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Table I. Resonances above the 2°S threshold. Exper-
imental energies represent peaks in absorption (Ref.
8). The theoretical positions were obtained by fitting
the phase shift to the expression cot(6—6y) =[E£—E j("’] 3T,
Approximate widths obtained using the indicated back-
ground phase shifts (§,) appear in the third column.
Resonant energies are expressed as energies above
the ground state of lithium.

T
Theory Experiment (eV) 6, Classification
64.7 64.6-65.1 0.4 0.4 (1s2s39)3p
65.17 65.25 0.01 0.8 (1s2p °P)3s
65.28 65.30 0.004 0.8 (1s2p °P)3d
66.59 65.66 0.12 0.8 (1s2p °P)4s
65.87 65.89 0.004 0.8 (1s2p °P)4d
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Can a Solid Be “Superfluid™?
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It is suggested that the property of nonclassical rotational inertia possessed by super-
fluid liquid helium may be shared by some solids. In particular, nonclassical rotational
inertia very probably occurs if the solid is Bose-condensed as recently proposed by
Chester. Anomalous macroscopic effects are then predicted. However, the associated
superfluid fraction is shown to be very small (probably £10~%) even at T =0, so that these
effects could well have been missed. Direct tests are proposed.

Most of the striking macroscopic properties of
superfluid liquid helium can be explained if we
make the following assumption, which we shall
call the assumption of nonclassical rotational in-
ertia (NCRI): Suppose that we enclose a number
N of helium atoms in a cylindrical annulus of in-
ternal radius R and thickness d, and rotate the
enclosing surfaces about the axis of the cylinders
at constant angular velocity w. Then the free en-
ergy F(w) measured in the rest frame is assumed
to be of the form

F(w):Fo+%Iow2+AF(w), 1)

where F is the free energy for w =0 and I, is the
classical moment of inertia NmR? (here, as ev-

erywhere, we neglect terms in d/R and also the
effect of density redistribution due to the centrif-
ugal forces, which is proportional to w* and neg-
ligible at low velocities). The term AF (w) by
which F(w) departs from the classical result is
assumed to be even and periodic in w with period
W,

w,=7/amR?, (2)

where « is a number of order 1 (not order N);
for w<w,/2 the function AF () is of the form

AF (W)= =3(p/p)w?, (3)
which defines the superfluid fraction p,/p. For

a normal system AF(w) is either identically zero
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or, at most, of order 7Z%/mR? so that p,/p=0(N?).
There is now considerable evidence that the num-
ber « is unity for liquid helium, indicating sim-
ple Bose condensation, and also that ps/p -1 as

T —0. It is generally believed that the occurence
of this phenomenon (NCRI) in superfluid helium

is essentially dependent on its liquid nature.

In this Letter we shall suggest that, on the con-
trary, it is impossible to exclude the occurence
of NCRI also in insulating' solids (where “solid”
is defined phenomenologically —see below), and
that if it does occur it should produce a number
of interesting phenomena analogous to those of
superfluidity. However, we shall show that the
associated “superfluid fraction” must be very
small even at 7 =0 (probably always $107%). As
a result, these phenomena could well have es-
caped notice even if “superfluid solids” do exist
at temperatures already reached, since they have
not (to the best of the author’s knowledge) been
specifically looked for. While the ideas discussed
here are somewhat speculative, an experiment
to test them should be relatively simple and
seems well worthwhile.

We consider,?”® as above, a set of N identical
atoms of mass m confined in a cylindrical annu-
lus of internal radius R, height 2, and width d
and will be implicitly interested in the limit N,
R,d, h—w, d/R~0, h/R, N/dRh — const. The
atoms will be treated as structureless point parti-
cles obeying either Bose or Fermi statistics.

We confine ourselves to the case 7'=0. The en-
closing surfaces are assumed to behave quite
classically; when the system is at rest they pro-
vide a time-independent potential V(¥) which is
appreciable only within a fraction of order d™! of
the total volume. When we say that the system

of atoms forms a solid, we mean that p(¥), the
expectation value in the ground state of the local
density of particles, does not tend to a constant
value even deep inside the sample [in general,
p(¥) shows strong variations over distances of the
order of an atomic spacing]. It is unimportant
whether or not p(¥) is periodic, that is, whether
our solid is crystalline or amorphous; however,
for definiteness we shall consider the crystalline
case.® The “solid” nature of our system can then
in principle be directly verified by, say, x-ray
scattering. Note that we have carefully avoided
the ambiguous characterization “the atoms are
localized.”

When the enclosing walls are at rest the ground-
state wave function” ¥, (F,T, -+ Ty) and energy E,,
are to be found by minimizing the expectation val-
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ue of the Hamiltonian A subject to the appropriate
constraints. H is given by the expression (U is
the interparticle potential)

N nz X , & -~ LA

H==7—2V?+3z D UE-F)+ JVE). (4)

2m =) =1 =1

The constraints which the wave function must
obey are the requirement of symmetry or anti-
symmetry with respect to interchange of any pair
of indices, and also the condition of single-val-
uedness with respect to each argument 7;. If we
introduce cylindrical polar coordinates (v;Z;0;)
in the obvious way, then this condition may be
written

V(1 Z 10,5752 505302+ 7 Z 05+ 2= o o vy Z yOy)
=W (12,0037, 2,055 227 Z 0,00 o¥yZ y0y)  (5)

for all ¢ and all values of the indices. Hereafter,
we suppress the » and Z coordinates when they
are not needed. Note that the ground-state wave
function ¥, is always real.

Now we consider what happens when the enclos-
ing surfaces are rotated with constant angular
velocity w. The potential V is now time depen-
dent in the rest frame, but the problem can be
solved, in principle, with the aid of the transfor-
mations

91’ = 91', +(.t)t,
(0,,t)=¥' (8, ,t) exp{imwR®y} 0,/ (¢)/}  (6)

(where, as usual, we neglect for simplicity the
finite value of d/R). We then easily find

AF(w):_[Em{n(w)"Eo]a (7)

where E ,; ,(w) means the minimum of the expec-
tation value of the operator H, Eq. (4), but sub-
ject now not to condition (5) but to the altered
boundary condition

(0,,0,,-++,0,+2m-=+0)

10 25"
=exp(—2mimR2*w /M) ¥(6,,6,,++,0;,+++, 6. (8)
From (7) and (3) we have
pe/p=UmI " 1?E ; (w)/0w?, 9)
w0

We see at once that (1) if £ ;,(w) is independent
of w, the system cannot be superfluid, and (2) by
inspection of Eq. (8), that £ ;(w)=E p;p(w + 7/
mR?). Hence, the quantity @ in Eq. (2) must be
an integer.

Now, a system which is to avoid superfluidity
must keep |E ,;,(w)—E| of order %2/mR? or less.
This can be achieved in either of two principal
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ways: As w varies, the system can either make
a succession of jumps between states which (for
fixed boundary conditions) are mutually orthogo-

nal, or it can essentially stay in the ground-state !

wave function ¥, but modify it in a trivial way so
as to obey the changing boundary condition (8).

In the analogous problem of electrical conduction
these are the mechanisms appropriate to a nor-
mal metal and a Mott insulator, respectively.
Only if both fail is the system superfluid.

If conventional ideas about the localization of
atoms in a crystal are accepted it is certainly
the second (“Mott-insulator’””’) mechanism which
operates, and it is the possible breakdown of this,
therefore, that we shall now investigate. Of
course, once we abandon (as we shall do) these
conventional ideas, we cannot rule out the possi-
bility of a “normal-metal” mechanism operating
to compensate for the breakdown.? However, by
ignoring this we at any rate obtain an upper limit
for the superfluid fraction.

We can try to keep the expectation value of A R
Eq. (4), equal to E, while obeying the new bound-
ary condition (8) by keeping ¥ equal to ¥, except
in regions where it essentially vanishes,® and
there modifying the phase so as to satisfy (8).
This, however, is possible only if the wave func-
tion ¥, is “disconnected,” that is, if all paths in
the 3N-dimensional phase space which lead from
(61,0550 +,8,) to (8, +2m ,T,0,+2m T« ,0 5+ 2m T)
(m,,my,~++=0or 1) cross at least one region in
which the wave function essentially vanishes. In
particular, it is not possible, if for given 6,, 0,,
+«+, 0y the wave function ¥(8,,0,,--+,0y) is ev-
erywhere a nonvanishing function of 6,. A suffi-
cient, though not necessary, condition for this is

|G, )| >€ for all T,7, (10)

where G (¥,7’) is the one-particle Green function
and € is a finite number independent of N (or R).
If one assumes the conventional picture of a
solid, where ¥, is a sum of terms in which each
atom is localized on or near a given lattice site,
the wave function is clearly disconnected [cf. Ref.
(4)] and superfluidity cannot occur. However,
once one allows for the possibility of two or more
atoms changing places, the question is open.
More specifically, a recent article by Chester!®
suggests that in a Bose solid a nonzero fraction
of atoms may occupy the zero-momentum state.
If this is correct, then (barring a pathological
case) Eq. (10) must hold and hence the “Mott-in-
sulator” mechanism cannot be invoked. It seems
very plausible, by analogy with the liquid case,

that in this case the “normal-metal” mechanism
must also at least partly fail. If this is so, then
such a crystal should show NCRI, with o =1.

We shall now show that if NCRI does exist in a
crystal we can put a very low upper limit on the
superfluid fraction ps/p. To do this we construct
a trial wave function satisfying Eq. (8) in the
form

V(7,2 7yiw)

N
=exp{i o (F;:w) MU (F T, - - - Fy), (11)
i=1

where ¢ () is real and satisfies
@ (0 +27) = (0)-2mmR3w/7. (12)

Using the reality of ¥,, we find for the corre-
sponding value of (H)

H i =£o + (72 /2m) f(V(P o (¥)dr. (13)

Since we are neglecting terms in d/R, the prob-
lem is unchanged if we “unroll” the annulus® to
form a rectangular parallelepiped of length 27R
and change the boundary condition (12) to

@ (2R :yz) = ¢ (0:y2)-2mmR3w /7, (14)

where x, ¥, and z are Cartesian coordinates and
x runs from 0 to 27R. Then, taking for simplici-
ty a trial form of ¢ that is a function of x only,
and using the assumed periodic symmetry of the
crystal, we apply the standard calculus of varia-
tions to choose ¢ so as to minimize (13). For
simplicity we give the result for the case of a
crystal with orthorhombic unit cell with axes of
length a, b, and c parallel to the x, y, and z di-
rections, respectively. Introducing the notation
x'=x/a, y'=y/b, z’=z/c, and p’(¥)=p(F)V/N, we
find

<H>trial =E,+ %Nmszon’ (15)

where

1 -
dx’ !
QOE} f ' v Sa— s{ <1
0 fo l;p'(r)dy’dz'
Finally, comparing the trial result (15) with Eq.
(9), we get

P/P< Q. (17)

Note that for a liquid, where p’(¥)=1, the paral-
lel argument would give only the trivial result p;
<p. It is essential to realize that it is the lack
of translational invariance of the ground-state
wave function, not that of the Hamiltonian, which
reduces the superfluid fraction to a value less
than one.

(16)
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The quantity @, obviously becomes very small
when there exists any yz plane in the unit cell
near which there is very small probability of
finding an atom. In other words, it is extremely
small unless there is an appreciable probability
of “exchange” of particles between sites. The
most favorable case would therefore seem to be
solid helium. Unfortunately, although the in-
equality (17) is rigorous, it is not very useful in
practice in setting a numerical upper limit on p,/
p, since @, is very sensitive to the unknown de-
tails of the wave function. Purely in order to get
an idea whether the proposed effect, if it occurs,
is ever likely to be observable at all, we might
speculate about the maximum value of ps/p as fol-
lows: The effect is likely to be (at most) of the
same order of magnitude as another effect in sol-
id helium, namely the antiferromagnetic exchange
interaction of He® nuclear spins,!! which would
vanish in the limit @ ,~0. If J is the usual ex-
change constant and a the lattice constant, this
would give the order-of-magnitude limit p,/p
SJ(Z2/ma?)"t~3 x107% However, it should be
emphasized that this estimate is extremely tenta-
tive.

If NCRI should indeed occur in a solid, how
would it manifest itself? The most direct experi-
ment to look for it would be to rotate the solid in
the form of an annulus?® below its transition tem-
perature; then the apparent moment of inertia
should be slightly less than the classical value I,
(and, more relevantly, presumably temperature
dependent). A second test would be to rotate the
solid above its presumed critical angular velocity
w,. and then bring the container to rest; if we as-
sume that NCRI is associated with the metasta-
bility of flow states as in other superfluid sys-
tems, we should expect a persistent residual an-
gular momentum (0,/p)l ,w,. In view of the small
value of p,/p, it seems highly unlikely that these
effects would have been discovered by accident
even if “superfluid solids” do exist at attained
temperatures.
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the ideas discussed here.

IWe do not want to consider here the case of metals,
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*Essentially vanishes” is shorthand for “becomes
of order e "®/% or smaller, where a is a microscopic
length independent of R or N” (cf. Kohn, Ref. 2).
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as in the liquid.



