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3 + anything approaches a scal-

&, —= J dv, = &no„, where a„ is the cross section
for the production of n pions. It is related to the
Rvel age number of 'll s pI'oduced in lnelRstic col-
lisions

Zno„Z~nr=
+tO t l IICI

If the total inelastic cross section for pp scatter-
ing approaches a constant Rs s goes to infinity,
which we shall assume, and if Feynman's scal-
ing holds true with f(0, p~) e 0, then it follows
that the average number of pions produced in pp
collisions increases logarithmically with s, '

J dpi'f'(0, pi) ln(s) + const'
to t Inel

= c' ln(E/m)+d',

where E ls the lrlcldent enex'gy in the 1RboI'Rtox'y

frame. Recent cosmic-ray experiments' with a
hydrogen target, including energies up to 800
GeV, clearly show such a logarithmic growth of
the average multiplicity.

In this note we investigate the extent to which
existing accelerator data for the process p+p
-m+anything have approached the Feynman scal-
ing limit. In particular, if these data are al-
ready asymptotic, then the coefficient of ln(s) in
Eg. (4) calculated from the accelerator data
must agree with the coefficient of ln(s) deter-
mined experimentally from the presumably as-
ymptotic cosmic-ray data.

The existing accelerator data6 ' cannot be used
directly to compute the integral indicated i.n Eq.
(4) since no data for x =0 and varying p3 exist.
We can, however, fit the existing data with a
factorized form

d 3p
dc')) = cf(P j.) P3) S)

~dpi dp3=
( p

3
p

3 „3)ii3f(p~ p3 s ~

Qn the basis of heuristic arguments, Feynman'
has suggested that the structure function f(p~,
p„, s) scales at high energy. That is, as s-
it becomes only a function of p3 and the ratio x
= 2P3/s . Tllus,

7Agp ~3dx
)) ~ ~ oo [ 3 4( p 3 ~3)/S J.l/3 f( ) p J.)'

Analogous expressions have been suggested by
Amati, Stanghellini, Rnd Fubirli, ' Rnd Wilson, '
on the bRsis of the multiperipheral model.

The integrated inclusive cross section counts
the production of n pions n times over. Hence f '(x, p~) =&(pi)G'(x),

We present evidence that the inclusive reaction p+p
ing limit at accelerator energies.

Although the bulk of high-energy reactions is
inelastic, the variety and complexity of final
states encounteIed have made it difficult for the
experimentalist to decide what to measure and
have prevented detailed theoretical analysis of
these pxocesses. Of all inelastic processes, per-
haps the most amenable to experimental study
and to theoretical treatment are inclusive reac-
tions —reactions in which some final particle or
property of the final state is studied irrespective-
ly of whatever else is happening. As an example
of such a reaction, we discuss here the process
p +p —s + anything.

The differential cross section for this process
depends in geneI al on three variables. We can
conveniently take these as the square of the cen-
ter-of-mass energy s, and the longitudinal and
transverse components of the momentum of the
outgoing pion in the c.m. system,
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FIG, 1. Fit to the p~ dependence at fixed x Using
Eqs. (5)-(6). The data points are from Ref. 6.
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and use this form to extrapolate into the x =0 re-
gion. We llave determined E(Pg) from tile 7I'

spectra at fixed x of Ref. 6. We find that the
functional form

+(Pi) =expf-&(Pi+Pi'/~) f
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where I is the nucleon mass, provides en ex-
cellent fit to these data, as shown in Fig. 1. We
have chosen to fit the m data because, for rea-
sons to be discussed below, we believe that
these data are more nearly asymptotic than the
m+ data. However, as can be seen from Fig. 1,
this parametrizatlon 18 Rlso RdequRte 1n the cRse
of positive pions. In Fig. 2 we display the exper-
imental values obtained for 6'(x) by using E(P~)
as given in Eq. (6). We observe that indeed

points of different P~, to a reasonable approxi-
mation, fa11 on the same curve, and this verifies
the factorized form" of Eq. (5). The general be-
havior of the functions G'(x) as shown in Fig. 2
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FIG. 2. The x dependence of the reduced data. (a) p»b
=12.3 GeV/c, Gq+ =36 mb/GeV, Go =19 mb/GeV,
a+=8.2, a =11.5 (data from Ref. 6). (b) py, l,

= &9.2

GeV/c, Go+ ——44 mb/GeV, Go
——35 mb/GeV, ~

a =10 (data from Ref. 7). {o)P~~b =30.0 GeV/c, Go+

= 37 mb/GeV', 6, =33 mb/Gev', a'=7.4, a =13.1
(data from Ref. 8&.
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n'"=0.89 ln(E /m) +1.10. (8)

Assuming that besides pions the only other sig-
nificant production is K production, and that the
K/z ratio"" is about —', , we obtain

Ce xp
= e xp+ = 0.36. (9)

The agreement of these numbers with those in
Table I constitutes good evidence that the pro-
cess pp-m+ anything is approaching the sealing
limit at x =0 at 30 GeV/c.

It is also possible to integrate the functional
form of Eqs. (5)-(V) and calculate the constant
term in n. Using the values of the 30-GeV/c
parameters b and a' indicated in Figs. 1 and 2(c),
we obtain

n = 0.371n(E/m) —0.19, (10a)
n' = 0.471n(E/m) —0.02. (10b)

We add these two numbers, add 20% for R pro-

suggests the parametrization

G'(x) = G.' expf-a'x'),

although the data oscillate a fair amount about
this fit. For our purposes, as we are mainly in-
terested in the point x = 0, the straight-line fit of
Fig. 2 suffices.

With the parametrizations of Eqs. (5)-(7), it is
now straightforward to calculate the coeff icient
of ln(s) from the accelerator data. " Using the
value a „,; „e&= 30.5 mb, we obtain the results
for m and w

' that are shown in Table I. The co-
efficients obtained for the ~ show a rise with

energy, while the coefficients of the m
' are more

stable and larger than c . In order to conserve
charge in the asymptotic limit, c and c' must
be equal so that the trend for c and c' to ap-
proach each other with increasing energy is a
tendency in the right direction. The rise in c
means that the data at lower energy are approach-
ing the Feynman limit from below. The near
constancy of c' reflects the combination of com-
peting physical effects. Part of c' comes from
the same kind of processes that contribute to c
and this part rises with energy to a limiting val-
ue. The rest of c+ comes from contributions to
the m

' spectrum which must eventually vanish at
x = 0, and this remainder decreases with energy.
Such contributions occur where the final pion
can carry the incident charge, and they also are
expected to scale at high energy.

A least-squares fit to the cosmic-ray data of
Ref. 5 gives the average number of charged par-
ticles as

Table I. Coefficient of ln(s) from accelerator data.

Incident lab. momentum
(Gev/c)

12~ 2
19,2
30

0.24
0.32
0.37

0.46
0.56
0.47

fp gcAT, A.

(12)

With our parametrization of the accelerator
data, we find" the asymptotic value (pg„= 390
MeV/c and the coefficient A=0. 58. This logarith-
mic correction is a small effect since, for ex-
ample, at 30 GeV/c (Pg =325 MeV/c.

The average pionic inelasticity p, defined as
the ratio of the total energy that goes into pions
to the total available energy, is constant if the
structure function scales .' With our par ametri-
zation we find

f&'pf (p.,x)
p~& ~/2

= c
S 0 tot Qe$ 4+

(13)

which, using the 30-GeV/c parameters, gives
p, = 0.155, p„- = 0.095. Since the average longi-
tudinal momentum carried away by the pions
vanishes, the inelasticity, p, is not changed by
a Lorentz transformation to the laboratory frame
If we multiply the charged pionic inelasticity by
2 to account for energy taken away by m', we
arrive at a figure of about 40% for the total en-
ergy carried away by pions, in good agreement
with cosmic -ray results. "

In summary, we have shown evidence that
Feynman's limit is closer than one might other-
wise have expected, and pointed out some sim-

duction, and finally add 1.5 for the average num-
ber of final protons [obtained by integrating the
parametrization of the proton spectrum at 30
GeV/c given in Eq. (1) of Ref. 8]. This gives a
total charged multiplicity

n'" = 1.01ln(E/m)+ 1.3,

in good agreement with the cosmic -ray fit of
Eq. (8). This suggests that the asymptotic re-
gime has not only been reached at 30 GeV/c for
x = 0, as discussed above, but also for those
small values of x which contribute the bulk of
the cross section. "

We remark that the scaling hypothesis implies
a weak energy dependence of the average value
of pi:
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pie experimental consequences that follow from
the va1idity of the scaling limit. We should
emphasize that we have relied heavily on the
cosmic-ray data of Ref. 5, since they are the
only data obtained from a hydrogen target. Other
cosmic-ray data can differ by as much as a fac-
tor of 2 from that of Ref. 5. The scaj.ing limit
mill of course be tested at the accelerators now

under construction, but even with the ones avail-
able at this date it is possible to sharpen the
evidence for this limit. A good measur ement of
the cross section at x = 0 for various values of
p~ would provide the coefficients c' and c
direct1y, independently of any extrapoIation pro-
cedures. We ur ge that such an experiment be
done in the near future.
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