre-
quency transition as t, '('E)e 'A, . The latter
might, alternatively, possibly form the E part
of the t, '('T, )e 'T, level since there is some in-
tensity polarized parallel to c as would be expect-
ed from the E -E transition in this case (C,„no-
tation).

More complete details of the apparatus and re-
lated studies will be published elsewhere.
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Results of computer simulations of electrostatic "anomalous resistivity" are reported.
One- and two-dimensional plasma simulations were performed in which an external
(nonself-consistent) spatially constant electric field was imposed to drive a current in

the plasma. In these calculations the electron distribution is subject to collective run-

away with beaming and thermal energy increasing about equally.

The data described here were produced by two

different plasma simulation programs. The
gALAXY programs, described in earlier pa-
pers, ' ' perform two-dimensional plasma simu-
lations on a square region with 64x64 cells. The
one-dimensional simulations were performed us-
ing the finite-sized particle model in a program
developed originally at Princeton" and adapted
the Naval Research Laboratory for these calcula-
tions. The one-dimensional simulations extend
the two-dimensional calculations to include cas-
es having larger mass ratios, more particles,
smaller driving fields, and systems containing
more unstable modes, but they are less complete
in the sense that they are one-dimensional. The
earlier two-dimensional calculations indicate

that with only a few modes in the system the mo-
tions tend to become one-dimensional with only
waves parallel to E being strongly excited. This
tendency toward alignment is a result requiring
further investigation but suggests that one-di-
mensionality may not be a serious limitation.

Figure 1 shows results from a two-dimension-
al calculation in which the ion and electron mass-
es are equal. Here 8192 ions and 8192 electrons
are released on a doubly-periodic system. The
initial velocity distributions are Maxwellian with

zero relative drift. The electric field is quite

strong, accelerating an electron by 0.14V„ in
the plasma time 1/&u~, . Figure 1(a) shows the
evolution of system electrostatic energy and also
the breakdown of this energy into the two most
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FIG. 1. Evolution of a bvo-dimensional calculation on anomalous resistance.

important spatial modes as a function of time.
For t ~30 (&u~, '=v 2in these units) almost all of
the electrostatic energy resides in the two modes
of longest wavelength which are aligned with the
electric field (here taken in the X direction).
Alignment appears in this run during the linear-
growth phase of the two-stream instability. In
other cases involving larger mass ratios, howev-
er, one-dimensional mode alignment occurred
after the nonlinear saturation of the two-stream
instability. Mode alignment may be caused and
supported in later times by enhanced thermal
damping of off-angle modes, by nonlinear inter-
action, or by numerical effects arising from fi-
nite system length. This aspect of the results
merits further investigation. In any case, the
alignment as observed suggests the adequacy of
a one-dimensional analysis for many aspects of
the problem.

Thermal distributions of electrons and posi-
trons were started at rest for the two-dimension-
al calculations. The electrons accelerate initial-
ly at the free-streaming rate as shown by the up-

per dashed line in Fig. 1(b). When the beams are
traveling fast enough, a large two-stream inter-
action takes place (t 30 to 45) -during which the
space-averaged random "thermal" spread in-
creases until it equals the average beam or drift
velocity. The repetitive energy pattern in Fig.
1(a) arises from the repeated interpenetration of
particle clusters on the oppositely charged beams.
These clusters are evidently dynamically stabil-
ized. Positron-density plots in Fig. 2 show a
wavelike structure propagating toward positive
X. These regions of enhanced density correlate
with the particle clusters shown on the upper of
the two phase-space beams. These clusters,
furthermore, move with the mean beam velocity
and thus are not wave phenomena propagating
along the beam. When the particle clusters on
the oppositely charged beams overlap (Bt t -45,
57 in Figs. 1 and 2) the energy resides primarily
in mode (2, 0) and is rather small. When the
charge concentrations become separated (t —39
in Figs. 1 and 2) due to the relative motion of the
beams, large self-consistent electrostatic fields
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FIG. 2. Physical phenomena in a two-dimensional calculation on anomalous resistance.

build up which slow down the beams and increase
their rms spread as shown in Fig. 1(b). Under
continued action of the external electric field,
which always acts to increase the relative drift,
the nonlinear two-stream instability is repeated-
ly excited and stabilized, each time increasing
V„and decreasing the drift velocity V~ until they
are again equal.

The lower curve in Fig. 1(b) shows the trans-
verse thermal spread for the beam (the rms
spread in the 1' direction). For this value V„„
increases only slightly during the entire run.
This result is obvious from the velocity-space
plots in Fig. 2 as well. V„~ can increase be-
cause of coherent and turbulent processes, parti-
cle collisions, or because of the spurious numer-
ical phenomenon called "stochastic heating. "'
The absence of coherent or turbulent heating in
the transverse direction is supported by the en-
ergy alignment discussed earlier. That numeri-
cal stochastic heating and particle collisions also
give negligible contributions implies that spuri-
ous numerical errors, in the form of enhanced
eollisional phenomena, are absent from the cal-
culations.

The one-dimensional ealeulations summarized

in Fig. 3 used 10000 to 20000.electrons and an
equal number of ions. Mass ratios m;/m, of 27
and 100 mere used and initial temperature ratios
T;/T, of between 1 and 100 were chosen. At t =0
the velocity distributions mere Maxwellian and
the current was set equal to zero. A current was
produced by applying an external electric field.
This field started at a high value and mas de-
creased over a time of 10+~, ' to a steady value
to raise the current to the desired level in a
short time. The initial field varied between 1
and 40 times its final value.

After an initial transient, the current again
satisfied the empirical and intuitively very rea-
sonable law, V„=VD, where V~ is the mean
electron velocity and V„ is the rms deviation
from the mean. This result is illustrated in
Figs. 1 and 2. Figure 3(a) shows a plot of V~
and V„versus time for eE/[m m~, V„(0)]= 0.005,
m, /m, =27, and T,(0)/T;(0) =10. As can be seen,
V~ and V„stay very nearly equal though they do

wiggle back and forth around each other. '
The upper straight line shoms how the current

would develop if the electrons freely accelerated
while the lower straight line shows what would
happen if half the electron energy ment into ran-
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FIG. B. One- and two-dimensional results on anomalous resistance. (a) Drift and thermal velocity for a typical
one-dimensional run follow the same behavior as two-dimensional calculation. (b) Vn/V«oscillated slightly
about unity. (c) The average value of Vn/V«.

dom motion and half into streaming. Figure 3(b)
shows the ratio of Vn/V„versus time for eE/
m'en, V„(0)=0.005, m, /m, =27, and T, (0)/T;(0)
=10. The initial rapid increase of V~ due to free-
streaming acceleration is seen. The drift V~
overshoots V„until the instability gets going at
which time it drops back to V„and stays there
throughout the run. Both YD and V„are increas-
ing during this time. Figure 3(c) shows a plot of
Vn/V«(after this value has settled down) versus
eE/[ &m~,cV„(0)]for mass ratios of 1, 27, and
100. The results for mass ratio 1 are taken
from the two-dimensional calculations described
earlier. "

As can be seen, the ratio remains at essential-
ly 1 for all these cases. The slightly larger val-
ue for mass ratio 100 may be real and could be
explained by the slower growth rate of the insta-
bility for large mass ratios. The drift continues
to increase during the time needed for the insta-
bility to grow to a large level. However, this
point needs further investigation.

For one case we attempted to see if the drift
could be stabilized at the ion acoustic value
[V„(m,/m;)'"] by quickly accelerating the elec-
trons to this speed and then dropping the field

back to a smaller value [eE/m &u~, V„(0)= 0.005].
It was found, nonetheless, that the current con-
tinued to increase until Vn/V„equaled 1. Evi-
dently the ion acoustic wave cannot interact
strongly with sufficient numbers of electrons to
stop the increase of the current. Instead, the
electron distribution function flattened out in the
velocity region where ion acoustic waves propa-
gate and the bulk of the electrons freely acceler-
ated until the two-stream instability came into
play.

In all cases with large mass ratios it was found
that a relatively small amount of energy went in-
to the ions. Most of the ions remained in a dis-
tribution which looked Maxwellian and maintained
the original temperature. The ion distributions,
however, did sprout long energetic tails with par-
ticle energies going up to.the ion acoustic value
[V,.(m,/m;)'"].

One ean derive the following empirical law for
the rate of increase of the electron drift:

0

Vn = —aeE/m „
as follows. The rate of work being done on the
electron is

g =-eEV,.
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This must equal the rate of increase of the total
electron energy (since a negligible amount of en-
ergy goes into the ions). Thus,

W = -', m —V' = —,'m —[V'+(V-V)']'dt 'dt

since Vn= V„; from Eqs. (2) and (3) we obtain
Eq. (1). The current increases as if the electron
mass were doubled. Since the thermal velocity
is also increasing, the effective electric field
decreases in time, accelerating a particle by a
smaller and smaller fraction of V„ in a plasma
period. This decrease in effective electric field
does not mean that the plasma will eventually be-
come collision dominated because the collision
frequency also decreases in time as the thermal
and drift velocities increase. In the worst case,
one-dimensional calculations where &u~, /v, = ink. D,

with P a number of order 2, these two effects
just cancel. If collisions are small initially,
they become neither larger nor smaller in time.
In two- and three-dimensional cases, the situa-
tion is even better; collisions decrease in im-
portance with time.

The generalization of Eq. (1) to systems where
full equipartition of thermal energy in the trans-
verse directions takes place is straightforward:

Vn = —eE/(n+ 1)m„ (4)
where n is the effective dimensionality (number
of degrees of freedom involved in the turbulence)
of the physical system. This effective dimension-
ality need not be integral. If, for instance, the
transverse thermalization in the full three-di-
mensions lags a classical collision time behind
the dynamically excited longitudinal thermaliza-
tion, n will be of the order of 1+@, where cr is
the ratio of randomized energy in the transverse
directions. If may even be that n is less than

unity. This can occur if transverse Landau
damping forces the ratio Vn/V„ to be much larg-
er than unity. '

The importance of these results is severalfold.
The locking together of VD and V„over a very
large range of electric fields, mass ratios, and
initial temperature ratios gives an empirical,
intuitively reasonable, semiquantitative law for
the anomalous resistivity which is inversely pro-
portional to the current in the mean. This law,
V~- V„, has several observable consequences
and may provide a good basis for computational
and experimental comparison. Coppi and Maz-
zucato, ' for instance, report experimental re-
sults in which VD-0.3V„. It may even be possi-
ble to measure n in Eq. (4) to determine experi-
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mentally the effective dimensionality of the two-
stream interactions. The difference between n
=1 [no transverse heating as in Figs. 1(a) and
l(b)] and n =3 (full, immediate transverse heat-
ing) is a factor of 2 in the rate of current in-
crease and should be observable.

The appearance of large-amplitude charge con-
centrations in the strong-field cases points to a
nonlinear dynamic stabilization mechanism which
keeps these clusters from exploding under the
action of their strong self-fields. This cluster-
ing might be invoked in enhanced radiation from
turbulent plasmas. For example, enhanced syn-
chrotron emission from pulsars could be attribut-
ed to the coherent radiation from groups of par-
ticles clustered together by this nonlinear mecha-
nism.

Perhaps the most important aspect of these cal-
culations is the determination of a prescription,
VD- V„, which seems to hold over a very large
range of parameters and which will be easy to
implement in magnetohydrodynamic codes. In
regions where V„-V~ can be expected to hold,
for instance, the rather difficult resistive-diffu-
sion equation can be replaced by the simple pre-
scription observed here.

The authors would like to acknowledge the help
of Dr. W. Kruer and Dr. Ramy Shanny with these
calculations and also interesting discussions
with Dr. C. W. Nielson and Dr. R. Morse during
the later phases of this work.

*Work performed under the auspices of the U. S. At-
omic Fnergy Commission, Contract No. AT(&0-1)-1288;
also under the auspices of the Naval Research Labora-
tory, Contract No. N00014-67-A-0151-0021.

~J. P. Boris and K. V. Roberts, J. Comput. Phys. 4,
4 {1969).

J. P. Boris and K. V. Roberts, in Third European
Conference on Controlled Fusion and Plasma Physics,
Utrecht, The Netherlands, June 1969 (Wolters-Noord-
hoff Publishing, Groningen, The Netherlands, 1969) p. 38.

3J. P. Boris and K. V. Roberts, Bull. Amer. Phys.
Soc. 14, 1062 (1969).

4J. Dawson, C. Hsi, and R. Shanny, Princeton Plas-
ma Physics Laboratory Report No. MATT-719, 1969
(unpublished).

C. Hsi, J. Dawson, J. Boris, and W. Kruer, Bull.
Amer. Phys. Soc. 1B, 1555 {1968).

R. W. Hockey, LASL Report No. LA-9990 1968 (un-

published).
VSimilar results have been found by C. Nielson, pri-

vate communication, and Bull. Amer, Phys. Soc. 15,
47 (1970).

B. Coppi and E. Mazzucato, Princeton Plasma Phys
ics Laboratory Report No. MATT-720, 1969 (unpub-
lished).


