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NUMERICAL SIMULATION OF ELECTROSTATIC COUNTERSTREAMING INSTABILITIES
IN ION BEAMS*

D. W. Forslund and C. R. Shonk
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 87544
(Received 13 May 1970)

We report two-dimensional numerical studies of the nonlinear evolution of the electro-
static instabilities of two interpenetrating ion beams in an electron background, and
comparison with the predictions of linear and quasilinear theory.

Linear theory.—The initial equilibrium con-
sists of two relatively cold, equal-density, Max-
wellian ion beams moving with velocity +vp in
the x direction with respect to the electrons
[Fig. 1(a)] which have an isotropic thermal veloc-
ity v, =(2T, /m,)"? which in all cases treated is
larger than vp. This equilibrium is unstable to
two types of modes!™®: (1) ion-ion instabilities
which have zero real frequency in the electron
frame, and (2) electron-ion instabilities which
have phase velocities situated between the elec-
tron and ion distribution functions. The regions
of parameter space in which the two instabilities
exist for a one-dimensional plasma are shown
in Fig. 1(b) for m;/m, =25. The points corre-
spond to the simulations performed, with + de-
noting the two cases discussed here. Since the
growth rate of the electron-ion instability in-
creases monotonically with drift velocity, in two
dimensions the most unstable modes will still be
aligned with the flow direction. The cutoff in the
ion-ion instability at an acoustic Mach number of
1[M=vp/cs where cs=(T,/m;)"?], however,
implies that for higher Mach numbers in two
dimensions all unstable modes will occur at
large angles to the flow direction. The electro-
static plasma dispersion relation has been solved
numerically. Figure 1(c) shows contours of con-
stant growth rate versus wave number for the
ion-ion instability. The contours are spaced at
intervals of 0.069w,; from the outermost (zero-
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growth) contour; the maximum growth rate is
0.309w,;. The electron-ion growth contours,
Fig. 1(d), are spaced at intervals of 0.021w,;
with a maximum growth rate of 0.187w,;.

Quasilinear theory.—We can describe at least
the initial nonlinear evolution of the system by
the two-dimensional quasilinear equations.* The
Jjth-component spatially averaged distribution
function f; (¥, ) evolves according to
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kkyk
2
e Zl (k ®V2+y,2 (2)

E>0

We include only the zero-frequency growing (v,
>0) ion-ion modes and combhine modes with posi-
tive and negative % (the electron-ion modes are
treated adequately by the one-dimensional equa-
tions).® The usual adiabatic condition y,/w, <1
is replaced by y ,/kv;<1° where vy is a charac-
teristic speed for each species (v, for electrons
and v, for ions). The energy density W,(¢) = |E,[?/
87 in electric field fluctuations evolves accord-
ing to (8/8¢)W,(¢) =2y, W,(#) and v,(¢) is deter-
mined in terms of f; (17, t) from the linear dis-
persion relation. For comparison with the sim-
ulation, we take velocity moments of Eq. (1) and
use the wavelength for the maximum growth rate
from Fig. 1(b) to estimate the integrands in the
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FIG. 1. (a) Initial ion and electron v, distribution functions, (b) stability boundaries, and growth rate contours

of (c) the ion-ion and (d) electron-ion instability for m; /m,=25, T,/T;=400.
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quasilinear equations to obtain initially for each
ion beam

nmydvg? 1 1 dWg (3)
2 dt 2 a®M® dt’
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where a=Fk,/k and Wy=2,,W,. In our simula-
tions a~1/3M for the fastest growing mode.
Equations (3), (4), and (5) indicate that the x
and ¥ thermal energies of the ion beams increase
at the expense of the ion-beam kinetic energy,
with the ¥ energy increasing faster than the ¥ en-
ergy by (1-a?)/a® The quasilinear equations
also show that the ions gain energy until {(v,
-vp)? ~2a%p?/(1+a? and (v,%) ~a®vp?/(1+a?)
so that the final ion-temperature anisotropy is
T/ /T4 ~2a? For high Mach numbers the final
y temperature is T;* ~T, /4. The fractional
change in beam velocity is Av,/vp(0) ~ o,
Numerical simulation. —A two-dimensional par-
ticle-in-cell computer program has been devel-
oped to simulate the electrostatic interaction of
electrons and ions. The model is similar to that
of Morse and Nielson.” Each of the ion and elec-

tron species is represented by 90000 simulation
points which move in a square, 64X64, doubly
periodic mesh. To reduce the initial thermal
fluctuation level, the ions and electrons are ini-
tially distributed uniformly in x and y.

To assess the validity of this technique, simu-
lations of stable two-ion-beam plasmas for 1000
time steps, to £=507,,, have been carried out
at T,/T;=3, M=1, with relevant lattice spac-
ings. Energy is conserved to better than 0.5%
and the beams have been slowed by less than
1.2%.

Figures 2 and 3 show representative results
for T,/T;=400, acoustic Mach numbers 1 and
4, respectively. Note that neither case is un-
stable in one dimension, i.e., in x alone. In all
figures, lengths are measured in electron Debye
lengths, Ape; times in electron plasma periods,
Tpe=2T/w,e; and velocities in units of vy =\pe/Tp,.
As a result of this scaling, the electron thermal
velocity has the constant value v,,°=271V2, The
symbol U denotes velocity components along the
streaming direction, x; and V denotes velocity
in the transverse direction, y. Distribution func-
tions of ion v,, f;(v,), are labeled F, and ion v,
distribution functions, f;(v,), are labeled G.
The corresponding electron distribution func-
tions, f,(v,), f.(v,), are labeled f and g. For
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FIG. 2. Two-ion-beam simulation, M=1, T,/T;=400.
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FIG. 3. Two-ion-beam simulation, M=4, T,/T;=400.

clarity, distribution functions are normalized
so that peak values are unity and hence the area
under the functions is not constant.

Ion distribution functions for the case M =1
are shown in the top row of Fig. 2. Columns (a)
and (b) refer to the time of maximum field ener-
gy, i.e., saturation, £=177,,. The initial ion
distributions are indicated by broken lines. The
electron distributions are essentially unchanged,
and are not shown. Due to the strong ion-ion in-
stability, the average drift speed of each beam
has decreased by 12%, and the ion beams are
heated differently in x and y, resulting in T,/
T,7~33, T,/T;?~6.5, in agreement with quasi-
linear theory. Phase-space plots are shown in
the middle row. At the bottom of Fig. 2(a), a
plot of v, vs v, for the ions is shown.

A Fourier-mode analysis of the electric field
energy is shown in Fig. 2(b), bottom. The length
of the vector attached to a given mode is propor-
tional to the energy in that mode. The numbers
on the axes indicate the wavelengths of the modes
in cell units, i.e., the inverse lattice space of
the computing grid, which when mulitplied by the
lattice spacing, Ax=Ay=0.5, give wavelengths
in Ap,. We see that at saturation, the predomi-
nant modes grow at about 60° to the drift axis
with wavelengths L, ~16Xp, and L, ~(5-8)Ap,.
These modes are not the fastest growing modes
for T,/T; =400, but those corresponding to a
reduced value of T, /T;.

Figures 2(c) and 2(d) show the situation well
after the decay of the instability, #=457,,. The
ion beams have been heated so much that the

beam structure is nearly destroyed. The phase-
space diagrams, Fig. 2(c) and 2(d), middle, show
that the fine instability structure present at sat-
uration has dissipated. The velocity space plot,
Fig. 2(c), bottom, illustrates that the effect of
the instability is to smear out the ions to approxi-
mately equal temperatures in both directions.

The electron-ion temperature ratio is now so low
that the instability is turned off. The electrons
remain adiabatic.

Figure 2(d), bottom, the logarithm of total
field energy plotted against time, shows an ex-
ponential growth between ¢=177,, and 157,,. The
rate is somewhat slower than that predicted by
linear theory, Fig. 1(b), but in good agreement
with linear theory for the mixture of waves exist-
ing at saturation, Fig. 2(b), bottom.

Figure 3 shows M =4 results; to accommodate
the strongly off-angle instabilities, the mesh
spacing is Ax =1, Ay=1. Initial ion velocity dis-
tributions in v, and v, are shown in Fig. 3(a),
top. For the low simulation mass ratio, m;/m,
=25, both the ion-ion and ion-acoustic instabili-
ties are present, but have different behaviors.
The ion-ion instability grows nearly perpendicu-
larly to the drift direction. That is, &, >>k,.
The quasilinear results described above for the
ion-ion instability indicate only slight heating
of the ions in x, but a large heating in y. This
situation is apparent in the ion distribution func-
tions at late time, 757,,, shown in Fig. 3(b), top.
The “shoulders” on G, i.e., f;(v,), are charac-
teristic of the large-M ion-ion instability and
are caused by a resonant trapping interaction of
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the dominant narrow band of &, >k, modes with
the tails of f;(v,) when the velocity spread in v,
has nearly increased to the cutoff condition.

Electric field energy modes are shown in Fig,
3(d), top. At the left in this figure, the ion-ion
saturation-time modes indicate growth at above
85° to the flow direction, at wavelengths L,
~64rpe and L,~6Ap,. The ion-ion instability de-
cays rapidly, and at the right, ¢=307,,, the Fou-
rier plot shows growing parallel modes of the
ion-acoustic instability having wavelengths near
10Ap. (in agreement with linear theory) and de-
caying off-axis ion-ion modes at longer wave-
lengths.

Ion phase- and velocity-space plots at 757,, are
given in Figs. 3(a), 3(b), and 3(c), bottom. The
ion-acoustic instability structure can be seen on
the slightly v, -broadened ion beams. Electron
distribution functions at 757,, are shown in Fig.
3(c), top. The electron v, distribution, f, has
broadened by 15% and is flat-topped. By flatten-
ing the electron distribution in the region be-
tween the beams, the resonant ion-acoustic in-
stability is shut off. The electron v, distribution
function, g, has also been broadened to nearly
the same spread as v,.

It seems clear that when electron thermal ve-
locities are much larger than ion velocities, the
electrons act only as a charged fluid with pres-
sure, and in fact the linear theory of the ion-ion
instability is essentially based on such a view of
the electrons. Hence cold electrons adiabatically

tied to a magnetic field should produce the same
effect and have been observed to do so in other
simulations at large Alfvén Mach numbers,
which showed strong %, >k, modes® which have
been referred to as “Venetian blinds.”

All cases run inside the one-dimensional in-
stability region, Fig. 1(b), showed even stronger
interaction between the two ion beams than in the
M =1 case, Fig. 2. The transition between strong
interaction, Fig. 2, and weak interaction, Fig. 3,
occurs just above M =1

*Work performed under the auspices of the U. S.
Atomic Energy Commission and the Defense Atomic
Support Agency.
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TRAPPING OF POSITRONS AT VACANCIES IN METALS*
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Measurements of the lifetime for positron annihilation in metals show a temperature
dependence which has been ascribed to the trapping of positrons at vacancies. An ex-
planation of this trapping process is presented in terms of an effective potential well,
whose depth is the difference between the bottom of the positron energy band in the solid
and the potential felt by the positron inside the vacancy.

For some time now it has been known that posi-
tron annihilation rates or lifetimes in many met-
als show a dependence on temperature of the
sort illustrated in Fig. 1, for Al and In. This ef-
fect was first reported by Mackenzie et al.,' who
ascribed it to increasing vacancy concentration
with rise in temperature. A vacancy represents
the absence of a positive ionic charge from the
host lattice and is therefore attractive to a posi-
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tron but repulsive to an electron. With increas-
ing vacancy concentration the electron-positron
wave-function overlap decreases and the annihil-
ation rate goes down. The curve for Al in Fig. 1
flattens out again at higher temperatures where

by conventional estimates the vacancy concentra-

tion is still only 1 in 10°%, At concentrations
greater than this, all annihilation must be taking
place at or very near vacancies, and this strong-



