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to-metal transition. '4 It will be appropriate to
extend Anderson's localization theory" to include
the LEO.
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Prior smaO-po1aron hopping theories have tacitly assumed that the lattice relaxes
rapidly enough after a jump to permit the treating of successive hops as independent.
Vfe conclude that the appropriate relaxation time is too long to permit cog.sistent appli-
cation of these theories to intermediate-mobility materials such as ¹iOand CoO. Fur-
thermore, the activation energies associated with correlated hopping motion may be suf-
ficiently small so that the mobility will not manifest an activated behavior.

As has been stressed in a number of review
articles on polarons, ' ' the electron-lattice in-
teraction may be sufficiently strong in those po-
lar materials which are characterized by rather
low electronic mobilities to suggest that the car-
riers are to be viewed as small polarons. In
particular, much effort (recently reviewed by
Bosman and van Daai5) has been expended in or-
der to ascertain whether the carrier drift mobil-
ity in a number of transition-metal oxides mani-
fests the thermally activated temperature depen-
dence predicted by both the adiabatic' and non-
adiabatic7 small-polaron hopping theories. In
this Letter it is pointed out that these theories
are only applicable to situations in which the
mean time between small-polaron hops is sub-
stantially greater than the time characterizing

the relaxation of the lattice following a small-
polaron hop'; the present considerations indicate
that the deduced values of the drift mobility-' in¹0and CoO (-10 '-1 cm'/V sec) correspond to
sufficiently short hopping times so that compari-
son with the hopping theories of Refs. 6 and 7 is
not appropriate. Furthermore, it is felt that for
such "intermediate" mobilities a theory of small-
polaron hopping is needed in which the probabil-
ity of a hop depends on the prior experience of
the carrier. Such a theory may find application
to a number of intermediate mobility materials.

In addition, in this Letter it will be argued that
in this intermediate regime, where successive
small-polaron hops are correlated, the activa-
tion energy characterizing the drift mobility is
reduced substantially from that of the uncorre-
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lated theories. " Thus it is possible, depending
on the choice of physical parameters, for the
small-polaron drift mobility to display a mild
temperature dependence; it may even decrease
with increasing temperature for sufficiently high
temperatures as a consequence of the tempera-
ture variation of the pre-exponential term dom-
inating the activated term. In addition, within
this model the minimum mean time between hops
(and hence maximum mobility) for which the hops
are essentially uncorrelated is estimated. Final-
ly, the effect of correlated small-polaron hops
on the Hall mobility is briefly discussed.

To begin let us observe that a basic assumption
of all of the prior studies of small-polaron hop-
ping motion is that each hop may be treated as
independent of the previous hops. In other words
these theories ask the question: If one places
a small polaron on a site in the lattice, what
rate characterizes the motion of the small pol-
aron to a neighboring site'? However, in general,
a better question to ponder in considering the
diffusive small-polaron motion' is the following:
If the small polaron hops between two neighbor-
ing sites at time zero, what is the rate charac-
terizing another hop at a time t later Y If, in
fact, there is no correlation between small-po-
laron hops both of the above questions yield the
same results.

Let us now discuss a mechanism which gener-
ally produces correlations between small-pol-
aron hops. Fundamental to our discussion is the
notion that each hop of a small polaron is associ-
ated with a "coincidence event. " Explicitly, let
us recalls'7 that for a carrier to hop, the local
electronic energy level associated with an occu-
pied site must momentarily coincide with the cor-
responding local electronic energy level of a
neighboring unoccupied site (the local electronic
energy levels being a function of the lattice-vi-
bration coordinates). Furthermore, the drift-
mobility activation energy calculated in Refs. 6
and V is simply the minimum potential energy
(in excess of the polaron binding energy) re-
quired to establish such a two-site coincidence
configuration. Thus, if a small-polaron hop is to
be considered independent of its previous hop one
expects that the distortion associated with the
first hop must relax (dissipating an amount of
energy comparable with this activation energy to
the remainder of the lattice) in a time which is
much shorter than the mean time between small-
polaron hops.

In this note we shall consider, as in most prior

work, "~' the carrier-induced distortions to be
associated with the optical polarization modes of
the crystal. Furthermore, it should be recalled
that the transfer of optical vibrational energy be-
tween neighboring unit cells (or neighboring di-
atomic molecules in the case of Holstein's mol-
ecular crystal model') is characterized by a
time of the order of the reciprocal optical band-
width (6b.v) '. Thus, anticipating the subsequent
discussion, the smaller the dispersion of the
optical polarization mode frequencies the longer
the relaxation time &.

Let us now assume that a carrier has hopped
between neighboring sites at time zero and ask
for the probability per unit time that a second
hop occur at a time t later. It is apparent that
for sufficiently short times [t«(&v) '] the rate
characterizing a return to the initially occupied
site is greater than the rate associated with a
hop in a relaxed lattice since the distortions as-
sociated with the initial coincidence event will
not have had time to relax. In addition, if the
probability of the carrier availing itself of this
increased opportunity to hop back is sufficiently
large it is appropriate to view the carrier as
hopping back and forth repeatedly between the
two involved sites rather than sitting on a partic-
ular site; this effect tends to somewhat reduce
the carrier diffusion' from that calculated in
Refs. 6 and 7.

Of greater importance is the fact that for t
«(&v) ' the rate characterizing a hop to a "new"
site is also expected to be greater than the jump
rate associated with a relaxed lattice because
the region surrounding the occupied site will
deviate substantially from its equilibrium con-
figuration. In fact, for such times the activation
energy characterizing a hop to a new site is the
additional energy, beyond that required for the
initial hop, needed to form another coincidence;
in Holstein's model this energy is e,-&2- &2/3,
where &, and E2 are the activation energies char-
acterizing three-site and two-site coincidences,
respectively.

In light of the previous comments, it is useful
at this point to view the rates associated with a
return jump and a jump to a "new" site as pos-
sessing activation energies which depend on the
time between the "initial" hop and the succeeding
hop. " Thus the activation energy appropriate
to a return hop &z"(t) is essentially zero for t
«(&v) ' and increases monotonically" with time
(as the initial distortions dissipate) to the value
characterizing a hop in a relaxed lattice. The
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activation energy associated with a hop to "new"
site Ez{t), however, may not rise monotonically
from its initial value E„(0)-e,/3 to its relaxed
value &~(~)- &,. This phenomenon {present in an
explicit calculation which utilizes Holstein's one-
dimensional molecular crystal model" ) arises
as a x esult of the fact that as the initially distor-
ted sites relax the neighboring sites geeeive en
ergy from the initially distorted sites and become
somewhat distox ted themselves. The net result
is that the additional vibrational energy required
to form a coincidence may actually decrease with
time until a substantial portion of the energy in-
volved in the initial coincidence is exchanged be-
tween the sites in the region of the initial hop.
Actually a complete discussion of this property
of the jump rates involves the detailed consider-
Rtlon of the relative phRses of the oscillations
at the initially distorted site and the relevant un-
occupied neighbor and hence will not be discussed
in detail here. "

At this point let us observe that for t» (Av)
substantial portion of the energy of the initial dis-
tortion has been transferred back and forth
among those ions that are in the vicinity of the
initial coincidence. Therefore it is reasonable
to consider the distortions associated with the
sites adjacent to the occupied site to be eompar-
Rble wltl1 one Rnothex' In this sltuRtion the juQlp
rates associated with a hop to any of the adjacent
sites are all essentially equal. Thus for t»(b.v) '
the activation energies &z(t) and &~"{t) approach
one another.

The time which characterizes both rates be-
coming a single constant x'ate equal to the uneor-
related jump rate is defined as the relaxation
tixne, A good estimate of tIlis x'81RZRtlon time
can be made by realizing that the effects of the
residual distortion of the occupied site are only
significant when the difference between the acti-
vation energies required for a two-site coinci-
dence with and without a residual distortion is
greater than the energy associated with a ther-
mally produced distortion. Furthermore, one
can show that for sufficient lattice relaxation
[{4v)t»1] the difference between the activation
energy associated with the residual distortion
and the activation energy appropriate to a re-
laxed lattice, denoted by ~„(t), is given by

m„(t ) =-e,[a(t)/W(O) ],

where &(t) is the time dependent amplitude of the
difference between the residual distortion of the

occupied site and RI1 unoccupied nelghbol lng site,
Let us now view the localized distortion as be-

ing composed of a linear superposition of all of
the optical polax'ization mode states. Assuming
the following vibrational dispersion relation (ap-
propri. ate to a narrow-band isotropic cubic crys-
tal):

vp=v +(av)[cosh„+co&„+cos&,], (2}

where k is the phonon wave vector (-&-&„»&,
n «k, «w, -m «k, » 7/) and v, is a typical optical

mode frequency, it then follows that at sufficient-
ly long times, (&v)t»1, the amplitude of the
relative distortion A(t) dec.reases with time as
[(4v)t] '/2 corresponding to the fall of the center
of the wRve pRcket which desex'lbed the lnltlRl
distortion. Therefore replacing the ratio [A(t)/
&(0}]of Eq. (1) by [(&v)t] "' and defining the re-
laxation time 7' by the condition

~ - (b,v) '(2e, /~T)'/'.

Thus the mean time between hops tb, p must cer-
tainly be much greater than v in order for the
theories of uncorrelated smaQ polaron" to be
strictly applicable. In terms of the drift mobility
pz, related to the hopping time via the relation

p, ~= (ea'/~T)1/tb, ~,

the condition fox' the applicability of the uneor-
related small polaron hopping theories is

ss2 ( ~Z 2/3

p,~(( (av)~
KT

ea' hv, ~ av

Observing that the first bracketed term of Eq. (7)
is typically of the order of 1 cm'/V sec and that
the second bracketed term is usually considerab-
ly less than unity (at most -10 '), it is clear that
the uncorrelated theory certainly cannot be con-
sistently applied to materials with drift mobili-
ties greater than 10 ' cm'/V sec. In particular,
Rcceptlng the deduced Qlagnitude of the drift no-
bilities in ¹iOand CoO (10 '-1 cm2/V sec) pre-
cludes consistent application of the uncox related
hopping theories" to these materials. Thus it
becomes useful to discuss what one might expect
from a small-polaron theory which considers
correlation effects.
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It is evident that if the average time that a car-
rier remains on a site is much less than (hv) ',
the activation energy associated with small-pola-
ron diffusion is considerably less than its relaxed
value. In fact, considering (within the nonadiaba-
tic approach') only the correlation between suc-
cessive small-polaron jumps, one finds in Hol-
stein's model that the diffusion activation energy
in this situation. is roughly e,/3, i.e., one-third
the value calculated in Ref. 7. In addition, the
activation energy of the adiabatic theory' general-
ly contains additional terms (dependent upon elec-
tronic transfer integrals) which serve to further
reduce the drift mobility activation energy. Thus
it is within the realm of small-polaron theory for
there to be small-polaron hopping motion char-
acterized by a sufficiently small drift mobility
activation energy so that the temperature depen-
dence of the mobility is rather mild.

It should be commented that the Hall mobility
will also be affected by lattice relaxation effects.
In particular, for (&v) t h, p

& I the Hall mobility
activation energy will be smaller than that cal-
culated for a relaxed lattice"'" and, as in these
prior studies, it will be smaller than the drift
mobility activation energy. Finally, it is irnpor-
tant to recall'~'" that the ratio of the Hall to
drift mobilities is proportional to exp[Ed' ffg

-EH,q)/xT], this quantity generally being suffic-
iently large in the preceding works" [=exp(2e, /
3/&T)] so that in most instances the calculated
Hall mobility is greater than the drift mobility.
However, in the situation being discussed here
this factor is considerably smaller" [=exp(ea/
6/cT) ]; thus it is possible for the small-polaron
Hall and drift mobilities to be comparable. In
fact, in the adiabatic theory [cf. Eq. (9.8) of
Ref. 6] the Hall mobility may be considerably
smaller than the drift mobi. lity.

As a result of the above considerations it is
concluded that it is within the domain of small-
polaron theory for both Hall and drift mobilities
to possess sufficiently small activation energies
to permit the pre-exponential temperature de-
pendence of the mobility expressions to play an
important role in determining the temperature
dependence of the mobilities. Such a situation is
characterized by mobilities which do not display
a simple activation-type temperature dependence
and which are associated with a hopping time
which is less than or comparable with the recip-
rocal of the optical phonon bandwidth.
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In particular, in such a situation the carrier effects
a hop in one-half of these instances, i.e., the carrier
mobility is reduced by the factor 2.

The notion that the essential relaxation related time
dependence of these rates occurs as a time dependent
"activation energy" is supported by a detailed calcula-
tion for Holstein's molecular crystal model.

2Actually, in addition to the time dependences of
E~(t) and E~"(t) due to the re1axation of the coincidence
distortion, there is relatively rapid oscillatory time
dependence (characterized by a typical vibrational fre-
quency vp) which merely reflects the oscillatory nature
of the lattice. Suppressing this latter time dependence
by time averaging the rates over a vibrational period
(vo)

' we obtain the results discussed here.
All of the arguments concerning the time dependence

of the jump rates have been verified in a lengthy study
of the one-dimensional small-polaron model of Ref. 7:
D. Emin, Phys. Rev. 8 (to be published).

A classical study of the relaxation of Holstein's
model lattice (Ref. 7) after a coincidence event is the
subject of a future publication.

~Within Holstein's molecular crystal model, A(f) is
shown (in the work referred to in Ref. 13) to be the
amplitude of the difference between the residual dis-
placements from equilibrium of the occupied diatomic
molecule and a neighboring diatomic molecule,

6D. Emin, to be published.
In the nonadiabatic theory of the Hall effect in a

square lattice (Ref. 16), it is shown that, while the
temperature dependence of the Hall mobility is essen-
tially the same as that calculated for a triangular lat-
tice (Ref. 9) at sufficiently low temperatures, Kl' & c4
-e~ =e ~/6, at higher temperatures the Hall mobility is
multiplied by an additional factor of (1/KT) and the
activation energy is slightly increased by the amount
c4-e~. This leads to an exponential factor of =exp(e&/
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2zT) rather than the triangular lattice value quoted in
the text.

In the correlated regime, it is expected that the
transition between the high- and low-temperature re-
gime of the square lattice Hall mobility (cf. Ref. 17}

will occur at vT = e5-e4= e2/10. In the high-tempera-
ture correlated regime, &H~II = (e&-e&)-(eq-e~) = e&/4
while E@;~,=e& e-2= e2/8, thereby yielding an even
smaller exponential factor [exp(e2/12~T)] than the es-
timate for a triangular lattice given in the text.
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Temperature- and frequency-dependent relaxation rates in bismuth have been mea-
sured by studies of the magnetic-field-dependent ref lectivity of microwave and far-infra-
red radiation in single-crystal samples. Retardation effects have been taken into ac
count in the analysis of the cyclotron resonance line shapes. The temperature and fre-
quency dependence of the relaxation rates are analyzed in terms of the theory of elec-
tron-electron scattering and the experiment provides strong support for electron-elec-
tron dominated scattering in bismuth. The experimental results are inconsistent with an
election-phonon doIninated scattering mechanism.

There has been considerable interest recently
in the frequency and temperature dependence of
electron effective masses (m*) and relaxation
times (r) in metals. These effects are expected
from the electron-phonon interaction and elec-
tron-electron scattering, and their investigation
can lead to a better understanding of electron in-
teractions in metals. The frequency and temper-
ature dependence of m* and 7 are determined by
the line-shape analysis of measurements such as
cyclotron resonance, and it is important to note
that accuracy of the line-shape theory is crucial
to these experiments.

The first measurements of frequency depen-
dent relaxation times have been reported recent-
ly by Goy and %eisbueh' for lead and Edel'man
and ChereDlisin fol bislTluth. In this Letter new
measurements are reported of relaxation rates
in bismuth over a larger frequency and tempera-
ture range than previously investigated. More-
over, in the analysis of cyclotron-resonance
measurements, important corrections to the
line-shape theory due to retardation effects have
been considered. The relaxation rates obtained
here, which are not in agreement with the mea-
surements of Edel'man and Cheremisin, are in-
terpreted in terms of electron-electron scatter-
ing ln bismuth.

The bismuth samples were single-crystal disks
(20-mm diam and 2-mm thickness) grown in
graphite boats in vacuum from 99.9999% pure
starting materia, l, seeded so that the trigonal

axis was normal to the disk faces, then chemical-
ly lapped and polished. X-ray diffraction mea-
surements were made to check the crystal orien-
tation and the crystal quality.

At lYlicrowave frequencies of 36 28 and 8 GHE
ihe magnetic-fi. eld-dependent surface resistance
8, arising from Azbel'-Kaner cyclotron reso-
nance was studied by use of a microwave reflec-
tion spectrometer. Kith the magnetic field H
parallel to the binary axis of the bismuth crys-
tals the cyclotron resonance series correspond-
ing to the mass m~ =0.0093mo was observed. To
obtain information on electron relaxation rates
from these data it was first necessary to take
retardation effects'" into account in the cyclo-
tron- resonance line- shape theory. The Azbel'-
Kaner theory only applies if the time dependence
of the rf field can be ignored while the electrons
are passing through the rf skin layer. For circu-
lar orbits this leads to the condition &u'5/~, Vv

&& I for the applicability of Azbel'-Kaner theory.
Here ~ is the If skin depth, ~F is the Fermi ve-
locity, ~, is the cyclotron frequency, and ~ the
rf frequency. For u, T& 10 the surface imped-
ance Z(H) incorporating retardation effects can
be written approximately as'

x exp


