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dependent solution of the Livermore paper VII.
The convergence test function suggested by Cut-
kosky in Ref. 8 mas found to work mell. We also
found indications that a generalization to the n-P
case mill be helpful in determining the phase-
shifts in the isospin-0 channel.

I am indebted to Professor R. E. Cutkosky for
suggesting this problem and for guidance through-
out. I also thank Professor B. B. Deo and Pro-
fessor L. Wolfenstein for very useful suggestions
and enlightening discussions

*%oxk suppoxted in part by the U. S. Atomic Energy
Commission.

/Address after August 1970: Niels Bohr Institute,
Blegdamsvej 17, 2100 Copenhagen, Denmark.

~H. E. Cutkosky and B. B. Deo, Phys. Hev. Lett. 20,
1272 (1968), and Phys. Hev. 174, 1854 (1968).

2B. E. Cutkosky and B. B. Deo, Phys. Hev. D ~l 2547
(1970).

3M. H. MacGregor, H. A. Amdt, and H. M. Wright,
Phys. Bev. 182, 1714 (1969). Beferences to their
earlier work are given there.

4M. L. Goldberger, M. T. Grisaxu, S. %. MacDowell,
and D. Y. Wong, Phys. Bev. 120, 2250 (1960).

5II. P'. Stapp, T. J. Ypsilantis, and N. Metropolis,
Phys. Hev. 105, 302 (1956).

6The same was dori in Hef. 2.
'%e are indebted to Professor M. H. MacGregor for

sending us the matrices in the form of punched cards.
B. E. Cutkosky, Ann. Phys. (New York) 54, 850

(1969). The convergence test function involves ratios
of successive coefficients in a Tschebyscheff polynomi-
al expansion the minimization of which constx'ains
the convergence of higher terms in the expansion to be
more like what, theoretically, is expected.

Since we used the Livermore second-derivative ma-
trices, all y values given in this paper are only dif-
ferences from their g~;„. Thus, with ten phase shifts
(ten terms in optimized polynomials, correspondingly),
the theoretically best values of g and 4 would be 4 and
5~ respectively.
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We present a simple absorptive optical model for all scattering angles. For simplicity,
we discuss the case of pion-nucleon charge-exchange scattering and show how the model
contains in a unified way the dip structures in both forward and backward directions.
For comparison with experiment, we present a fit to elastic w+P scattering at 3 GeV/c
where data are available at all angles.

A large number of models have been devised to
explain the many structures observed in scatter-
ing cross sections. ' Homever, this is always
done in a piecemeal fashion. For example, high-
energy forward scattering is usually approximat-
ed by t-channel Regge poles plus cuts or absorp-
tion, while backward scattering is described
sepax ately in terms of u-channel exchanges. In
the present paper, we present a model for all
scattering angles; in particular, me show that it
successMly correlates observed structures in
the formard and backward directions. The model
is based on the familiar optical and absorptive
models.

We shall first of all illustrate the model by dis-
cussing the uncluttered ease of pion-nucleon
char ge-exchange scattering. Since no all-angle
data are available for this reaction except at low
energies, me then use the model, with the appro-
priate modifications for elastic scattering, to
obtain a fit to elastic w'p scattering at 3 GeV/c
mhere there are data at all angles.

The well-known features in the differential

cross section for pion-nucleon charge-exchange
(CEX) scattering are' (1) a dip at t=0, (2) a
valley near the forward direction at t=-0.6 (GeV/
c)', and (3) a valley near the backward direction
at u = -0.2 (GeV/c)', accompanied by a sharp
rise on approaching 180'. These features are
more or less energy independent. We shall nom
show hom they arise in a direct-channel picture.

From Jacob and Wick, ~ the s-channel helicity
amplitudes may be expressed in the form

where 0 is the center-of-mass momentum. The
experimental feature (1) above indicates that the
helicity-flip amplitude of f, (8) is the dominant
amplitude for this process, at least near the for-
ward direction. In fact, we shall show that fea-
tures (2) and (3) also come about naturally from
f, (8); so, for the time being, let us concentrate
on this amplitude.

At this stage, me invoke the ideas of the optical
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and absorptive models. This means crudely that,
in the summation over j, there is little or no con-
tribution from the low values of j since they are
absorbed, while above a certain value of j there
is likewise no contribution since these waves
are unscattered. Hence, for any given energy,
there is a particular band of j values in the above
summation which is particularly important and

gives almost all of the scattering.
Suppose, therefore, for the sake of discussion.

that at any given energy only one value of j is
important. One can then see directly how fea-
tures (2) and (3) come about by considering the
Bessel-function approximation for the d function,

dip~(8)- Jq q((2j + 1)sin28)

for large j and small 9, and using the relations'

d ~„~(8)= (-1)"~d
~ „'(w 8) =-d „~~(8).

Forward direction. —Here

f, (8) ~J,((2j+1)sin28) = J,(b(-t)'~'),

where b is the impact parameter and t the mo-
mentum transfer. This form clearly embodies
the forward-scattering features (1) and (2), these
being associated with the first two zeros of J,(x)
which occur at x =0 and x =3.83, respectively.
The second zero coincides with t = -0.6 (GeV/c)'
provided that the impact parameter b = 5 (GeV/
c) '-=1 F, an eminently believable number.

Backward direction. —Here

f„(8)~J,((2j+1)cos-,'8) = J,(b(-u)' '),

where we have taken (M' —p, ')'/s to be negligible.
This form is consistent with the backward-scat-
tering features (3); the sharp falloff from the
180' direction, followed by the pronounced valley,
resembles a J,(x) behavior. Using the impact
parameter b = 1 F from the forward direction,
we can now calculate where the dip position in

the backward direction should be. Since the first
zero of Jo(x) occurs at x=2.41, an impact param-
eter 6=1 F gives the dip position at u= -0.2

(GeV/|:)'! This agrees quantitatively with the ex-
perimental value. Thus the same d function
gives both the forward and the backward dips.

It is very encouraging that this model is able
to correlate the forward and backward structures
of mN CEX scattering. It has been remarked be-
fore, in particular by Ross and co-workers at
Michigan' (as well as by Harari'), that these
features may be re1ated to the oscillations of the

4„4,Bessel functions. They have furthermore
pointed out the absorptive optical model as the

probable physical picture. Here, however, we
have illustrated how these structures arise
naturally from a general expansion over d func-
tions. Both forward and backward dip positions
are consistent with scattering from an absorbing
disk of radius about 1 F, the main contribution
coming from the edge of the disk. The direct
use of the d functions, moreover, has the im-
portant advantage that it provides a continuous
extrapolation between forward and backward
directions, which is not possible if we consider
the Bessel-function approximations. The experi-
mental dip structures are to be associated with
zeros of d functions.

So far, the discussion has been in terms of
only one j value. One would certainly expect
several jvalues to be important, these values for
any given energy being centered around j+ 2 = kb,
with b =1 F. In fact it is necessary to use sever-
al adjacent values of j in order to get the correct
ratio of forward-backward magnitudes. In the
forward direction for the above example, all the

d, , ' functions are positive, since

d ii'(8) =(j+-,') 'sin-,'8(P, , ~ '+P, ~ '),

while in the backward direction they alternate in
sign with successive j. Thus using several adja. -
cent j values causes a strong enhancement in the
forward direction, but brings about a cancelation
in the backward direction. Also, since the zeros
of adjacent d 1

' functions near the forward and
backward directions are approximately at the
same places, the dip positions in these regions
will remain approximately the same [t = -0.6, u
= -0.2 (GeV/c)' for CEX] even when several ad-
jacent j values are used. The situation at inter-
mediate angles is more complicated, the resul-
tant shape depending more sensitively on the pro-
portions of the various j's.

As regards the energy dependence of the dip
structure, with b taken constant (the correspond-
ing dominant j values at each energy coming from
j+2 =kb) or a slowly varying function of the ener-
gy such as lns, the positions of the dips near the
forward and backward directions [where the Bes-
sel functions J„(b(-t)' '}, J„(b(-u)' '), n =0, 1
for n'N scattering, are good approximations for
the d functions] will be more or less constant in
t and u, respectively. Dips at intermediate an-
gles are expected to move slowly with energy.

Calculations to obtain fits to the experimental
data for pion-nucleon scattering are in progress.
The case of mN CEX is much simpler to discuss
due to the fact that f, dominates over f„(which
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FIG. 1. Flt to the T p dlfferentla1 cross section at

3 GOV/c for all angles. Data from Refs. 7 aud 8. The
dashed and dotted curves are the individual contribu-
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tlons froxQ the 8-channel helicity-nonQip and heH, city-
flip amplitudes, xespectively.

behaves as J„J,in the forward and backward
directions, respectively), the latter amplitude
being primarily responsible for filling in the
valleys of f, . But there are no data for this re-
action at intermediate angles except at low ener-
gies. We therefore apply our model to elastic
s'P scattering, where there are preliminary all-
angle data" in the 3- to 5-GeV/c energy ~ange.
The theoretical situation for elastic scattering
is slightly more complicated. Both f++ and f,
are now impox'tant. Moreover, the low partial
waves which axe absorbed out of nonelastic re-
actions give an appreciable contribution (through
unitarity) to elastic scattering, particularly in
the forward diffraction peak.

We present, in Fig. 1, a fit to the m'p data" at
3 GeV/c where the data for all angles are good.
Seven partial waves, l'=0 1 ~ ~ ~ 6 have been in-

eluded, though some are more important than
others. For the sake of clarity as to how the
modeL accounts for the experimental features,
which vary in magnitude over four decades, we
have drawn the separate contributions from the
s-channel helicity-nonQip and helicity-flip am-
plitudes. As is anticipated from our discussion
above in terms of the Bessel-function approxima-
tions, the forward region is dominated by f„and
the backward region by f+, the pronounced
structures in the differential cross section aris-
ing from the oscillations of these amplitudes.
The valley at t= -2.6 (GeV/c)' is so deep because
this position is close to dips in both helicity am-
plitudes. This striking fit for all angles from
forward to backward provides substantial justifi-
cation for the simple picture described above.

This modeI can obviously be applied to other
two-body reactions between particles of any spin,
the only difference being that there may be more
helicity amplitudes with different d functions.
But the structure in t or I should come from
zeros of d functions, just as in the mN case.

The model is considerably different from the
usual Regge-pole model and the Veneziano model,
where the dips come about through nonsense,
wrong-signature factors. ' Whether the two mod-
els are complementary or mutually exclusive re-
mains to be investigated. Certainly in the model
above, energy dependence has not yet been in-
corporated, though this is at present being stud-
ied. Nevertheless, a model which, as it stands,
has embodied in it the correct angular depen-
dence will clearly have a wide range of applica-
tions in high-energy phenomenology.

We mould like to thank our colleagues at Indi-
ana University for many helpful discussions. We
especially thank Professor Mare Ross fox' stimu-
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ar work being done at Michigan.
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On the basis of a parton model studied earlier we consider the production process of
large-mass lepton pairs from hadron-hadxon inelastic collisions in the limiting region,
s ~, Q /s finite, Q and s being the squared invariant masses of the lepton pair and the
two initial hadrons, xespectively. General scaling properties and connections with deep
inelastic electron scattering are discussed. In particular, a rapidly decreasing cross
section as Q /s 1 is predicted as a consequence of the observed rapid falloff of the in-
elastic scattering structure function vW& near threshold.

Feynman's parton model' for deep-inelastic
weak or electromagnetic processes is an expres-
sion of the impulse approximati. on as applied to
elementary-particle interactions. IQ order to

apply the impulse approximation we demand the
following. %e analyze the bound system —be it a
nucleon or nucleus —in terms of its constitutents,
called "partons. " Nucleons are the "partons"
of the nucleus and the "partons" of a nucleon
itself are still to be deciphered. If we specify
the kinematics so that the partons can be treated
as instantaneously free during the sudden pulse
carrying the large energy transfer from the pro-
jectile (or lepton) then we can neglect their bind-

ing effects duxing the intex'Rction Rnd we CRQ

treat the kinematics of the collision as between
two free particles, the projectile and the parton.
Moreover, if we are in R kinematic regime so
that energy is approximately conserved along
with momentum Rcl oss the lntex'Rctlon vex'tex of
the parton with the weak or electromagnetic
current, the conditions for applying the impulse
approximation are satisfied.

The Bjorken limiting region' satisfies this con-
dition for the deep inelastic electron scattering
from protons as viewed from a certain class of
P —~ ox' infinite-Dlomentum frames. The par-
tons" constituting a proton are strongly bound

together as viewed in the rest fx Rme. However,
if their bound state can be formed primaxily by
momentum components that are limited in mag-
nitude below some fixed maximum —i.e. , if there

exists a finite k „—then as viewed in an infinite-
momentum frame these parton states are long-
lived by virtue of the characteristic time dilata-
tion. The del lvatlon of this lntultlvely appealing
picture from R canonical quantum field, modified
by imposing a maximum constraint on k~, has
been discussed as well as its applicability to the
particular class of amplitudes with "good cur-
rents. "3 In particular, the ratio Q /2Mv, where
Q'& 0 is the negative of the square of the invari-
ant momentum transfer and q-I' =Mv, measures
the fraction x —= Q'/2M v of the longitudinal momen-
tum on the parton from which the electron scat-
ters and is a finite fraction 0&x &1 in the Bjorken
limit.

It is easy to show that the ratio x must be finite
in order to apply the impulse approximation.
Otherwise as x approaches very close t:o 0 or 1

we wlTT be fol ced to deRT with vel y slow pRx'toQS

in the I' —~ system, or, as seen in the rest sys-
tem of the proton, with the high-momentum ex-
tremities of the bound-state structure, and for
these t:he impulse approximation breaks down.

The beauty of the electron scattering is that
it allows us to "tune" the mass of the virtual
photon line as we choose to probe finite x. How-

ever when we return to the world of only real
extexnal hadrons, we have no large mass since
Q'-M while 2Mv-s, the total collision energy.
IQ this case x becomes very sma3. 1,' or "wee."
Oul condltlon for applying the impulse Rpprox
imation also fails and the value of the parton con-


