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liquid also, in the sense that sometimes the first
step only was found, ox' the first and the third
but not the second.

Very recently, measuxements of mobility in
liquid helium at 1.14'K have been reported by
Schwarz, '7 without evidence of steps. He mea-
sul ed with R method which 18 prRctlcRlly the same
as the present one, and ascribes the steps to spu-
rious effects due to the method used previous-
ly. '~3y4 We think that it seems very unlikely that
an effect of the method could give results simply
related to the normal superfluid densities' and
radically different below and above the A, point. "
Moreover, the present results and those reported
by Benson' rule out any explanation of the dis-
agreement in terms of trival spurious effects due
to the method of measurement.
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Interactions between excitations in superfluid helium are investigated by Green s func-
tion techniques, In our model, a sharp peak appears in the two-excitation spectrum cor-
responding to a resonance of two rotons. Interaction of the resonance with the single-
particle spectrum results in a hybridization and splitting of the one-particle spectrum in-
to two distinct branches. These theoretical results are in agreement with recent neutron-
scattering and Raman-scattering experiments.

The excitation spectrum of superfluid He has
attracted considerable interest in the last thirty
years following the pioneering work of Landau. '
Recent developments in experimental techniques
have made possible the observation of anomalous
structure in the energy spectrum with reasonable
RccurRcy. The Rlnl of the present %'ork 18 to ex-
plain some of these anomalies a.s R result of the
roton- roton interaction.

Recent neutron-scattering exper iments' have
exhibited two pa, rticularly strange features which

are shown in Fig. 1(a) by the solid lines: (a) the
peculiar flatness of the spectrum for large mo-
menta {K& 2k,) at an energy approximately equal
to twice the single roton energy, and (b) the ex-
istence of another branch of the spectrum {for K
&2k,) which is continuously connected to the free
helium spectrum at very large momenta (Ii & 2k,).'

The posslblllty of obsex'vlng two x'otons by neu-
tron scattering was first suggested by Pitaevskii. '
Latex Anderson proposed that the flat part of the
spectrum near 2& may be associated with the
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FIG. 1. (a) Dispersion curve for liquid He taken from neutron-scattering data. The double-dashed line cor-
responds to a two-roton resonance. (b) Single-particle spectrum p&(K, e) as a function of energy.

two-roton density of states. ' However, the spec-
trum for two independent rotons with large total
momentum, &-ko, does not exhibit a peak. In

addition, the Pitaevskii theory of roton-roton in-
teractions does not explain the detailed experi-
mental results discussed above.

To our knowledge there has been no previous
theoretical work which considers the splitting of
the superfluid helium energy spectrum into two

distinct branches.
By means of laser technology Greytak and Yan

have succeeded in measuring the portion of the
second-order Raman spectrum which is associat-
ed with the excitation of two rotons with total mo-
mentum K=k, +k, =o.' The density of states for
two noninteracting excitations (with K =0) exhib-

its two peaks associated with the minimum and
maximum of the dispersion curve [see dotted
line in Fig. 2(a)], in contrast to the striking
asymmetric experimental results of Ref. 5 which
bear a close resemblance to the solid lines in
Fig. 2(a). One contribution to the asymmetry of
the Raman spectrum may be due to the smooth
energy dependence of the Raman efficiency'
which affects the relative amplitudes of the two

peaks, but cannot explain the disappearance of
the peak near 2&, as observed experimentally. '

The purpose of the present work is to demon-
strate that all of the above mentioned anomalous
experimental features can be readily explained
on the basis of the formation of two-roton reso-
nances at energies near twice the minimum sin-
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FIG. 2. (a) Two-roton spectral function p2@ =0, &) plotted as a function of energy for different values of the

coupling parameters. (b) Unrenormalized two-roton spectrum p& with «0 (dotted line), and spectrum p2 in-

cluding roton-roton interactions.
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gle-roton energy. We assume a negative roton-
roton coupling which shifts the two-roton spec-
trum to lower energies and results in a large
enhancement of the spectrum near 2& for mo-
menta &&0.2 k,. In this momentum region the
enhancement gives rise to a sharp peak corre-
sponding to a two-roton resonance. Also, in the
case of total momentum K =0 the amplitude of
the peak in the density of states. at lower ener-
gies is enlarged while the peak corresponding to
the energy maximum is destroyed.

Our theoretical treatment of two-roton reso-
nances is analogous to the theory of bound pho-
Don paxrs 1D crystals It 18 1ntel estlng to Dote
that some of the experimental results for super-
fluid helium display features which are similar
to stxucture observed in the Raman spectrum of

insulators.
Our theory is based on the model Hamiltonian

X= X +-,'g, Jy t(x) y t(x) y(x) y(x)dx,

where Q is identified with the excitation spec-
trum shown by dotted lines in Fig. 1(a), and g(x)
is the usual helium fieM operator. The interac-
tion between excitations is desexibed by the phe-
nomenological coupling constant g4 which corre-
sponds to the irreducible two-excitation vertex
function. The momentum dependence of the ver-
tex function is assumed to be smooth and may re-
sult in different values of the coupling at various
regions of the spectrum. Contributions from the
condensed zero-momentum parti. cles can be re-
moved by introducing field operators g' = P- $0,
as discussed in Ref. 9. To calculate the one- and
two-particle spectrum we introduce the Green's
funetiODS:

G (x-x') =-i(T[y'(x)IC't(x')]).

G,(x-x ) = -i(r[y'(x) y'(x) y'(x )y'(x )]). (2)

We employ zex'o-temperature techniques, since
we are interested in the high-energy part of the
spectxum at very low temperatures. For small
tempex'atures, the main contribution to the scat-
tering of excitations is from diagrams containing
two-roton intermediate states as shown in Fig.
S(a).

In the definition of the Fourier transform of
the single-particle propagator~ l.e ~ Gg (k~ et))

= &u-e„+21'/2, a phenomenological one-particle
lifetime I 18 1ntroduced and 18 coDsldered to
be temperatux'e dependent. Furthermore, the
unrenormalized &~ is approximated by &&

+(k-k )'/(2p„), where ~=0 refers to rotons, and
a= I designates excitations near the enex gy max-

(b)

FIG. 3. (a) Bethe-Salpeter ecluation for two-roton
propagator 62. {h) Dyson equation for single-particle
self-energy Z~.

imum (with effective mass p, ,&0). The meaning
of the parameters &0, &„&0, and 4', is clear
from Fig. 1(a). Using the above approximations,
a straightforward calculation yields G,(&, cu)
= 2E(K, (u) /[1-g,E(&, (u) ], where E(K, (v) is de-
fined by

E(K, (o) =
~ Jdsk Jar& G,(K-k, (o-(guG, (k, (gg

P2 (&P )d
(d-(d + &L

where we have introduced the spectral function

p, i'1 {k,(u) =
( ), Jd'k5(a)-e„-e~, ).

That 18, p, ' is simply the unrenormalized two-
excitation spectrum in the case where our phe-
nomenologi. eal one-particle lifetime I' is taken
to approach zero.

First we consider the Raman scattering pro-
cess and thex efore take & = O. In this case one
obtains, for energies 2' & ~ & 24„

Introducing dimensionless quantities & = (~'-2&,)/
(2D), y=I'{2D) ', and j=kP '(p, /2D)"', where
D=&,-&0, Eq. (3) takes the form E(Ã, cu) =2qf(e,
y), and G, becomes

where the dimensionless coupling constant is g4
= gg, /2, and f can be evaluated numerically.
The density of states is given by p,(&, ~)=-(4s)
xImG, .

Raman scattering experiments measure the
density of states p,(~=0, ~). We display in Fig. 2
the striking modifications of the density of states
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due to interactions between excitations. These
results are eharaeterized by a coupling g4

——-0.05
and various values of the single excitation widths

y. From the figure it is apparent that (a) the
higher energy peak in the unrenormalized spec-
trum is completely smeared out by the g4 cou.-
pling, and (b) the low-energy peak is enhanced,
forming a two-roton resonance, and is shifted
slightly in energy. The singularities in the un-

perturbed density of states are removed by the
single-particle width y. The ratio of the peaks
is primarily determined by the value of g4. The
calculated spectrum p, in Fig. 2 shows a remark-
able resemblance to the experimental results of
Greytak. A detailed fit to the experiment can be
carried out using the present formalism, and
should yield accurate values for the roton life-
times when the experimental uncertainty due to
instrumental width is reduced.

The formation of a two-roton resonance with
momentum K t 0 is especially spectacular since
the unrenormalized two-roton density of states
has no peaks in the momentum interval of inter-
est (—,'ko&K & 2k,), as can be seen from a straight-
forward evaluation of Eq. (4) which gives

p, ~'& (K, (u)

(6@2K) lp [»k 2+ 2k p &&2(~ 2Z ) &/2]

with e & 2&. The spectrum p, I'~ (K, ~) is shown

by dotted lines in Fig. 2(b). By inserting the den-
sity of states from Eq. (7) into Eq. (6), the re-
sulting spectrum can be expressed in terms of
"hatless" dimensionless quantities & =(~—2b,,)/
b,„e'= (~'-2&,)/&„and y = I'/b, As before, one
obtains I'(K, ~) = qf(~, y) with g = p,,k,'/(«K).
Finally the relevant dimensionless coupling con-
stant is given by g, '(K) = qg, . In the latter calcu-
lation the relevant functions [Eq. (5)] can be ob-
tained by simply omitting the "hat" marks.

The results for the two-roton resonance with
K c 0 are shown in Fig. 2(b). For this calculation,
the single roton width was taken to be of the same
order as in the &=0 spectrum. Therefore the
effect of the roton-roton interaction is to pro-
duce a large peak in the two-roton spectrum as
seen in Fig. 2(b).

If we limit the neutron-scattering cross section
to include only single excitation processes, then
the two-roton resonance cannot be directly ob-
served. However, a single excitation accompa-
nied by a boson from the condensed state ean be
transformed into two rotons. In that way, there
is a direct interaction between single-particle

excitations and the two-roton resonance. As il-
lustrated in Fig. 1(a), when the single-particle
spectrum intersects the two-roton resonance (at
K=1.5k, ) a hybridization process can occur.
Therefore, the two-roton resonance structure
will be manifested in the single-particle spec-
trum. The hybridization process can be treated
by the model Hamiltonian

+c.e.,
which can be derived from the Hamiltonian in
Eq. (1) by taking the coupling as Z, =Z,N, ' '(T),
where the creation or annihilation operators of
the condensed bosons $o are replaced by the c-
number N, ' '; N, (T) is the number of condensed
bosons in the system. The contribution of the
two-roton resonance to the one-particle self en-
ergy is given diagramatically in Fig. 3(b).

A direct evaluation of the expression for the
self-energy ~, and subsequent substitution into
the single-particle propagator gives

G (K ~) = —e-0 + i.+K
1 ~ A E

0

(9)

with a dimensionless coupling constant g, '(K)
=g, (q/b. ,)"'; 0»= (e» —26,)/6, is the dimension-
less one-particle energy, and y»= I'»/&, is a
phenomenological single -particle width which
does not contain contributions of the g, coupling.
Then it is clear from Eq. (9) that the two-roton
resonance will distort the one-particle density of
states p, (K, cu) = —& 'Im G,(K, cu).

The above hybridization process results in a
mixing of single excitation branches with the
two- roton resonance. Thus the one-excitation
spectral function p,(K, &u), exhibits now two peaks
near the hybridization point. This hydridization
process is illustrated in Fig. 1(b), where we
have taken @K=0 to illustrate solely the hybrid-
ization process. However, it should be noted
that the partial width yK is in fact responsible for
the large broadening of the single-particle spec-
trum with increasing momentum. Note that the
maxima of the peaks in p, (K, ~) correspond to
the solid lines in Fig. 1(a). The relative ampli-
tudes and line shapes of the peaks are presented
for representative momentum values in Fig. 1(b).
Coupling values of g, ' were chosen to give peaks
of comparable strength. At large K values the
upper energy curves are dominated by single-
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particle excitations, consequently the spectral
weight of the resonance reduces to a small por-
tion of the total spectrum. On the other hand,
for smaller values of &-k„ the peak intensity
ratios are inverted. It is worth mentioning that
the sum rules for the total spectral intensity
must be exactly satisfied, i.e., fp(&a&)d&u =1.
Lastly, it is interesting to note that the coupling

g, and the hybridization process vanish as the
number of condensed bosons N, tends to zero.

As the limit E ~ 2k, is approached, the mini-
mum energy of two independent rotons is larger
than 2~, and the energy of the resonance should
increase with larger total momentum.

By neutron-scattering measurements, the spec-
tral function of the density-density correlation
function &(K, a) is observed, which, in the case
of Bose condensation, is strongly related to the
one-excitation spectral function p, (K, ~). This
means that the structure appearing in p, (K, ~) is
also exhibited by & (K, ~)."

In all of our results for the excitation spec-
trum, values of the parameters were chosen to
give reasonable agreement with existing experi-
mental data. These parameters yield the follow-
ing estimates for the coupling g, (erg cm'):
(a) g, =-0.05-&,=-1.0x10 ", (b) g4' =-O. l
-g, = 1.4x10 ", (c) g, ' =0.25- Ig, l 5x10
(d) y=0.15- )g4~ -3x10 3~. The values of g»
derived from the dimensionless constants used
above are all of the same order of magnitude.
Since the coupling is related to a vertex function
with momenta in different regions, such devia-
tions are expected.

There are two previous estimates of the roton-
roton scattering strength. Khalatnikov, "on the
basis of viscosity data, finds ( g, (

= 1.87 x 10
erg cm'. Secondly, Cohen and Feynman have
supposed that the dominant contribution to the
roton-roton scattering comes from the process
of one roton emitting a phonon which is absorbed
by another roton. The latter mechanism gives
an attractive roton-roton interaction in agree-
ment with our assumption, and is estimated for
small momentum exchange to be g, = -1.3 && To
cm'. "

We conclude, on the basis of the assumption
that the roton-roton interaction is attractive,

that a two-roton resonance can be formed in a
wide region of momentum space. Such a state ex-
plains the anomalous features of the Raman-scat-
tering data and the structure of the dispersion
curve observed by neutron scattering.

We are very grateful to Professor T. Greytak
for valuable discussions of his data and especial-
ly for calling our attention to the existence of two
branches in the dispersion curve. Numerous dis-
cussions with Professor V. Celli have been most
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