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~The (~+n+ neutrals) spectrum consists of events
having a mass of n +neutral(s) &1.090 GeV. 'The (P +neu-
trals) spectrum contains events with mass of neutrals

0.5 QeV.
The n~+ events are selected with 0.790- MM- 1.090

GeV while P~ events are required to have -0.3- MM- 0.4 GeV, g,probability greater than 10%, and no fit
to the elastic hypothesis.
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We construct and study six—and eight-charged-pion amplitudes. Factorization pro-
perties of the parent m trajectory show the ~ and A~ to be simple and the z(2 ) to be a
double state reminiscent of the A.2 doubling.

The structure of the N-point dual amplitudes is
currently the subject of much study. Fubini and
Veneziano' and others' have shown that it is
likely that there is a large degenex'acy of states
in order to maintain duality. One major draw-
back of the model amplitudes considered ls that
they lack several basic ingredients that physical
amplitudes must possess. Hence, the investiga-
tions are performed with the hope that the pro-
perties established on the basis of these models
will sux'vive the modifications required by real-
istic amplitudes. As shown below, they do not,
and radical changes occux' when the intercepts
ax'e allowed to be posltlve. As a consequence
the particle spectrum is changed and in the case
under study the degeneracy of the leading tra-
jectory is affected, providing for doubling of the
spin-2 and higher states, in a way reminiscent
of the A, splitting.

First we report on a general method to con-
struct X-point functions for arbitrary trajecto-
ries. For reasons stated below we will special-
ize in the six- and eight-point functions. We have
not solved a11 the standing problems of the N-
point functions but we have been able to make a
choice that bypasses all difficulties. ' Our am-
plitude is an exact representation of the (2N)~+,

(a)V)& amplitude when the three-body channels
are dominated by the pion trajectory. Our iso-
spin and parity are well defined in all channels
and, as long as the contributions of other tra-
jectol'les Rl'6 Rddltlve (Rs tlley Rl'6 gellel'Rlly be-
lieved to be), our solution is the most general
one.

(a) All the relevant singularities, (b) Regge be-
havior, (c) bootstrap condition, and (d) absence
of ghosts, are conditions explicitly obeyed by
our formulas. We have no analytic expression
but a construction procedure only. We have
studied in detail the six-point function and some
aspects of the eight-point one. One of the most
interesting questions is the level structure. Both
p and A, are simple states. However, the 2 on
the leading trajectory is doubled. These conclu-
sions cannot be affected by the higher-order func-
tions. We have not solved the factorization prob-
lem in general. The number of states depends
on the number of external legs as opposed to the
case in Ref. 1. Nevertheless, fox fixed 4, there
is a finite number of diagrams that contribute to
the level structure. Since we have computed only
the six-point function we completely determined
the degeneracy of the three lowest ones on the
leading trajectory. No statement can be made on
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the p and fo since one side is always a two-body
state and levels cannot be made explicit. One
must solve the factorization problem of the eight-
point function. Ne hope to solve this problem.
It is most tempting to speculate that positive C"-

parity states have a different behavior than nega-
tive ones. Anyhow, barring unforeseen cancela-
tions it is a prediction of the dual-resonance
models that the recurrence of the pion is doubled.
Cancelations are not expected since the inter-
cept and analytic structure of other contributions
are different.

As byproducts of the calculation, one can ob-
tain the general expression for couplings up to
the eight-point function and the general form for
the scattering amplitudes with external daughter
states. These forms agree with the forms al-
ready conjectured by Rubinstein, Squires, and

Chaichian. 4 It should be emphasized that our re-
sults are based on the simplest and most pre-
dictive form of the amplitude. By adding terms
that lack lowest-lying poles in some or all chan-
nels we can change the multiplicity of some

states in both directions. Nevertheless, as in
z-z scattering we find it appealing that the sim-
plest minimal form has the aforementioned prop-
erties.

Construction of the amplitudes and coupling and

pole properties. —%e generalize Lovelace's for-
mula for m-~ scattering which may be written as
follows:

where

Xi, = —o.„
In this notation the upper indices represent the
units which are added to the arguments of the B
function and the lower ones refer to the power of
the corresponding arguments which are taken
outside of the 8 function. To obtain the full am-
plitude one must add all terms corresponding to
cyclical and noncyclical permutations of the ex-
ternal lines compatible with the absence of exotic
states. Here however, since A, ,''=A, ,", the
terms obtained are identical. The natural gen-
eralization of (1) is

, m ~ ~ im»' 13 N-2, 8-1—n n»n &y3. . . n "E 2,8 1/3( ~ ~ ~-X-+m ~ ~ ~ )&-2,&-I i ~ ij ij ~

0

(2)

where B is the usual A-point function. ' The order of the arguments is the following:

X,2, X, g-2, X23 X2 ~ 1, X~-2 g 1.

The correlation between the exponents n, , and the arguments X,-,. +rn, , is established by the require-
ment of multi-Regge behavior and absence of ghosts. It can then be proven that a factor o~, implies
the addition of one unit to the following arguments Xi,- of the A-point B function:

~ ~ ~ 'X ~ ~ e ~ ~ V
Xp+1, q+1) p+1, q+2& t p+1, p —2& p+2, q+1& & Xp+2 p-2& Xq, q+1P P q, p-2

(by convention the index —
hami is equivalent to N i mi). Moreo—ver the effect of two external factors

n~, n~... is additive unless we have p =p' or q= q' (this case will not concern us here). The choice of

factors n, , is made so as to ensure that conditions a, b, c, and d states above are fulfilled.
For the six-pion case it can be shown that the unique solution to the problem which is fully Regge

behaved term by term in all two- and three-body channels is

czar n»n&&B(X»& Xzzi X&4+1& X23+1& X24+2& X25+ 1& X&4 1& Xqs& X4o) x+ a, oo o o o oo, »

where the sum is over all permutations compatible with the duality rules. Notice that the terms in (3)
do not have cyclical permutation symmetry. If we relax the condition that every term is fully Regge
behaved in all channels, then the "minimal" solution to the problem is given by taking the set of small-
est m, , numbers compatible with the aforementioned conditions a, b, c, and d. These solutions are
fully Regge behaved but only after cyclical permutation and not term by term. They are of the form

j A0, 1, 1, 2, 1, 1, 0, 0, 1++ g0, 1, 0, 2, 1, 2, 0, 1, 2$
~~2 1, 0, 0, 0, 0, 0, 1, 0, 0 3 1, 0, 1, 0, 0, 0, 1, 0, 0J ' (4)

Both forms (3) and (4) reduce to the form (1) when three pions are on a, pion pole. For zz-mA, scatter-
ing the general expression is'

(~,IP, (l-n») + P,(l-n»)]+ ~,'P,) ~ '&(X»+1,X»+ 1). (5)

The expression (3) predicts X, =O. Because of its simplicity we will a.dopt it, but there is no deep
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reason to prefer it. Formula (4) predicts a doubling of the A, unless a specific choice is made of c2
and c3 in which case factorization ean be achieved with one level. Hence, the ratio of the two couplings
of the A, is free [taking linear combinations of (3) and (4)] in the dual models unless some assumption
about the level structure is made.

We wish now to check if there is a generalization of (3) to the eight-point level so that a simple form
like (3) for the eight would reduce according to the bootstrap rule to (3). It can be proven that there
is no solution like (3) that is fully Regge behaved term by term by term, but there is a "minimal" so-
lution which is

/@0, 0, 1, Q, 1, 1, 2, 1, 2, 1, 1, Q, 1, Q, Q, 1, 1) 2, 1, 0+ @1,0, 0, 0, 1, 0, 0, 1, 2, 1, 1, 2, 3, 2, 1,2, 1, 1, 0, 0
1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1

g0, 1, 1, 1, 1, 2, 1, 2, 1, 1, 0, 1, 1, 0, 2, 1, 1, 0, 0, 1$ (6)1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, Qj .

The same procedure can also be used for the ten-point function, etc. We should like to stress that we
have been unable to find a closed expression for the A-point function. Their properties are studied by
comparing the six to the eight, eight to ten, etc. Comparing (1), (3), and (6) it is clear that the higher
the number of external lines the higher the degree of the external polynomial and the maximum value
of m, , needed. This forces a change in the level structure as a function of the number of external legs.
We leave this problem for the next section.

An interesting application is to deduce the form of the amplitudes with a smaller number of legs
when one external state is a daughter state. Our form for the pgzza scattering amplitude as derived
from (3) is

4™0,0100 00100 00100 ~4 2 123I 10000- ~4 2 123~ 000013 (7)

where the o is associated with p, . The sum is only over noncyclical permutations. It is important to
notice that besides the leading term [which is the first term in (7)] we also get nonleading contributions
even if we start with a six-pion function which has only leading terms. This is in agreement with the
eonjeeture of Ref. 4 where it was shown that the scattering of external daughters necessitates non-
leading terms. It seems then inconsistent to construct formulas for gzzpo without them. ' Of course
we cannot exclude the possibility that one o has a simple form and the other members of the (neces-
sarily) degenerate set contribute all the other pieces, but the total amplitude over the levels must
have the form (7).

Factorization properties of our six-point amplitude. —We now analyze the factorization properties of
solution (3) using the methods of Ref. 1. Using a more general solution could not diminish the degen-
eracy unless the most general (but not predictive) forms are used. " In this case the degeneracy of
the leading trajectory can be supressed. In the notation of Ref. 1 our formula 3 reads for the three-
body traj ectory

)[dxdydz " '" exp -P—[P"Q"+x" (1—y")—2] + " "'"
exp~ —Q—[P"Q" +y" (I—x")—2] ~

Zn
+x'te„te„exp~ —P—[p"0"-x"y"—-']) x "&'(y —x) ey ""(y—y) ""x

where

p" = ~2(P, +P,x"), Q" =~&(P,+P,y").

We restrict ourselves to the leading trajectory. By performing all permutations and neglecting terms
proportional to z that do not contribute to the leading trajectory our formula transforms into

(P' . Q1)"-2
4 Jdxdydz [1+ (—)"]RRH(n —2)+ T"T" (—1)"x "»(I—x) ~»y ~M(i —y) "45z "»

t1 (n-1) (n —2) t

where

&12T = — "+(-)" " [S+A(1-2x)-2(S+Jt'.)x(1—x)], T= "+(—)" "" [S +3(1——
2y) —2(A+ K)y(I —y)],
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with

pu PSpPB v PlpPlu& +pv P3pP3 v Ply) lv& +pv PlpP3v P3pPlur pv P6pP6u P4pP4u&

It is clear that the m and A, levels are unchanged while the spin-2 level and all other even states are
doubled. When considering the eight-point function one can see from formula (6) that the structure of
spin-3 states and higher is affected. It is then clear that the "leg independence" found in Ref. 1 is
due to the oversimplified nature of the problem. As usual the daughter structure is more sensitive
to the details of the amplitude and cannot be determined at the present stage. We cannot analyze the
two-body channel levels (p, f) with the six-point function. Any level structure, if it exists, will ap-
pear only at the four-to-four transition in the eight-point function.

Conclusions. —We have been able to write a part of the six-point function that correctly describes
the p A] trjectory. As a bonus we can discuss the forms of the four- and five-point amplitudes that
are obtained contracting lines. The most interesting result is the level structure that obtains in a
model where all physical requirements are obeyed. For the first time to our knowledge, doubling of
states lying on the leading trajectory is obtained. It is most amusing that the doubling starts at spin 2

as in the case of the A„but we have not yet studied this trajectory.
As a consequence of our results we also believe that other calculations, ' based on scalar isoscalar

bosons that bootstrap themselves, might be radically changed when realistic amplitudes are used.
We acknowledge interesting discussions with our colleagues at the Weizmann Institute and with

D. Amati.

Research supported in part by the U. S. Air Force Office of Scientific Research through the European Office of
Aerospace Research, under Contract No. F-61052-68-C-0070.

S. Fubini and G. Veneziano, Nuovo Cimento 64a, 811 (1969).
~K. Bardakci and S. Msndelstam, Phys. Rev. 184, 1641 (1969); L. Susskind, Phys. Rev. Lett. 28, 545 (1969).
Chan H.-M. , Phys. Lett. 28B, 425 (1969).
H. R. Rubinstein, E. J. Squires, and M. Chaichian, Phys. Lett. BOB, 189 {1969).
C. J. Goebel, M. L. Blackman, and K. C. Wali, Phys. Rev. 182, 1487 (1969).
C. A. Savoy, Lett. Nuovo Cimento 2, 870 (1969); R. E. Waltz, to be published.
K. Kild'awa, S. Klein, B. Sakita, and M. Virasoro, Phys. Rev. D (to be published).
G. Altarelli and H. R. Rubinstein, Phys. Rev. 178, 2165 (1969).
K. Kikkawa, B. Sakita, and M. Virasoro, Phys. Rev. 184, 1701 {1969).
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It is shown that the connected scattering amplitude for three free particles may be
written {as the three-body energy E goes to zero) in the form

AE ~+BE ~ +ClnE+O(l)

with A, B, and C completely determined by kinematics and the two-body scattering ampli-
tudes at zero energy.

Although many formal and calculational advances have recently been made in the nonrelativistic
quantum mechanical three-body problem, several simple and basic questions remain unanswered. In

this Letter we examine one of these —the behavior of the three-body elastic amplitudes as E, the cen-
ter-of-mass energy, tends to zero. We show that under very general assumptions the connected am-
plitude has the surprisingly simple expansion

'+ pg "'+C 1nE+ O(l),


