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Formation and Strncture of Electrostatic Collisionless Shocks*
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A one-dimensional, two-species numerical-simulation code has been used to study the
formation and structure of coQisionless electrostatic shocks formed by two colliding
plasmas and by a plasma striking a perfectly reflecting piston. Collisionless shocks are
formed in hydrogen up to a maximum piston velocity of M —= vD/e s - 3.5. Shocks with ve-
locities up to M 4 have been produced which have a predominantly laminar structure
accompanied by strong collisionless dissipation.

Theoretical models for electrostatic shocks in
the absence of a magnetic field have been dis-
cussed by a number of authors. ' ' Lom-Mach-
number [M=vo/cs&2, where cs=(T, /m;)'~']
shocks have been experimentally produced by
Alikhanov, Belon, and Sagdeev' and Taylor, Bak-
er, and Ikezi, ' and numerically simulated by
Mason' and Sakanaka, Chu, and Marshall. ' In
this Letter me discuss formation of stable, high-
Mach-number electrostatic shocks by means of
the particle-in-cell simulation technique treat-
ing both the ions and electrons exactly with the
mass ratio of hydrogen (1836). Since the elec-
trons are treated exactly instead of isothermally,
the critical Mach number of I-1,6 does not ap-
ply. The shocks described here are mell approxi-
mated by a rapid change from one equilibrium
state to another with little or no fluctuations in
the shock front (although perhaps having large
fluctuations behind the front), and thus corre-
spond most closely to the "laminar"' ~ rather

than "turbulent" ' model.
Initial conditions. —The shocks discussed here

are created in tmo mays. The fiI st method con-
sists of a plasma of ions and electrons moving
to the right with Mach number M, as shown in
Fig. 1(a), with the plasma initially (T =0) just in
contact with the right-hand, perfectly reflecting
mall. The plasma is sustained at the left by con-
tinually injecting a Maxwellian plasma. The sec-
ond method ls similar but with the above plasma
filling only the left half of the box and an equal-
density plasma with Mach numbeI of opposite
sign occupying the right half. This configuration
clearly should generate tmo shocks which dlffel'
only statistically. For M &1 a shock will readily
form on the basis of the ion-ion instability'0 in
one dimension. Shocks formed with M &1 do so
by means of the nonlinear process described be-
low.

Theory of formation and structure. —In the tmo
lllltlal conditions used the method of shock for-



VOLUME 25, NUMBER 25 PHYSICAL REVIEW LETTERS 21 DECEMBER 1970

(a) (c)

i

0 253
X

54f
—"--"----i

, y,~
i'

54"
0 253

V

I8I 253
X

54—------'-:-~—::

I

II h'il&%&~~

V
.p",& «$Ag] J, i

ii

l8I 253

V

l92
X

54I:::-:;:,"-:-

g'-~~;::III 18"Wi

V

l28

a~~~
" '

l, ', P )4.Q i F

l5l
X

54 —.

231

54':."::-:''-::..': "~"';.,;:."~ 54' " ' ..'..
I28 I92 l5I 23 I

l

0
I

IO

I

8
I

2 4 6
t x e&, /2w

FIG. 2. Time for shock to form in ion plasma peri-
ods versus input Mach number.
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FIG. 1. Electrostatic shock ion and electron phase-
spaee plots and electron distribution for M =1.3, T /
T;=400, at (a) T=0, (b) T=298.2; (e) M=2, T~/Tg=
535.3; and (d) M =3, T~/T; =400 at T =1088.5.

(1—3&)e~erfc(g"')+ „,y'" + —',y, (2)
Pl $

where erfcx is the complement of the error func-
tion. With the observed value of g, Eqs. (1) and

(2) give good agreement with the density and tem-
perature increases observed before the ions re-
spond to form a shock. Since the density jump
has a maximum around 2, Eq. (1) implies that
there is a maximum potential of P-3 that can ex-
ist in the interaction region. This in turn implies
that there is a maximum deceleration of the ion
beams and hence a critical Mach number. From
Eq. (2) a maximum value of g-3 implies a maxi-
mum value for T,/T, -3 which, with conservation
of energy for ions, gives an upper critical input
Mach number MI-3. One expects an actual criti-
cal Mach number somewhat higher arising from
the finite-amplitude ion waves of the electron-

mation is essentially the same. An electrostatic
sheath is formed on the edge of the plasma re-
flecting from the wall (as well as in each of the
two colliding plasmas) which adiabatically traps
the electrons, decelerates the incident ion beam,
and accelerates the reflected ion beam. By as-
suming maximum-density trapping, "one can cal-
culate the increase in density as a function of the
potential jump as well as the increase in electron
temperature. With the definitions /=ed/kT,
where T, is the initial electron temperature, n,
the downstream density, and T, the downstream

electron temperature, one obtains"

n, /n, = (2j~'")('"+ eerfc(g'"),

ion instability. Figure 2 illustrates the depen-
dence of formation time on input Mach number
for the one-dimensional hydrogen plasma simu-
lated here. The critical Mach number for this
plasma appears to be about M=3.5. For Mach
numbers somewhat above 3.5, and times some-
what longer than those shown in Fig. 2, the re-
flected and incident ion beams developed large-
amplitude ion waves but did not interact with
each other. For larger m, /m;, higher critical
Mach numbers were obtained; but in the limit of
infinitely light electrons, one would expect M =3
to remain a bound on the critical Mach number.

Once the shock has formed, Eqs. (1) and (2) al-
so accurately describe the relationship between
the observed jumps in density, potential, and
electron temperature.

Numerical experiments. —A one-dimensional
particle-in-cell computer program has been used
to simulate the electrostatic interaction of elec-
trons and ions in a manner similar to that of
Morse and Nielson. ' Each of the electron and ion
species is represented by from 25000 to 80000
simulation points which move in a linear grid of
1024 cells.

Figure 1 shows representative results for ini-
tial acoustic Mach numbers of 1.3 and 3 for T, /
T; =400, and Mach number 2 for T, /T; =9. For
homogeneous, counterstreaming beams with the
above velocities, the equilibrium is stable in one
dimension. " In Fig. 1 length is measured in
electron-Debye lengths A.D„time in electron-
plasma periods T~, = 2m/cu~„and velocities in
units of V, =A.D/v~, . As a, result of this scaling,
the electron thermal velocity has the constant
value V,h'=—(2kT/m)'" = 2W2w. For clarity the
electron distribution functions are normalized so
the peak values are unity.

Columns (a) and (b) of Fig. 1 illustrate the case
of input Mach number 1.3 for T, /T, =400 at time.
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Table I. Summary of electrostatic shock experiments.

Te
Ti

MI M e$

kT
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e
XD

e
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n

400 0.5 1.5 .8 1.2 1.4

0.5 1.4-1.5 .6 1.2 1.3

400

400

400

0.75

1.3

1.5

2.0

2.0

3.0

2.0

2. 6

2.6

3.2

3.1

1,5

3.3

2.1

4. 2

4.6

8. 2

1.6

2. 4

2.6

3.7

3.4

5.2

1.5

2. 4

2.4

7-8

~ .08

F 01

~ 17

~ 15

~ 12

~ 25

0 and 298.27~, . In Fig. 1 the first row is the ion
phase space, the second row the electron phase
space, and the third the electron distribution
function. At time T =0 the electron distribution
is averaged over the entire box; at later times
it is averaged over a portion of the box behind
the shock. The phase-spa. ce plots at later time
are only portions of the whole box as indicated.
Note the mell-developed ion oscillations behind
the shock and the small number of reflected ions
for the case M =1.3. Because of the large trap-
ping potential associated with the shock, the
electrons have a marked increase in pressure
behind the shock with secondary partial-trapping
regions associated with the large-amplitude ion
oscillations. The trapped- electron distribution
is also characterized by its general flat-topped
nature (bottom row, Fig. 1).

The observed parameters for the shocks stud-
ied are summarized in Table I. In the columns
from left to right are, respectively, the temper-
ature ratio T, /T;, the input Mach number, the
resulting shock Mach number in units of the up-
stream ion acoustic speed, the potential jump
across the shock in units of the upstream elec-
tron energy, the increase in electron tempera-
ture and density across the shock, the wave-
length of the ion oscillations and thickness of the
shock in upstream Debye lengths, and the frac-
tion of ions reflected by the shock. It is impor-
tant to note that the formula of Eq. (1) repre-
sents well the relationship between the increase
in electron temperature, density, and potential
across the shock suggesting that the electron
trapping is nearly maximal. For the shocks with

initially very cold ions (T, /T; =400), the pres-
ence of reflected ions implies that the potential
is very closely adjusted to the incoming ion ener-
gy (ey ~Mv~'/2, or ey/kT, =M'/2). The electron
trapping is particularly evident in motion pic-
tures of phase space which have been made for
the majority of the shocks listed in Table I. All
of the shocks studied here have also maintained
a very uniform velocity after the initial forma-
tion stages. In addition the shocks have been
found to satisfy the Rankine-Hugoniot relations
very closely.

In the Mach 2 case of Fig. 1(c) the ions are
much hotter (T, /T; =9), which appears to com-
pletely damp the large-amplitude ion oscillations
behind the shock. The ions do, however, appear
to increase in temperature by about a factor of 3
in traversing the shock. In addition, the electron
heating across the shock is larger than for the
case of T, /T, = 400 (see Table I), which is con-
sistent with Eq. (2).

The Mach 3, T, /T; =400, case of Fig. 1(d) has
been run to T =1088.5r~, (-25'~;) to illustrate the
considerable ion trapping in the ion oscillations
behind the shock (and consequent spatial damping)
and the very steady behavior of the basic shock
structure. The early-time character of this
shock is very similar to that of Fig. 1(b).

Qn the basis of these experiments, one can
reach a number of conclusions about the forma-
tion and structure of electrostatic shocks. First,
the "laminar" type of shock has been shown to ex-
ist and to be stable for Mach numbers well above
1.5. Since turbulence is seen only behind the
basic shock transition, what could be interpreted
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as a "turbulent" shock has not been observed.
Second, the existence of high-Mach-number elec-
trostatic shocks appears to depend critically on
the initial conditions used to form the shock.
The electron trapping that occurs due to the in-
terpeQetrRtlon of the equal-density plasmRs re-
sults in the reduction of the relative Mach num-
ber to the point where the electrostatic ion-ion
lnstab3. llty can 1 esult 1Q shock forIIlRt1on. Th18
electron trapping does not occur in the homoge-
neous counter streaming ion-beam problem"
which leads to lower critical Mach numbers for
strong ion-beam interaction. "'" Third, this de-
pendence on initial conditions suggests that with

appropriate initial conditions, one could obtain
even higher Mach number stable shocks than
those found here. Whether these initial condi-
tions could be realized in any laboratory plasma
18 an open question. Th18 work 18 1Q 8ubstRntlR1
disagreement" with the early work of Colgate
and Hartman" who, with nearly identical initial
condit1ons, obtained electrostatic shocks with in-
put Mach numbers &50.

It should be noted that there i.s much similarity
between these experiments and the particle ob-
servations in the Earth's bow shock reported by
Montgomery, Asbridge, and Bame." The simi-
lar appearance of a flat-topped electron distribu-
tion behind, along with reflected iona in front,
suggests that an electxostatic subshock may be

present in the Earth's bow shock,

~Work performed under the auspices of the U. 8.
Atomic Energy Commission and the Defense Atomic
Support Agency.
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A general scheme of detecting magnetically trapped particles in fusion devices through
the observation of echo phenomena is proposed. The conditions for temporal echoes due

to the trapped particles are derived and a physical explanation of trapped particle echoes
ls given.

We wish to pxopose a general scheme of dem-
onstrating the existence of trapped parti. cles be-
tween magnetic mirrors and investigating the
lifetime, the orbit, and diffusion rate of such par-
ticles. Magnetically trapped particles have re-
cently been shown to be important to the stability'
and transport' of plasmas in toroidal systems.
In this paper, we investigate echoes associated
with these magnetically trapped particles and
their possible experimental detection in the mir-

ror as well as toroidal systems such as multi-
poles and Tokamaks.

Our proposed scheme is stimulated by the re-
cent observation of echoes due to ions trapped in
electrostatic wells. ' The echoes which exhibit
themselves as recurring radiation pulses at ac-
curate intervals are contributed solely by trapped
particles. Because phase information is involved
these echoes are sensitive to diffusion, colli-
sions, and plasma fluctuations. We shall present




